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ABSTRACT. This paper examines the control problem of stochastic neutral-
type systems (SNTSs) that experience parameter uncertainties, mixed delays,
external disturbances, and Lévy noises under Markovian switching. To address
this problem, an appropriate Lyapunov-Krasovskii functional (LKF) is formu-
lated, and the generalized It6 formula is used in conjunction with inequality
techniques to establish exponential stability and guarantee Ho, performance.
The primary objective is to achieve exponential stabilization of SNT'Ss using
a sampled-data sliding mode control (SDSMC) strategy designed using linear
matrix inequalities (LMIs). An integral sliding surface is introduced, and the
corresponding equivalent control is derived to ensure the stability of the sys-
tems. Subsequently, a sliding mode control law was developed to guarantee
both the existence of the sliding mode and the reachability of the switching
surface. Finally, numerical simulations are presented to demonstrate the va-
lidity and robustness of the proposed control approach.

1. Introduction. Extensive research has focused on stochastic differential equa-
tions due to their broad applicability in engineering, and many important results
concerning these systems have been addressed in the existing literature [20, 26,
40, 18]. The behavior of many systems is influenced by their past states, making
neutral-type equations essential for modeling real-world dynamics. These equations
incorporate both state delays and their derivatives, making them particularly rel-
evant in various scientific and engineering applications, such as heat conduction
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systems, microwave oscillator circuits, and models of population dynamics. Due
to their extensive practical relevance, the evaluation of their stability and synchro-
nization control for neutral-type systems has received considerable interest from
researchers in recent years [6, 25, 29, 2]. For example, in [25], neural network-
based passive filtering was studied for delayed neutral-type systems that exhibit
stochastic and Markovian switching behavior. Furthermore, in [2], stability esti-
mates for neutral-type systems with distributed time-varying delays were studied
using Lyapunov-Krasovskii functional (LKF) and integral inequality techniques.
Real-world systems frequently encounter abrupt parameter variations that may arise
from subsystem interactions or unexpected component malfunctions. Such sudden
changes can be effectively modeled using Markovian switching frameworks, in which
a Markov chain is employed to characterize the probabilistic transitions among dif-
ferent operating modes of the system. Due to their strong applicability to cap-
ture dynamic parameter shifts and mode-dependent behaviors, Markovian switch-
ing systems have become an important focus of research in modern control theory
[15, 17, 10, 9]. In [10], synchronization conditions were derived for neutral-type
neural networks with Markovian jump parameters and time-varying delays based
on Lyapunov stability theory and event-triggered mechanisms. Similarly, in [9], a
stabilization criterion was established for stochastic neutral-type systems (SNTSs)
with Markovian switching using the linear matrix inequalities (LMIs) method.

Recently, stability analysis has been widely discussed in the literature [34, 28, 3].
In particular, a new global asymptotic stability approach for bidirectional asso-
ciative memory neural networks was presented in [28]. Lévy noises, a stochastic
process that incorporates continuous and jump components, frequently appears in
financial modeling and statistical applications [7, 42, 37, 16, 41, 44, 46]. In [16],
we study stochastic fixed-time synchronization of delayed neural networks affected
by Lévy noises using a Lyapunov-based approach. Furthermore, in [44], an adap-
tive control-based synchronization strategy was introduced to guaranty the stable
behavior of the Master—Slave system, where dynamic parameters and control gains
were systematically determined. Recent work, [46] studies simple event-triggered
sampling methods that ensure exponential stability of stochastic nonlinear delay
systems affected by Lévy noises.

Sliding mode control (SMC) is a widely utilized method for controlling SNTSs,
valued for its quick response and robustness against parameter variations and exter-
nal disturbances. The SMC consists of two primary processes: the reaching phase,
where the state of the system approaches the sliding mode surface (SMS), and
the sliding phase, where the system dynamics evolve along the designed switching
surface. Once on the switching surface, the system remains insensitive to uncertain-
ties and disturbances. The effectiveness of SMC has been demonstrated in various
non-linear systems [23, 24, 1, 31]. In [24], we studied how Markovian control can
be applied to nonlinear stochastic switching systems with quantization constraints.
Similarly, in [1], adaptive fixed-time SMC has been used to quickly and reliably con-
trol nonlinear systems despite uncertainties. This method ensures fast convergence
independent of initial conditions.

However, the digital modeling of continuous control systems also requires the
discretization process as a crucial step. Consequently, the study of sampling data
control has gained significant attention, as implementing sampling control enhances
the control precision and resistance of the system’s to interference. In addition,
it contributes to better utilization and adaptability of the controller. Recently,
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event-triggered and aperiodic sampled-data control strategies have been proposed
for stochastic systems to further reduce communication and computation burden
while ensuring exponential stability [35, 36]. On the other hand, sampled-data
sliding mode control (SDSMC) have been thoroughly researched for various kinds
of systems [4, 5, 32, 21]. Including Markovian jump complex network systems [13],
chaotic systems [39], complex dynamical networks [33, 38|, and neural networks
[11]. In this study, sampling is incorporated into the SMC framework. Inspired by
these findings, this study introduces a novel SDSMC strategy to achieve exponential
stability in SNT'Ss under Lévy noises. The key contributions of this work include:

(i) Incorporating Lévy noises into the SNTSs framework to capture real-world
disturbances more accurately.

(ii) A new LKF is constructed, which explicitly incorporates the discrete sampling
instants t,,t,4+1 and employs integral inequalities such as Jensen’s, Young’s,
and Newton-Leibniz formula to reduce conservatism. Based on this, the ex-
ponential stability conditions are established in terms of LMIs.

(iii) Designing an adaptive SDSMC law is proposed to ensure the existence of the
sliding mode and the reachability of the sliding surface while guaranteeing the
desired system performance. The feasibility of the LMI-based conditions is
validated through numerical examples using MATLAB simulations.

