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Abstract

This study investigates the implementation of sampled-data control techniques in positive Markov jump systems (PMJSs),
aiming to ensure exponential stability in the mean and a predefined .Z]-gain performance. Initially, we develop a sampled-
data model for PMJSs and examine its mean stability characteristics. Subsequently, sufficient criteria are derived to guarantee
that the system achieves the targeted .7’ -gain performance, with particular emphasis on how the sampling period influences
system dynamics. These criteria are utilized to formulate a sampled-data controller, with its gains determined using a linear
programming method. The proposed methodology’s effectiveness is confirmed through numerical simulations, which support

the theoretical results.

Keywords Markovian jump system - sampled-data control - Exponential stability - % -gain performance

1 Introduction

Over the past few years, Markov jump systems (MJSs) have
attracted significant interest due to their ability to model sys-
tems with random switching behaviors [1-6]. These systems
are widely applied in diverse domains, including biolog-
ical modeling, financial systems, networked control, and
communication networks, owing to their capacity to han-
dle stochastic dynamics effectively. Traditional analyses of
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MISs typically assume continuous state evolution and unin-
terrupted control inputs [7]. However, the rise of digital
technologies has popularized sampled-data control systems,
which offer advantages in terms of energy efficiency and
reduced hardware costs [8—10]. Consequently, integrating
sampled-data control into MIJSs, especially positive Markov
jump systems (PMJSs), has emerged as a critical research
direction. For instance, the authors in [11] discussed the
stability and Z}-gain analysis of nonlinear PMJSs with
switching transition probabilities, focusing on exponential
mean stability and controller synthesis.

PMISs are distinguished by their non-negative state vari-
ables, which enforce positivity constraints on both the system
states and outputs. This property makes PMJSs particularly
suitable for modeling real-world phenomena, such as traf-
fic flow in communication networks, population dynamics
in ecological systems, and disease spread in epidemiologi-
cal models like the SIS model. Despite these advantages, the
positivity requirement poses unique challenges for stability
analysis and controller design. In [12] conducted an investi-
gation on the exponential stability and .Z7 -gain performance
of positive time delay Markov jump systems (MJSs) with
switching transition rates. The findings of this study provide
valuable insights into the management of delays in such sys-
tems. In a similar manner, [13] conducted an analysis on
the stability and %} -gain performance of positive switched
systems that included mixed time-varying delays. They pre-
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sented adequate requirements to guarantee both stability and
the required performance. Additionally, [14, 15] constructed
a state feedback controller by employing linear programming
techniques. These researchers established necessary and suf-
ficient criteria for the stochastic stability of PMJLSs.

An essential component of evaluating PMJSs is the formu-
lation of suitable Lyapunov—Krasovskii functionals (LKFs).
Although conventional positive Lyapunov—Krasovskii func-
tionals (LKFs) have been utilized for positive systems, the
co-positive-type LKF methodology has unique benefits for
positive Markov jump systems (PMJSs). Co-positive LKFs
provide the integration of both present state data and pre-
vious state trajectories via integral terms, while preserving
the positivity restriction across the functional. This attribute
is especially significant for sampled-data control systems,
because the delay caused by sampling 5(#) necessitates
meticulous consideration of state history. The co-positive
structure facilitates the derivation of stability criteria by lever-
aging the interaction between positive states and positive
weighting vectors, which is especially helpful in addressing
the sampling-induced delay #(¢) within the positivity frame-
work.

Sampled-data control systems are important in digital
control applications and have been extensively studied. For
efficient processing and control, these systems transform
continuous signals into discrete data. Their work addresses
sampling and discretization issues while preserving sta-
bility and performance. The authors in [16] outlined key
approaches for analyzing sampled-data systems, includ-
ing the direct design method, which relies on an accu-
rate sampled-data model to meet stability and performance
goals without approximations. This method, while complex,
ensures robust stability and performance, making it a pre-
ferred choice for precise control design. The significance of
sampled-data control has led to numerous studies in this area.
For example, in [17], Zhang and Li conducted a study on
the exponential stability and .Z -gain properties of positive
sampled-data systems in a deterministic context, excluding
random phenomena, which differs from the stochastic nature
of PMIJSs. The authors in [18] proposed a novel sampling
sequence that combines varying intervals to achieve global
exponential stability, effectively addressing challenges posed
by large sampling intervals.