Notations: R™ denotes the Euclidean space of dimension n, R™*™ represents the
set of all real matrices of size n x m. The notation A7 stands for the transpose
of a matrix A, while A~! denotes its inverse. The symbol x indicates elements
determined by symmetry. The Euclidean norm is represented by || - ||. A matrix
A > 0 means that A is real, symmetric, and positive definite. The operator E
denotes the expectation and £2[0, 00) refers to the space of square-integrable vector
functions on [0, 00).

Let {4(t), t > 0} represent a right-continuous Markov process [43, 14] defined on
the finite state space S = {1,2,..., N}. The evolution of this process is character-

ized by the transition rate matrix I' = (m;;), whose elements satisfy
, - m; A +o(A), L#J,

Prob{o(t+A) =j | o(t) =1} = .

L+ mA+o(A), =3,

where m;; > 0 for all [ # j, and condition Z;zf[ m; = 0 is satisfied.

2. Preliminaries and system description. Let us consider the SNTSs with
mixed delays, uncertainties, and Lévy noises with Markov switching:

d[é(t) = Aa(1))o(t — 7)) = {(@(é(t)) +AB(2(1)))5 (1) + (C(a(1)
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where §(t) € R™ denotes the system state vector, a(t) € R™ the control input,
and w(t) € R™ is the exogenous disturbance belonging to the space £2[0,00). The
system output is represented by z(t) € R™, the unknown nonlinear function £(.)
belongs to R™, and the stochastic behavior is influenced by the Brownian mo-
tion B(t) € R™. The matrices A(4(t)) € R, B(o(t)) € R™™, €(4(t)) €
R™ ™ D(p(t)) € R™™, E(o(t)) € R™ ™ and By(o(t)), Ba(o(t)) € R™" are
fixed system parameters. The terms AB(p(t)) and AC(4(t)) € R™ ™ are time-
varying matrices that contain bounded uncertainties. These uncertainties take the
forms AB(4(t)) = LF(o(t),t)J, and AC(4(t)) = LF(4(t),t)Js, where L, J,, J,
are known matrices, and F(9(t),t) is an unknown time-varying matrix satisfying
FT(p(t),t)F(6(t),t) < I. The diffusion term is characterized by the noise intensity
matrix ¢ belonging to R™ x R® x S — R™ ™. A Poisson random measure N is
defined in Ry x (]Rd {0}) with a compensator N and a Lévy measure v satisfy-
ing N(dt,dy) = N(dt, dy) — v(dy)dt, fR"—{O} | y |2 Al)v(dy) < co. The matrices

G € R™™ and H € R™™ are constants, and 7 : R x R? x R? — R? defines the
jump function. The system involves both a constant delay 7 and a time-varying
delay 7(t) that satisfy the constraints 0 < n(t) <7, n(t) <7 < 1,Vt >0, and 7 > 0.
The maximum delay is given by d = max{r,7j}.

Remark 2.1. Unlike [29, 15, 17], the model (1) makes effective use of Lévy noises to
simulate different types of disturbances and interferences. Lévy noises capture both
continuous and discontinuous fluctuations, combining the strengths of Brownian
motion and Poisson point processes. This dual advantage allows Lévy noises to
more accurately represent real-world noise, making them a more suitable choice
than using Brownian motion or Poisson point processes alone.

For simplicity, we introduce the following notation: let o(t ) i, ( ) = 0, (t),
i 3t 10) = (0. Deine 210, (¢ —1(0). 1) = (). lo(0) ~ G A(@1) =
Ai, Ba(t) = D( (t)) = Di, and E(4(t)) = E;. Similarly, set Bl( t)) = B,
By(o(t)) = Bgz, ( (t),t) = Aéz, and AB(4(t),t) = AB,;. In addition, denote
F(3(t),6(t=n(t)) = &4, 1(5(1), (¢=n(t), 0(1),4,y) = fui, G(&(t)) = Gy, and H((t)) =
H;.

aId(t) — Aid, ()] = {(Bi + AB)I() + (€ + AC)S (1) + By(a(t) + (1))
R
5(t) =2(t), Vtel-d,o0). (2)

The essential concepts, supporting lemmas, and stability assumptions are pre-
sented here.

Lemma 2.2. [27] Let Q, L, and E be given matrices, and assume that F is a
function satisfying FTF < I. Then, the inequality Q+ LFE+ [LFE]T <0 holds if
and only if there exists a scalar o > 0 that satisfies Q@+ o 'LTL +aJTJ < 0.

Lemma 2.3. [19] Let P € R™" be a symmetric matriz such that P = PT  and
let 7 > 0 be a scalar. For a vector function w(s) € R™, assuming that the integral
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involved is well-defined, the following inequality holds:
t -1 t t
f/ w?! (s)Pw(s)ds < — (/ w(s)ds) P (/ w(s)ds) .
t—1 T t—T1 t—T1

Lemma 2.4. [19] For any matrices X,Y € R", matric Q > 0, the following
inequality is established:

T

2XTYy < XTQX +YTQ 'Y.
. . - T <7 T X Z
Lemma 2.5. [19] Given constant matrices X = X* andY =Y"*. If P 0,

then it leads to the conditions
X>0 Y-Z'X"'Z>o,
or

Y >0, X—-2zy'ZT >o.

Lemma 2.6. [45] Let C? represent the class of nonnegative functions V(t,6) de-

fined on Ry x R?, which are twice continuously differentiable with respect to 6 and
continuously differentiable in t. If V(t,6(t)) € CZ(Ry x R4 R,) then an operator
Ito from Ry x R? to R can be expressed as
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where V(t, S(t)) — w, V:g(t, g(t)) _ (8V(t1$(t)) s BV(tlé(t)))) V;?é(t? (S(t)):

661 661 6571
(82V<t,5(t>>)
06,06 (nxmn)

Definition 2.7. [8] Consider the system (2) with the initial condition = € L% ([~d, 0], R").
The system is said to be second-moment exponentially stable if

T
lim ]E/
T—o00 0

Definition 2.8. [12] The dynamical system (7) is said to be stochastically stable
with a specified disturbance attenuation level v > 0, if it remains stochastically
stable under zero initial conditions and satisfies

5(t:2(0), 6(0)) HQ dt < oo.

1202 < [l (®)]]2,

for every non-zero w(t) € £]0,00).

Assumption 2.9. [19] There exists a positive constant k, for any §e R*,q¢ >0
such that

[ 1(b9) 1 i) < w1517
R
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Assumption 2.10. [8] The noise intensity matriz 5(t,6(t),6(t — n(t))) satisfies
tracel (£, 3(2), (¢ — n(6)) BBy, 5(2), 8(¢t — n(t)))]
< T () d(t) + 0T (t — n)wid(t — 1),
where x;1 > 0 and x;0 > 0 are real matrices.

Assumption 2.11. [8] For all i € S there are matrices H;1 > 0, H;z > 0, and
Hiz > 0 satisfying

/R {(S(t) — A0, (1) + B2iﬂi)T(5(t) — A
— (5(t) — A, ()" (5(t) — Ai&(t))]u(dy)

< (ST(t)J{ﬂS(t) + 0T () Hi2d, (1) + 6T (4)Hi0, (t)).

107 () + Baijis)

Assumption 2.12. [30] The function £(5(t),d(t — ), w(t)) satisfies

1£(3(8),8(¢ = m), ()| < xS + &[5t — || + C[la@)]l,
where x > 0, £ > 0, and ¢ > 0 are real constants.

3. Design of the controller. This paper presents an approach for designing a
control system in which the control input 4(t), remains constant over specific time
intervals and updates only at particular moments. This is achieved through a Zero-
Order Hold (ZOH), which ensures that the control signal retains its value throughout
each interval. This approach is widely utilized in systems where control actions are
executed in discrete time steps. The control signal i(¢) follows the state feedback
law and is described as follows:

a(t) = Ko(ty), ty <t <tpyi, (3)

where K denotes the feedback gain matrix corresponding to the sampled-data con-
troller that must be determined. 0(¢,) represents the system state sampled in
discrete time instants ¢,,, and the sampling time sequence satisfies:

0=tg <t <.. <t,<..limt,=+oo.

p*}OO
The sampling instants t,, are assumed to satisfy the condition ¢t —%, <t,11 —t, <
hyp < h for all p > 0, where h), is the variable sampling interval, bounded above by
h > 0, which represents the maximum sampling period.

4. Formulation of the switching surface. The SMC formulation comprises two
main stages. First, a suitable switching surface function s(t) is defined to ensure
stable sliding dynamics. Next, a discontinuous SMC law is formulated to move the
system trajectories toward the switching surface s(t) = 0 within a finite time. To
initiate the process, an integral-type switching surface function is chosen for the
system.

s(t) = e[0(t) — Aib,(1)] — /0 €[(Bi +DiK)o(0) + Cid(0 —n(0)]do,  (4)

1 €8S, ¢ € R™*™ meeting ¢;D; is non singular. The controller gain matrix
K; € R™*"™ can be determined later.

Remark 4.1. In this paper, the input of the sliding mode controller under consid-
eration is 0(¢,) instead of d(¢).
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Applying system (2) and (4), we obtain

5(t) = 6[ABS(1) — DiGA(t,) + A, (1) + Bid(1)] + eibifa(t) + £(1)].  (5)
By applying the principles of SMC theory, the trajectories of the closed-loop
system move toward the desired switching surface. Hence, when s(t) = 0 and

5(t) = 0. Therefore, by $(t) = 0, and then the equivalent control is given by
ﬁequ(t) = —(Giﬁi)_lﬁi(A@iS(t) + Aézgn(t) + Eﬂz)(t)) + Kig(tp) — f(t), (6)

when incorporating the equivalent control G4, (t) for (¢) in equation (2), the cor-
responding sliding mode dynamics or the closed-loop system can be established
as

d[3(t) — Aib, (1) = {[isi +AB; — GABJS(E) + DiKb(t,)
+ (6 + AC; — GAG)S,(t) + (B — GEi)uﬁ(t)} dt
+ B1:6:dB(t) + Ba; / s N(dt, dz), (7)
R

where G = ﬁi(Eiﬁi)ilq.

TdB() |
| Rt ay)

R

)

Neutral-type systems

SMS

. ()
1

Sampled-Data Sliding Mode Controller

FIGURE 1. Block diagram of SDSMC for SNTSs

Remark 4.2. The integral switching surface removes the need for the reaching
phase that is inherent in the linear switching surface, allowing the system trajectory
to start on the sliding surface immediately, and it enhances global robust stability.
Consequently, compared to the conventional SMC, the integral SMC is capable of
mitigating the drawbacks of chattering.

5. SNTSs analysis via SDSMC. In this study, an SDSMC controller K; is de-
veloped to ensure that system (2) achieves second-moment exponential stability.
The stability conditions for nonlinear uncertain stochastic mixed-delay neutral-type
systems influenced by Lévy noises are established using a newly constructed dis-
continuous LKF.
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Theorem 5.1. For given scalars T, 1, hy, k, and ¢ system (7) is assured to be
stochastically stable provided that there exist positive definite matrices P;, Q, R, S,
T,U,V; any matrices M, X;, Y;, and positive constants p,; such that the following
LMIs satisfied fori=1,2, v=1,2,3,4,5, and p =1,2,3,4:
Qi Qo Q3 M,
x  —al 0 0

i = * * ol 0 |S 0, )
* * * -V
P; < puild, 9)
Vi < pail, (10)
where
[ Q11 Q12 Qi3 0 s Qe 0 Qo ]
* Qoo Qa3 0 Q25 e 0 0 0
* * Q3,3 0 Q35 Q36 Q37 0 0
~ * * *  Qgq 0 0 0 0 0
Q1 = * * * * Qs5 Qse Q7 0 Q59 ,
* * * * * Q6,6 0 0 0
* * * * * * Q7.7 0 Q7.9
* * * * * * * Qg8 0
L * * * * * * * 0 Qo0 ]
N
Q1 =Q+R+0S+hpyU + Z i Py + prixin + P31 + p2ixin
j=1
N A~
— M — M1+ G GiXy, Qi = —ng‘Pjﬂj — M,
i=1