This paper suggests a substantial contribution by broaden-
ing sampled-data control techniques to PMJSs and offering
a detailed analysis of their exponential stability in the mean
and .7 -gain performance. In addition, this study provides a
set of findings that are notable in nature. This begins with the
formulation of a sampled-data model for PMJSs, followed
by an investigation into the mean exponential stability of the
model. After that, enough conditions are provided to guar-
antee exponential stability while also assuring a weighted
A -gain attribute. This enhances the system’s robustness
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Table 1 Notations used in this paper

Notation Description

R" n-dimensional Euclidean space
R>m n x m real matrices

[1x]] Euclidean norm in R”

AT Transpose of a matrix A

E{x} Expectation of a random variable x

when it comes to Markovian mode transitions. In conclu-
sion, a sampled-data controller is developed with the purpose
of preserving the positivity of the system while simultane-
ously meeting the stability and effectiveness criteria that are
demanded. The controller gains are computed using a lin-
ear programming approach, and the theoretical results are
validated through numerical examples.

The paper is organized as follows. The problem formu-
lation, PMJS model with sampled-data control, and key
definitions and lemmas are presented in Sect. 2 . Section 3 is
the main contribution of this work, where Sect. 3.1 estab-
lishes sufficient conditions for exponential mean stability
using Theorem 1, Sect. 3.2 derives .#]-gain performance
criteria using Theorem 2, and sect. 3.3 presents the linear
programming controller design methodology in Theorem
3. Section 4 provides two detailed numerical examples to
support the theoretical conclusions and prove that the tech-
nique works. Section 5 closes the work and suggests future
research.

Table 1 lists the main mathematical notations used in
this study. These control systems literature notations will be
applied consistently in the study. In particular, R"” represents
the state space for the system (1) and R"*™ represents the
space of real matrices used for system matrices (e.g., ®o;,
®1;). The Euclidean norm ||x|| and expectation operator E.
are crucial for establishing exponential stability in 2 and %] -
gain performance in 3.

2 Problem formulation and preliminaries

We examine a class of PMJSs described by the following
dynamics:

E(1) = Bo(T ()W) + B1(Y(1)E( — (1))
+ G3(Y ()i () + G2 (Y (1) w(@), ey
2(1) = Ho(Y@)E@) + HT )W (@),

where £(r) € R" represents the system state, z(r) € R" is
the output, w(r) € R"# denotes the disturbance input belong-
ing to 1[0, 00), and and ii(+) € R" serves as the control
input. The delay v(¢) satisfies v(z) € [0, v] with its derivative
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V(1) = vg. The mode transitions are governed by the Markov
process Y(¢) : [0,00) - 2 = 1,2, ..., N with transition
probabilities defined as:

i, i A +o(A),
1+miiA+o0(A),

L7 s

i=],

Pr(Y(t+A) = jIY (@) =i) = :

where 7; ; > 0 represents the transition rate from mode i
tomode j (i # j), mi;i = — Z?’:l’j#i m;j and A > 0.
The transition rate matrix is defined as I1 = (7; ;) xx,. Fora
given mode Y (¢) = i € 2, the system matrices & (Y (7)),
G1(Y (1)), Br(Y (1)), Ho(Y(t)) and H(Y(¢)) are denoted
by B, &1;, Go;, H; and $y;, respectively, and are con-
stant matrices of suitable dimensions. The state at time ¢,
denoted by £(z, xo, Yo), corresponds to the initial conditions
at top = 0, with initial state £(0) = (&, ..., Son)T and ini-
tial mode Y'(0) = Y. For simplicity, £(¢) is used in place
of £(¢, xp, Yo) when the context is clear. It is assumed that
the state &£ () does not exhibit jumps at the instants of mode
switching.

Definition 1 [19] System (1) is considered to be positive if,
for any initial state that satisfies the condition & > 0, when
a non-negative disturbance w(¢z) > 0 and a control input
i(r) > 0 are present, the resulting state trajectory remains
non-negative, meaning that £(¢) > 0 and Z(z) > 0 for all
t>0.