Q=M —M{, Qs=X"B+P - M,
QI,G = M1 — M5T, 91,7 = *X?@?, 9179 = XlTéleL, 91711 = X;-Tajgi,

N
Qoo =-Q+ > AP PA;+ p5iHiz, Qojg = Mo, Qo =—AiP;, Qa6 = Mo,

Jj=1
Qa3 = —(1—0(t))R + prodiz + pritiz + pziFis + M3 + Ms,
93,5 = XZT(A‘:? —+ Mf, QS,G = M3+ M5T, 9377 = —XiTéZT, Q3,11 = XiTOéjbI;,
1y
Q4,4 = _( n(t)n)s - (1 — ﬁ(t))ck\?l, 9575 = ﬁT — X;T — Xi,
Q5.6 = Mu, Q57 =D:Yi + X[, Q59 = (Ei — GE:) Xy, Q5,10 = (Li — GL:) X5,

1—n(t A o _ .
Q6,6 = —%T-F M + Ms, Q77 =-D;Y:, Q79 =—(E— GE)X;,

_ ~ AT ~
Q710 =(GL; — L) X;, Qss = — Qg9 = —~’I+H; H;X;,

h712)7
and
Q=100 0 0 0 Q10 0 Q0 0 0,
Qzi=[Qu 0 Qu 0 0 0 0 0 0],
M,=[Mi My Ms 0 Ms Ms 0 0 0],

here, the controller gain is computed as K; = Yin-_l and the remaining elements are zero.
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Proof. In order to develop the main results, the LKF is constructed as given below.

7
V()= Vi(t), tE€[tpty1) (11)
where )
Vi (t) = [S(t) - Azgf(t)]TPz [S(t) - Azgf(t)]v
Va(t) = ) 0" (5)Qd(s)ds,
V3(t) = t STSR(SSdS,
0= [ 5eRi)
0 t
Vi(t) = 5T So(s)dsdb
0=/ P ARACED
/n(t /+9 s)dsdb,
Vo(t) = (tp+1 — 1) ST( YU (s)ds
/n(t /+0 trace[a; (s)V;6:(s)]dsd0,
and

g(t) = {[@i +AB; — GABS(t) + DiKid(t)
+ (6 + A8 — GAC]S, () + (B — G‘l::i)w(t)} .

By making use of 1t6’s differential formula [45] and by Lemma 2.6, we can derive
the stochastic time derivative of V;(¢) along the paths of systems (2). The resulting
expression is given below, where £ denotes the infinitesimal operator of the system.

LV} (t) = 2ST(t)Pig(t> — 2.;[25,?]319@) + trace[&iTBﬂPiBM&i]

+ [160) = Aib (0) + Basi) RO — Aid (6 + Busis)
R

+ ) mlo(t) — Aid () Pilo(t) — Aid- (1)), (12)
LVa(t) = 6T (1)Qd(t) — 6% (1) Q- (t), (13)
LV3(t) = 6T (H)RI(t) — (1 — 7()0F Qo (), (14)
LV (t) = 76" (£)56(t) — (1 —7(t)) / t ( )S(S)ng(s)ds, (15)
LV5(t) =ng" (t)Tg(t) — (1 —n(t)) /t o 9" (s)Tg(s)ds, (16)
LVs(t) = hyo T () US(t) — 5T( YUS(s)ds, (17)

£V7(t) = ﬁtrace[&iTBQTiVi&iBgi]
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-(1- ﬁ(t))/ trace[s! (s)BIV;5;(5)Ba;i(s)]ds. (18)
t—n(t)
Based on Assumptions 2.10 and 2.11, the following results are obtained:

trace[&iTB%;PiBli&i} S ﬁli (ST(t)l‘il(g(t) + S;(t)$123n> 5

trace[&iTBzTiViBgi&i] S ﬁgi (5T(t)l'i1(§(t) + Sg(t)xig&,) s
and
60 = i3.10) + B P(5(0) = Aid(0) + B
—(3(t) — Aib (1) T Pi(6(t) — A, (1)) (dy)

< o (87 (03 8(8) + 8T (4)320-(1) + 87 ()3Ciady (1)),
the following result can be directly derived by

— 0T () AT P;o(t) + 6T (t) AT Po. (1))

Lemma 2.3 enables the integral components in (15)—(18) to be represented as
follows.

/ttg(s)ds>TU ([s(s)ds>. (21)

P P

b . 1
- /tp 6T (s)Ud(s)ds < —h—g (

Using the Newton—Leibniz formula, a zero equation can be formulated for any
admissible matrices M,, and N,

287 (t) M, [5»7 — () + /t tﬂg(s)ds+ /t tn&i(s)dB(s) +uz} =0,

where A7 (¢ )*[ST( t) 6T 5T ftt—n 67 (s)ds g™ ft .9 (s)ds 6T (¢ ft 67 (s)ds w™ (t)] and

= Ji_y Ju 1N (dt, dy).
The stochastlc term in the above inequality can be rewritten by applying Lemma

2.4:
247 (1) M, / " i(s)dB(s) < AT (1M, Y IMT (1)

T

+ < /t tn &i(s)d8(5)> Vi ( /t tn &i(s)dB(s)> : (22)
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QBT( ) u,u'z < 6T( )Muvz_lMuTﬂ(t) + ﬂ,T’VQﬂ“ (23)
the other zero equation is considered as
209" = 6T (tIN [{[B: + AB: - GABIS() + DKL) (24)

+ (6 + AC — GAGS, (1) + (B — Gﬁi)qb(t)} — g(t)}

=0.
Now, taking expectation for stochastic terms appeared in (22) and (23), using
Assumption 2.9, we get

FA ()
(] (o))

< paickE K t SQ(S)dS):|. (25)

t—n
As established in @ksendal [22], the following inequality holds:

E [ /t tn&deB(s)Vl /t tn@dza(s)} <E { /t tntrace( (5)V154(5)) ds].

Combining (12)-(25), we get
E[LV (1)) < 267 (8) Pig(t) + 246 (t) Pig (1)
+ ps(07 (Db (1)) + pra(0y ()wi2dy (1))
+ p3:(07 (£)Hi10(8)) + i (0T (£)Hizd7 () + psi (0 (£)Hisdy (1))

N N
+ Z mi6" ()P (t) — Z 73307 ()P, A5 (1)

—wa t)AT Pt +Zmﬂ AT PA;b,(t)
j=1

+ 5T( JQ5(t) — 67 (£)Q0- (1) + 6T (1) RI(t) — (1 — i(t))dy (£) R, (¢)

+T(050() - . ;(?)(t)) </t (t) S(S)d8> i </t (t) 5(8)d8>
. t T t
070 - L </ o ds) ! </ o ds)
t—n(t t—n(t
t T t
+ hydT (U () — h12 (/ S(s)ds> U(/t 5(s)ds

P

+ p2i (07 ()10 (1)) + pa2i(OF (1) 2420, () — (1 — n(t))ck Vs
+ 2T (H)NB:d(t) + 29" NAB;5 () — 297 () NGAB;4(t)
+2gT ND; K;6(t) + 297 (t)NCi, (1) + 297 (t) NACS, (1)

+ 29T (t)N(E; — GE;) — 297 (1) NGAC;5,(t) — 297 (t)Ng(t)

— 267 (t, ) N'B;6()i(t) — 267 (t,) NAB;6(t) + 267 (t,) NGAB,;6(t)
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— 267 (t,)ND; K;6(t,) — 67 (t,)NCib,, (t) — 267 (t,) N AC;6,(t)

+ 267 (t,) NGAC;4,(t) + 297 (t,)Ng(t) — 2¢7 ()N (E; — GE)),
< E[B" () ¥B(1)], (26)
where ¥ = Q + MV M + MoV MT + M3V M + MV ME + Ms VT MY
Let X; = (N7, K; = Y;X;'. For the uncertainty terms appearing in (26),
by employing Lemma 2.2, together with pre- and post-multiplication of (26) by
diag{N"L, N"VL, N"L N"L N1 N-L N-1 N=L1 I I I,I} and by Lemma 2.5, the
LMIs (8)—(10) can be obtained. Hence, since ¥ < 0, it follows that E[LV (t)] < 0,

indicating that the considered system is stochastically stable.

In addition, we analyze the performance Ho, of the system (1) along with its

controlled output by defining a performance index H, to evaluate the attenuation
capacity of the disturbance v > 0.

J = [/OOO (27 (t)2(t) — Yo" ()w(t)] dt| , (27)
where
2(t) = Gio(t) + Hy(t).

According to Definition 2.8 and the given initial conditions, it follows that V' (0) =
0 and V(oc0) > 0. Therefore,

J<E /0 Oo[iT(t)i(t) — 20T () (t)]dt + V() |t—o0 — V()10
<E / Oo[éT(t)ﬁ(t) — 20T ()W (t)]dt + LVE(t)]

<E {0/000 BE (1)1 (t)] :
where

| [sxs Qg
o, = | s G ], (23)

[Q}SXS =1+ GiTéi,Ql,g = é?ﬁuﬁg,g = —’721 + I:pr]:f“ and 51(t> = [BT(t> wT(t)]-
Thus, it follows that the performance index J < 0 holds, whenever ,, < 0,
which can be easily verified as

Elllz@®)[l2 < [l (®)]]2]-

This indicates that €; < 0. Consequently, the examined system is stochastically
stable at a disturbance attenuation level of v > 0. As a result, it can be concluded
that LV (t) < 0. According to (26), one obtains

LV < =60 < —AJI5(8)I1, (29)

where —A; = Anax(€) (A; > 0), —A = max;es{—A;}, Amax(£2;) represents the
maximum eigenvalue of ;.
Based on Dynkin’s formula [44], we obtain the following result:

T
“E / LV dt = EV, — EVp < EV. (30)
0
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From (29)—(30), we get
T 1
E/ 16 (¢)||dt < X]EVO < .
0

Based on Definition 2.7, system (7) is verified to be second-moment exponentially
stable. Therefore, the proof is concluded. O

Remark 5.2. It is worth noting that the Lyapunov functional in (11) incorporates
the term Vi (t), which explicitly depend on the sampling interval (t,,¢p4+1). This
term allow the functional to fully exploit information related to the actual sampling
behavior. As a result, the derived synchronization condition is less conservative.

6. Reachability analysis of the switching surface. An SDSMC law is devel-
oped in this section, using the switching surface (4), to ensure that the system
trajectory approaches the switching surface. The reachability of the trajectory is
ensured by the following theorem.

Theorem 6.1. If the feasibility of LMIs (8), (9), and (10) is ensured, then the
state trajectories of the system (7) will be driven to the switching surface (4) by
applying the SDSMC' law is designed as follows.

a(t) = 4 — iy — G, (31)
with
4 = K;d(ty)
i = (X(B)[16(0)]] + E@0)116,(0)]] + <) [@(1)[[)sgn(s” (D)eiDi) ",
4y = o7 leall [1LallCllall 116(E) + [] o] ||577(t)||)Sgn(ST(t)eiﬁZ-)T’

||€:Dil|

here, € > 0, x(t), &(t ), and ((t) are used to evaluate X, &, and C, respectively. These
are defined as follows

X(8) = x(t) = ¢, X(O) = [IsT (@)l eaDill 18()1
(t) = (1) — & &) = lIs™ (O lleaDall 16, (1)1, (32)
C(t) =¢(t) = ¢, <ty = IsT @)l eDall 1o (D)1,

where X(t), &(t), and {(t) denote the estimation errors.