A matrix By € R™" is termed a Metzler matrix when

all its off-diagonal elements are non-negative. According to
established results ([20], [21]), system (1) exhibits positivity
if and only if, foreach mode i € 2, the matrix &; is Metzler
and &,; € Rixn‘i'
Remark 1 To guarantee the system’s positivity, the Metzler
matrix property of &o; is essential. If every off-diagonal ele-
ment in a matrix is non-negative, the matrix is said to be
Metzler. This characteristic ensures that the state derivative
&(t) does not result in any state component becoming nega-
tive because of interactions between various state variables
when £ (¢) > 0. In particular, for the continuous-time positive
system (1), if £(¢) > 0 and &; is Metzler, then the diagonal
elements (which may be negative) regulate the decay rate
of individual states, while the coupling terms between states
(off-diagonal elements of &¢;£(¢)) remain non-negative.

Definition 2 [12]The system (1) with the value of w(s) = 0
and u(t) = 0 is claimed that is exponentially stable in the
mean if the condition is fulfilled by its solution &(¢).

E{IE@) 1} < Bllgolle P, Ve > 1,

where 8 and p are positive constants.

Definition 3 [13] In the presence of positive scalars p and y,
the system (1) with z(¢) = 0 is regarded to have achieved a
predetermined . -gain performance level y if the require-
ments listed below are met:

(a) Whenw(t) = 0, the system (1) demonstrates exponential
stability in the mean and demonstrates this stability.

(b) Assuming that the starting state of the system is zero
(& = 0), the system (1) is able to satisfy the following
inequality

0]
E { / P02 dr}
o0

1
< yE{/O ||w<t)||1}dr}, for (1) # 0.

o0

Remark 2 The idea presented in [13] is expanded upon in
Definition 3, which incorporates stochastic systems within its
scope. The efficient functioning of the system is characterized
by the .Z;-gain, which indicates its capacity to lessen the
effect of external disturbances. A smaller y indicates superior
performance, meaning the disturbance input has a reduced
influence on the controlled output.

The zero-order hold (ZOH) mechanism in system (1) gen-

erates the control signals i (¢). Through sampling at predeter-
mined intervals, this method discretizes the continuous-time
system. These sampling instants form an increasing sequence
of time points 0 =) < t; < th < -+ < fx < ..., where
t; represents the k-th sampling instant. The value of the sys-
tem state £(#;) at every given sampling time #; determines
the control signal, which stays constant for the length of the
period [#x, tx+1). Then provides the control signal for this
interval:
u(t) = HiE(y), forn <t <tiyq, ()
where .#; denotes the control law applied during the interval,
based on the system state at time 7. Under the assumption that
limg_, o0 tx = 00, the sampling series will go on forever. Fur-
thermore, the sampling interval is limited such that, for every
k > 0, where h is a positive constant, the time difference
between successive sampling points fulfills 7341 — tx < h.

The objective of this study is to design a sampled-data
controller that guarantees the closed-loop system’s positivity,
mean exponential stability, and a desired .} - gain perfor-
mance. Using a method similar to that in [22], we represent
the sampling time as t;y = t — h(t), where h(t) = t — 1.
This allows us to view the digital control as a continuous
controller with a time-varying delay. As a result, system (1)
can be re-expressed as a time delay PMJLS

E(t) =BpiE(t) + G1iE(t — v(1)) + G (1)
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+ &3 A& (1 — (1)),
2(1) =90i& @) + Hiw @), 3

where i(t) € [0, 1] and fi(r) = 1 for ¢t # 1.

Lemma 1 [23]1tis assumed that the system (3) demonstrates
positivity if and only if, for any mode i that belongs to the set
9, the matrix &; is a Metzler matrix, and the subsequent
requirements hold:

1. &y e RV
2. &y e R,
n:XxXn

3. Hoi e RY
4. f)li S le::_xnl;,'

Remark 3 The authors of the study [24] examined a stability
analysis and the design of an .#;-gain controller for a class
of switched positive T-S fuzzy systems with time-varying
delays. When compared to the controller techniques in the
above paper, sampled-data control has been utilized in this
work to check the exponentially stable conditions.

3 Main results

This section presents an analysis of exponential stability, .2
- gain performance and control synthesis for the time delay
PMILS (3).