t/‘r‘r(

Proof. Consider the Lyapunov function designed as follows:

4¢ ( T(6)s(t) + X2(1) + (1) + C3(1)). (33)

)=
Based on equations (
Lyapunov function in (3

5), ( 1), (32), and the It6 derivative corresponding to the
3) is glven by

+edifa(t) + (1)) + RO + EBED) + (1) (34)
| | 11Tall IO+ 11T OI el | LI 1611 118,
— ST(t)ﬁiﬁiﬁQ(t — ST(t Eiﬁ u ( ) + s (t)ezf)ﬂz)(t)
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+ T (8)eiDif (8) + X(O)Is" ()] [leiil| 15(2)]]
+EDIsT @] el | 11,1 + @)™ OI Headall [l (0)]]-

From Assumption 2.12 and (32), we get

— ST(t)Eiﬁiﬁg (t) + ST(t)QﬁZf(t) + sT(t)quw(t)
+ XOIsT @] el | 18]+ EDIsT @] el 18,01
+C@)sT O [feail| [l

< *HST( JeDs (X (B8] + ED) 10, (DI] + <) [(2)]])

+X@)11s" @)1 NleaDs| [[BOI +EDIs™ O el 116,(2)]]

+ O™ O] leDsl] [0 (B)]] + s (D)eiDif (1) + 5T (H)eiDitb (1)
—xOIs" @[] lleDil| 116 = EDIs™ (@)]] [leDsl] 116, (2)]]
—COIIsT O NleDall [[@(t)]] + s ()eDs f(2) + sT (t)eDitd (t)

<0. (35)
Based on (31), (34), and (35), we get
vty < [Is" @ el 1Ll 11 aall 18O+ 115" @) Neall 1Ll 11Tsil| 1105(2)]]
— STGif)iflg (t)
< UsTOI leall 1Eall 1 Faall IS+ 1711 Nl | NEaI 1ol 18,2
Tty E e 1 ||<|Jm|||6||g(”>|| 1l 18201
< —ells()l <0, for [|s(®)]| # 0 (36)

where € > 0.

From (32), we have x(t) = x(t) = [|s" ()| Dl [0(t)[| > 0, £(t) = &(t) =
s @HleDill llon(®)ll > 0, and ¢(t) = ¢(t) = [Is" ()] lle:Ds| [|w(#)[| > 0. Thus,
X(t), £(t) and ((t) are monotonically non-decreasing. Consequently, there exists a
time instant ¢t* > 0 such that

X(t)=xt) —x 20, £)=¢&1)-€20, C(t)=¢() (>0

Clearly, X(t)x(t) > 0, £(t)E(t) > 0, and C(t)C(t) > 0. From (36), it follows that
sT(t)$(t) < 0. Hence, the reaching condition given in (4) is fulfilled, which ensures
that the trajectories of the sliding mode dynamics (7) converge to the switching
surface within a finite time. This concludes the proof. O

Remark 6.2. The proof of the theorem is nontrivial and makes use of advanced
techniques, including Lévy-type stochastic integrals and the Lévy—Ito formula. The-
se methods are significantly more complex than those typically applied to classical
stochastic differential equations driven by Brownian motion.

Remark 6.3. The obtained sufficient conditions are expressed in terms of LMI’s,
utilizing the zero equation to alleviate potential conservatism. However, it is widely
acknowledged that introducing zero equations considerably enlarges the set of deci-
sion variables, thereby complicating the conditions, increasing computational effort,
and extending the solution time.
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Remark 6.4. The parameter ¢ is an important component of the adaptive control
law, since it has a direct influence on the convergence behavior of the sliding surface.
If £ is chosen too large, the resulting control action may become excessively strong
and impractical for real applications. In contrast, when ¢ is too small, the sliding
variable may remain outside the boundary layer, which can increase adaptive gains
and induce oscillatory behavior on the sliding manifold. Therefore, the value of
should be selected with care to achieve a suitable compromise between convergence
speed and control performance.

Remark 6.5. The adaptive sliding mode control law is composed of multiple terms,
each serving a distinct purpose. The term 4; is designed to counteract known
system dynamics, while 1y is introduced to compensate for unknown nonlinearities
through adaptive estimation. The remaining component iz addresses parametric
uncertainties and includes a boundary parameter that guarantees the reachability
of the sliding surface. Together, these components ensure robustness and stable
sliding motion of the closed-loop system.

[ System

)
[Shdmg sutoce (1)
)
)

[Control input (

Closed- 1oop

Y
Stability path [Reachability path]
LV(t) <0 sT(t)s(t) <0
(Theorem 5.1) (Theorem 6.1)

s(t) =0
[ (Controller (31) ]

Ficure 2. Workflow of the proposed controller

As shown in Figure 1 the SDSMC for SNTSs is represented by its block diagram.
Complementing this, Figure 2 displays the algorithm workflow that summarizes the
key steps leading to the main results.

7. Numerical examples. Two illustrative examples are provided in this section
to demonstrate the efficiency of the designed SDSMC based on the Lévy-type noise
technique.
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Example 1. A two-dimensional SNTSs (2) featuring two Markovian switching
modes is analyzed, with the corresponding parameters specified as follows:

c o [2 08] 5 04 —04] 5 _ 4 1 0] . _[o7 07
A=l 3]’A2_[0 4]’31_%_{0 1}’(:1_[0.8 0.8}’
e _[02 07 s _[25 00025 5 _[0.55 -5

7 10.02 08" "t 0005 05 [P |05 5]

g [025 025] o _[2 25] 5 _[0.002 0.002

Y7 los 05?7005 0.5 M [0.004 0.004]°

[ 2 25 5 _[ooo1 0 ~ 01 01

Gz = 0.05 0.5]° Hi= [ 0 0.003}  Ha = [0.2 0.03] ’

when addressing the uncertainty terms, we present the matrix that incorporates the
uncertainties, as shown below.

; —0.002 —0.004] -2 4] ~0.002  —0.004
Jal_{ 0 0 }’Jﬂ_[o.l 0.08]"]“_[ 0 0 }
: —0.002 0.04] > + [1 0

Joz = { 0.1 0.1} =L = [0 2}’

0.1 0 2 0
T T T g )0 T2 T 7 0]

where x1; and xo; are the terms that arise in solving the trace terms.

1 0 04 O 2 0
:|59{21:|: ],9{122{

0 0.4

o = [ 0 04 0 0.35] ’

0.003 0 —-05 0 3 0
s = [ 0 0.3} ek [ 0 3.5]’ oz = {5 0.3} ’
the system time delay is taken to be 7 = 0.6, n = 0.5, and 7 = 0.4. The constants
2 )
are ¢ = 0.2, and k = 01 1.05]° Also, h, =04, 7 =0.3, « =0.1, and v = 0.9.

Then, solving the LMI using MATLAB, we can get

P [0.0251  —0.0084] p, — 01050 0.0001
"7 |-0.0084 0.0311 |’ 7% [0.0001 0.0605) "
0= 10085 —0.0659] , _ [3.3634 25401
T |-0.0659  1.5469 |’ " |2.5401 2.8703]"
o_ [ L0355 —0.5831] . _ [0.5327 0.0843
~ |-0.5831  1.0195 |* © ~ |0.0843 0.3965|°
[ — | 04581 —0.0083] . _ [7.3592 2.2499
~ |-0.0083  0.4669 | Tt T [2.2499 7.7544|°
Vo — [0.1976 0 A - [46097 16175
7| 0 01976) ' |-1.5311 —4.4893)°
Mo = [—0.0104 —0.0007] A — | 722685 —0.7267
7100074 —0.0460|" 7° ~ |-0.7835 —2.1632]°
M — [ 0.0536  —0.0085] M. - | 722914 —0.7143
47 [-0.0041  0.0501 |’ 77T |-0.8015 —2.2272]"
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The controller gain, K; = YiXi_l. The values of X; and Yj, respectively,

x [ 0.0316 —0.0054 %, _ 07344 0.0132
' |-0.0054  0.0395 | 2T |0.0132 0.3848]

v [ 0.0418 —0.0298 v, _ [14935 15079
' |-0.0062  0.2536 | "2 |0.0013 0.1489]

Hence, the controller gain matrix K; can be evaluated as:

[1.2218 —0.5854 Ky — 1.9646  3.8517
10.9235  6.5433 |’ 27 1-0.0051 0.3871]°

with the above control gain, switching surface function (4) can easily achieve sto-
chastic stability.

The first example with two-dimensional SNTSs, the simulation results are shown
in Figures 3-8. Figure 3 shows the system’s state responses, demonstrating that
the proposed sampled-data controller successfully stabilizes the system. Figure 4
presents the control inputs u; (¢) and us(t), which are updated at non-uniform sam-
pling instants. The switching behavior caused by Markovian modes is shown in
Figure 5 showing random transitions between different states of the system. Fig-
ure 6 shows the responses of the sliding surface that converge to zero, demonstrating
the robustness of the control design. The phase portrait shown in Figure 7 indicates
that the state trajectories smoothly approach the equilibrium point, ensuring system
stability. Finally, Figure 8 depicts the Brownian motion trajectories, representing
stochastic disturbances acting on the system.

K =

States

Time (s)

FIGURE 3. The state response curves of the system in Example 1

Example 2. A three-dimensional SNTSs (2) featuring two Markovian switching
modes is analyzed, with the corresponding parameters specified as follows:

-1 03 0.2 —-0.8 02 0.1 1 00
Air=10 —20 04|, A= 0 -11 03  Bi=By |0 1 0],

| 0 0 -15 0 0 —09 0 0 1

[0.4 0.2 0.1 0.2 03 0.1 1.5 0.1 0.05
Ci=103 05 02|,C,=1(01 04 02|,D;=]01 1.2 0.02f,

02 0.1 0.6 0.3 02 05 0.05 0.02 1.0
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50

-50 n

Control

-100 | 1

-150 Y

-200

0 1 2 3 4 5 6 7 8 9 10
Time (s)

FIGURE 4. The control input responses of the system in Example 1

T T T T
Markovian modes

Mode

Time (s)

F1GURE 5. The system behavior involving jump modes in Exam-

ple 1

[1.0 0.2 0.05 0.2 0.05 0.05 0.3 0.1 0.05
Db=[02 15 01]|,E ={005 02 005|,E =01 025 008

005 0.1 1.2 0.05 0.05 0.2 0.05 0.08 0.2
A 0.0 0.005 0.002] 0.05 0.01 0 ]
Gy = |0.005 0.01 0.003|, Gy = [0.01 0.04 0.02],

10.002 0.003 0.01 0 0.02 0.03]

002 0o 07  [003 001 0
H=|0 0015 0 |,H=][001 0025 0.005
0 0 o001 0 0.005 0.02

)
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4.5

lisll

lIs)l]

Time (s)

FIGURE 6. The behavior of the sliding surface for the system in
Example 1

Trajectory q
Start
® End

FiGURE 7. Phase Portrait in Example 1

when addressing the uncertainty terms, we present the matrix that incorporates the
uncertainties, as shown below.

[—0.01 —0.005 0 —0.02  0.01 0
Ja=1 0 —0.01 0 |, Jeo=1] 0 —0.015 0.005],
L0 0 —0.01 0 0 ~0.01]
[—0.005 —0.01 0 —0.01  0.02 0
Ji=1 0 —0.005 0 |,Jpe=| 0 —001 o001],
0 0 —0.01 0 0 —0.02)

~

o

|

~

[\V]

I
OO =
o = O
N OO
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—Ww,0
—— W,

Time (s)

FIGURE 8. Wiener Process Trajectories (Brownian Motion) in Ex-

ample 1

11 =T12 =

T21 0
0

0 0
01 0
0 0.1

y L22 =

05 0 0
01 06 0|,
0 02 07

where x1; and x9; are the terms that arise in solving the trace terms.