3.1 Stability analysis

By using a positive Lyapunov—Krasovskii functional (LKF),
we establish conditions for the mean exponential stability of
the closed-loop system (3) when w(¢) = 0. These conditions
are presented in the theorem below.

Theorem 1 For a given scalar p > 0, the positive system
(3 with w(t) = 0 is exponentially stable in the mean if there

exists vectors Vi, G1.i, §2.i» S3.i» S4i» S1» §2, 63, 64 € R} for
all (i € S), satisfying the inequalities:

®givi +povi+61,i+62i+ 63+ G4

N
+vsi + v+ fiss + hga+ Y mijv; <0, €
j=1
elv — U — T <0, ©)
AT &4 vi — Veai <0, (6)

where

N N N
ijs‘l,j =<l ijgz,j = s, Zﬂijs‘3,j
j=1 j=1 j=1
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N
<3, Zﬂij§4,j < ¢4, @)
=1
T=e P U= (1—v)T, V=e""

Proof Construct a co-positive-type LKF candidate as:

5
V(t,%‘(t),i)=ZVr(t,$(t),i), ®)

r=1

where

Vi, &(0), i) = £T (v,
t
Va(t, (1), i) = f P ET (5)¢y 1ds

t—v(t)

t
+ / ePSET ()60 4ds,
t—v

t
Va(t, &(1), i) = f ePSET (5)¢3 ids

t—h(t)

t
+ / ePSET (5)a ids,
t—h
0 t
Va(t,£(t), 1) = f / e”SET (5) (61 + 62)dsdb
—v Jt+0

0 t
Vs(t, (), i) = / / ePODET (5)(c3 + c4)dsdo,
—h Jt+0

with v;, 61,i» 62.i» 63.i» S4.i» S15 625 63, 64 € R}, and satis-
fying:

N N N
Z?Tijgl,j =G, Z?Tijgz,j = S, Z?Tij§3,j
j=1 j=1 j=l1

N
=63 Z?Tij§4,j = 64
j=1

We compute the infinitesimal operator £ acting on
V(t,&(t), i) along the trajectories of system (3):

LV (t,E@), 1)
=TS v+ pvi + 61, + 620 + 63 + cui

N
+vsi +ver+fiss + hga+ Y mijuj)
j=1
+ &7t —ve)®] v — (1= b)e PPl (t —v(t)) g1
—e P ET (=) + ET (0 — BT BT
— (1= A@)e PPl (1 — h(1))c3.
— e PheT (t — Ry,
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" e ()¢ jds
t—v(t)

N
#3om [
j=1

t
t—v

N t
+ Zﬂijf
j=1
P e (5)6p jds
t o
— / e”SET (5)(c1 + )ds
r—v

N
+Z7Tij/
=1

—h(t)

t
PV ()¢5 jds

N t
+ ij/ ep(‘y_’)éT(s)g,jds
=1 t—h

t
— / ﬁep“"%T(s)(gs + ca)ds — pV (1, £(1),0).
-

Using the constraint in (7), this simplifies to:

LV, &), 1)

=T OSL v+ pvi + 610 + 600 + 3+ cui
N

+vsi +ver+fiss + gy + Y mijuj)
j=1

+ &7t —v@)&T v — (1= b()e DT (t —v(t)) g1
— e PET(t —v)gr +ET (1 — h() H T BT v;
— (1= A@)e POl (1 — (1)) g3

—pv —ph
P2+ (p3+ P2 (L= e™) + (ps + pe) 2 (1 — ™M) + (p7+ P9 S (v — £+ ) + (po + pro) 5 (h — £ + )

max(, j)ePx1,153,j} and p1o = max(;_ jyepx1,{s4,;}, the fol-
lowing bounds hold:

Vi, &), 1) = plE@I,
V (o, &0, Yo)

< p2lléoll + P3/

to—v(to)

(11

fo
PO 5o s

to
+ pa / P10 g || ds
Ip—v

fo

1o
+ ps / P60 g 1ds + pe /
to—h(ty) to—h

0 fo
+(p7+ ps) / f P50\ g) || dsdo
—v Jty+60

6o lds

0 fo
+ (po + p10) / / P50 g || dsdo
—h J1y+6

D) I
< [Pz +(p3 + p4);<1 —e ")+ (ps + Pﬁ);(l — e M

1 1 e P
+@r+p)—|(v——+
o PP

1 1 e Pl
+(po + pro)—|h——+ ol
P o P

Combining (10)-(12), we get

12)

E[IE@D)] < @e P05,

where

0 B

o=

P1

— e MET (1 = Wy — pV (. E@), D).
Employing inequalities (4)- (6), we obtain,
LV, §@),i) < —pV(t,&(),0). ©))

Following the methodology of Theorem 1 in [25], which
utilizes Dynkin’s formula and the Gronwall-Bellman lemma,
we derive the following inequality for ¢ > #o.

E{V(t,&(t), Y(1))|&, Yo} < e U™V (19, £(19), Yo).
(10)

Defining p; = ming_ jyepxi,{vij}, P2 = max jyepxi, {vij}
P3 = Max( j)ePxI,{S1,ij}, P4 = Max(, j)ePxi,152,ij}
P5s = Max( j)ePxI,1S3,ij}» P6 = Max(, j)ePxI,{S4,ij}
P71 =Mmax( jyepx1,{S1,j} ps = max  jepx1,{s2.j} po =

Thus, if inequalities (4)-(7) are satisfied, system (3) is expo-
nentially stable.

Remark 4 Theorem 1 indicates, through inequality (4), that
the maximum sampling period % influences the existence and
values of v;, thereby impacting the system’s stability.

3.2 .71 -gain performance analysis

The following theorem provides sufficient conditions for the
positive system (3) to achieve exponential stability while sat-
isfying a weighted .77 - gain property.

Theorem 2 For a scalar p > 0, the system (3) is con-
sidered to attain a designated £1-gain performance level
y > 0 if there exist some vectors Vi, G1.i, §2.i» §3.i» G4.i>
S1, 62, 63, 64 € R forall (i € S), satisfying

(’5&'”1‘ + pvi + 61, +62,i +63,i + G4,
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N
+vg1 +ver + hgs + hica + Z”ijvj + 901 <0,
(13)
Gl — g — T <0, 14
ATl v — Ve <0, (15)
&vi + 91— y1 <0, (16)
where
N N N
ijs‘l,j <31 Z”UQJ = 62, Z”UQJ
j=1 j=1 J=l
N
=< g3, Zmyg,; = 4 a7

T=e P U=(—-v)T,V=e""

Proof According to Theorem 1, the mean exponential sta-
bility of (3) with w(z) = 0 is guaranteed if the inequalities
(4) through (7) are valid. For the purpose of demonstrating
the £7-gain performance of the system (3), we include the
identical co-positive LKF candidate that was used in (8):

LV, E®, D+ 2O — ylIlw®h

=TS vi + pvi + 10 + 620 + 30+ cui
N

+ V51 +ver +higy + hga+ Y mijvj + H(;1]
j=1

+ET (=) v — (1 —v@)e Vet —v(1)) 61,
— e ET(t — V)6 + ET (1 — W) AT BT,

— (1= )e PPDeT (t — h(1)) g3,

— e PPET (t — M),

+ T () (&L v + 9T 1—y1) — pV(r, E(0), ).

Taking into consideration the stated initial conditions (zero),
the ensuing inequalities (13)-(17) guarantee that

LV, @), D+ 12O — yllw®l <O.

Using Dynkin’s formula, we have shown that under circum-
stances of initial conditions (zero),

t
E {/ LV (t, &), i)} = E{V(,§(), 1)} — E{V (10, 50. To)}
1o

= E{V(t, 1), ).

Thus,

t
E {/ 1z — yllﬁ)(t)llldt}
]

@ Springer

t
=F {/ Izl = ylw(@)l1dt +$V(t,é(t),i)}
0]

t
—E {/ LV(t, (@), i)}
1o

t
=E {/ Iz = yllw(@) |l de +$V(t,$(t),i)}
10
— E{V(t,§(), 1)}
t
<E {/ 12 = yllw(@) |l de +$V(t,é‘(t),i)}
fo

—E{V(t &@1)} <O.