0 0 03 0 0
035 0 |,%i3=]0 03 0 |,
0 025 0 0 025
0 0 03 01 0
06 0|, Ho3=102 03 0],
0 0.7 0 0 04

the system time delay is taken to be 7 = 0.6, n = 0.5, 7 = 0.4 . The constants are

(05 0 0 0.3
Hii=|0 04 0|, Hio=10
|0 0.3 L0
[0.4 0] -
0.5
0 04 0
Ha=14 o ggq] H2= 8
[0 0 04 L
2 0
c=02,and k= |0 1.5
0 0 1.2

Also, hy, =04, 7 =03, a = 0.1, and v = 0.9. Then, solving the LMI using
MATLAB, we can get

[0.1898
—0.0123
| —0.0230

[ 3.9633
—0.0620
| —0.0355

[1.9330
—0.0439
| —0.0256

—0.0123
0.0429
—0.0318

—0.0620
4.4547
—0.1101

—0.0439
2.0455
—0.0690

—0.0230]
—0.0318
0.0445 |

—0.0355]
—0.1101
4.7022

—0.0256 |
—0.0690

2.1372 |

1.2714 0.0482 0.0449
0.0482 1.2107 0.0933{ ,
0.0449 0.0933 1.2950

[3.4983 1.0359 0.7508
1.0359 4.8199 1.6414| ,
10.7508 1.6414 5.7131

[3.7600 —0.1126 —0.3109
—0.1126  3.6838 —0.3040] ,
|—0.3109 —0.3040  3.7738
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[1.2800 —0.0015 —0.0010 17.7154  0.9232  0.5457
U= |-0.0015 1.2862 —0.0028(, V; = | 0.9232 19.5917 1.4148 |,
| —0.0010 —0.0028  1.2835 0.5457 1.4148 20.9335
[1.2001 0 0 —9.8906 —0.7321 —0.4464
Vo = 0 1.2001 0 , My = |—0.6891 —11.1566 —1.0964 |,
| 0 0 1.2001 —0.4715 —1.0917 —12.0967
[0.1843 —0.0027 —0.0014] [—4.9762 —0.2706 0.0247 |
My = [—0.0344 0.2255  0.0067 |, M5 = |—0.0952 —5.4258 —0.4000] ,
| —0.0205 —0.0537  0.1958 | | —0.1557 —0.3556  —5.7906 |
[ 0.4319 —0.0376 —0.0391] [—4.6164 —0.3187 —0.2184]
My = |—0.0243 0.3248 —0.0513|, Ms = |—0.3264 —5.1975 —0.4960] .
| —0.0517 —0.0485 0.3311 | | —0.2232  —0.4908 —5.5984 ]

The controller gain, K; = Y;X[l. The values of X; and Y}, respectively,

[0.2370  0.0134 0.0241 2.8038 —0.1871 —0.3248
X1 =10.0134 0.2447 0.0209| , X5 = |—0.1871 2.5003 —0.3245]| ,
10.0241  0.0209 0.2382 —0.3248 —0.3245 2.6782
[0.5493  —0.0257 0.0310 59300 —0.9356 —0.6703
Y; = |-0.0352 0.7070 0.0469|, Yo = [—0.9214 3.4071 —0.6963| ,
| 0.0103  0.0356  0.8276 —0.7239 —0.5792 4.6348
hence, the controller gain matrix K; can be evaluated as:
2.3390 —0.2258 —0.0861 2.0310 —-0.2263 —0.0314
K; =|-0.3104 29081 —0.0270|, Ko = |—0.2471 1.3275 —0.1291
—0.3056 —0.1380 3.5177 —0.0577 —0.0125 1.7220

The second example with three-dimensional SNTSs, Figures 9-14 present the
corresponding results. Figure 9 shows that the state responses remain stable under
the proposed controller. Figure 10 displays the control inputs updated at non-
uniform sampling instants. The Markovian switching among modes is shown in
Figure 11 reflecting the stochastic behavior of the system. Figure 12 demonstrates
that the sliding surfaces converge to zero, confirming the robustness of the control
law. The phase portrait in Figure 13 illustrates smooth trajectories converging to
equilibrium, and Figure 14 shows the Brownian motion trajectories representing
random noise influences on the system dynamics.

8. Conclusion. This paper has presented a robust H,, SDSMC strategy for SNTSs
affected by nonlinearities, mixed time delays, parameter uncertainties, Lévy noises,
and Markovian switching. By designing an integral SMS and a corresponding
SDSMC law, we established sufficient conditions for the second moment exponen-
tial stability of the closed-loop system. The proposed approach uses a carefully
constructed LKF, the generalized It6 formula, and advanced inequality techniques
to derive stability criteria and ensure H,, performance. Furthermore, the dynamics
of the sampled-data sliding mode system were analyzed, and the resulting stabil-
ity criterion guarantees robust performance against stochastic jumps and modeling
uncertainties. Finally, numerical simulations have validated the effectiveness and
robustness of the proposed control strategy. Future work will focus on extending
the proposed framework to output-feedback and observer-based control designs, as
well as incorporating actuator saturation and input constraints under Lévy noise



22 DHANDAPANI, NEELAMEGAM, RAJARATHINAM, FAZLY, GUNASEKARAN

States
o

Time (s)

FIGURE 9. State trajectories of the system in Example 2
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FIGURE 10. Responses of the control inputs u;(¢) in Example 2

disturbances. In addition, event-triggered or adaptive sampling mechanisms may
be investigated to further reduce communication and computational burdens. Ex-
perimental validation on real-world stochastic systems affected by Lévy noise is also
an important direction for future research.
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Markov mode r(t)

FIGURE 11. The jumping modes in Example 2
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FIGURE 12. Responses of the sliding surface of the system in Ex-
ample 2
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