This implies

E{/ ||2<r)||1dr}=tgrgoE{/ ||3(f)||1dl|(So,T0)}
) o

<yE {/ IIIiz(t)Illdt} ;
10

that the -] -gain performance has been achieved. As a result,
the system (3) is able to achieve the desired . -gain perfor-
mance level, which is y > 0.

3.3 Controller design

In this particular section, our primary purpose is to create a
sampled-data controller (2) that not only assures exponential
stability but also guarantees a weighted % -gain for the sys-
tem (3). The most important findings on the controller design
are summarized in the following theorem.

Theorem 3 For a known scalar p > 0, if there exist vectors,
Vi, §1,i,$2,i63,i»S4,i,2i>S1, 62, 63,64 € R (i € §) satisfying

BG;vi + pvi + S1i + S2i + S3.i + Sai

N
+vg1 +ver + hgs + higy + Z?Tijvj + .6&1 <0,
=
(13)
&l —Usii — T <0, (19)
1z —0al 6Ll cii <0, (20)
el +9l1-y1<o. Q1)

Furthermore, the sampled-data controller gain is J; =

ZT

i
T
eréiyvi

Proof Following the inequalities (13)-(16) in Theorem 2,

B vi + pvi + G1i + S2i + 3. + i
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N
+vg1 +ver +hgs + hga + Zﬂij”j + 951 <0,
j=1
(22)
6fv —Us1i — T <0, (23)
KT ST v — By <0, (24)
&lu+9l1-y1<o0, (25)
where
N N N
Z?Tijg,j =S Z?Tijs‘z,j = 62, Z?Tijgs,j
j=1 j=1 j=1
N
<63 Y mjca; < ca. (26)

j=1
T=e P U=(1—-1)T,V=eP"

Substituting z; = %, 1.v; into inequality (24) yields
inequality (20). Moreover, inequalities (22) (23), and (25),
together with constraint (26), which correspond exactly to
inequalities (18), (19), and (21). Therefore, similar to the
proof in Theorem 2, we can conclude that the positive sys-
tem (3) under the sampled-data controller (2) is exponentially
stable with % -gain performance in mean.

Remark 5 Incondition (20), the inequality sz, QT(ITQ53I v;)
ln 64,i < 0 bounds the control effect in the Lyapunov anal-
= T 8Lv;, where 7} = Héﬁ,
is already embedded in the definition of z;. The first term
1°z; sums the components of z;, representing the total con-
trol effect. The scaling factor ITQS3l v; appears in the second
term because the bound on £(#;) (the sampled state) must
account for the magnitude of the control effect across all
input dimensions r, as defined by .#;. This scaling arises
from the Lyapunov derivation in Theorem 3, which extends
condition (15) from Theorem 2 (sz, < VIT G4.;) by incor-
porating the sampled-data control i(t) = J#&(fy). In this
paper, since r = 1, 17 = 1, simplifying 1T®3Tl v; to 631 V.

: T
ysis. Here, z; so &3,v;

4 Numerical evaluations

In this part of the article, we will show the usefulness of the
theoretical findings by providing an example.

Example 1 Examine system (3), which has two subsystems
and the system matrices shown below:
Mode 1:

-3 8 0.01 0.02
®o1 = [ 1 —3}’ i1 = [0.03 0.04]

Table 2 Maximum allowable upper bound (MAUB) of v for different
values of /2 in Example 1

h 0.05 0.10 0.15 0.2
v 2.436 2.327 2216 1.963
0.1 0.1
G = [0.1] B3 = [0.1]
$Ho1 =1[0.2,0.3], $H11 =04
Mode 2:

-3 1 0.01 0.02
o2 = [ 1 —4] 12 = [0.03 0.04]’

0.2 0.2
G2 = [0.1]’ B3 = [0.1} :

$o2 =1[0.1,0.2], $H12=0.2.

The transition rate matrix of the Markov process Y (¢) is taken
as:

-1 1
n-[71]
By using the Linear Programming technique, setting v =

0.6; h = 0.1;v9 = 0.3; p = 0.05; y = 1 and solving the
condition (18)-(21), we have

[0.2689 0.1543
V] = , U= s
| 0.6838 0.2165
[3.6526 x 10710 2.5887 x 10710
Sl =
| 6.8963 x 10~ 3.9355 x 10710
[0.0239 0.0239
o1 = ,
| 0.0337 0.0337
[7.0537 x 10711 1.2921 x 10710
G31 = , G322 =
| 1.3060 x 10710 | 1.7442 x 10~
[1.0741 x 107107 2.1405 x 10710
G41 = s G40 = )
| 3.4189 x 10717 | 4.0133 x 10710
[1.8623 x 10711 7] 9.7335 x 10712
1 = , 2= s
| 1.8623 x 107! ] 9.7335 x 10712

The controller gain can be obtained from Theorem 3 as

1 =[1.9548 x 10710 1.9548 x 107 10],
S =[1.8539 x 10710 1.8539 x 10710].

Figs.1, 2, and 3 illustrate the dynamic behavior of
the closed-loop system in Example 1 over the simulation
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Fig.1 State trajectory of the 1 T T

system (3) in Example 1
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Fig.2 Control responses of the 0.25

system (3) in Example 1

02

f=41
o

Control Input u(t)
=

f=—4
[
S

| | | | | | |

0.05 * *

period ¢t € [0, 50]. Figure 1, depicts the state trajectories
£(t) = [£1(1), £&2(1)]T, which remain non-negative through-
out, satisfying the positivity constraint of PMJSs. Both state
components converge to zero exponentially, confirming the
exponential stability in the mean as guaranteed by Theorem
1. The trajectories exhibit slight oscillations during mode
switches, reflecting the influence of the disturbance w(z)
and the Markovian transitions, but the .Z] -gain performance

@ Springer

15 2 25 3 35 4 45 5
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(y = 1) ensures robustness against these perturbations.
Figure2, shows the control input #(¢), which is piecewise
constant due to the sampled-data control with a sampling
period of i = 0.1. The control magnitude is extremely small
(on the order of 10~19), consistent with the small controller
gains %] and %3, and it adjusts at each sampling instant and
mode switch to stabilize the system. Figure3 presents the
Markovian mode Y'(¢), which switches between Mode 1 and
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Fig.3 Markovian modes of the 2 T T
system (3) in Example 1
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Mode 2 with roughly equal frequency, as expected from the
symmetric transition rates (1> = mp; = 1). Table 2 repre-
sents the MAUB of v for various values of . The frequent
mode switches influence the state and control dynamics, but
the designed controller effectively maintains stability and
performance across both modes.

Example 2 Consider system (3) with two subsystems and the
following system matrices:

Mode 1:
—2 0.1 0.057 0.1 0.050.02
Gy =102-15 0.1 |,8;;=10.030.080.01],
| 0.1 0.05 —1.8 | 0.02 0.01 0.06
0.1 [0.3
Gy =102 |,833=104],
| 0.15 10.2
I = [0.1 0.2 0.15] , 741 = 0.05,
Mode 2:
—1.8 0.15 0.08 0.12 0.06 0.03
Gp=1025-120.12 |,&, =10.040.070.02 |,
| 0.1 0.07 —1.6 0.03 0.02 0.05
[0.15 0.35
Gy =025],83 =045,
| 0.1 0.25
Ty = [0.15 0.25 0.1] , > = 0.06,

Time (s)

The transition rate matrix of the Markov process Y (¢) is taken
as:

~0.9 0.9
= [ 0.1 —0.1} '

By using the Linear Programming technique, setting v =
0.2; h=10.02; vg = 0.5; p = 0.01; y = 0.5 and solving the
condition (18)-(21), we have

70.1024 0.1405 ]
v =|0.1951 |, wy=|02534 |,
| 0.1020 0.0987 |
[1.5642 x 1071 [1.6100 x 10~
cii=|14042x 107" || ¢ =] 12715x 107" |,
| 1.5713 x 107! | 1.7244 x 107!
70.0182 0.0300
g1 =] 0.0218 |, ¢ = 0.0282 |,
| 0.0101 0.0142
[1.2660 x 10711 7] [5.7769 x 107127
g3 =| 11422 x 1071 || ¢ =] 47131 x 10712 |,
| 1.2488 x 107! | | 6.1278 x 10712 |
[2.2016 x 107107 [2.2449 x 107107
Gar = | 49281 x 1071 |, ¢y = 2.7266 x 1071 ||
| 1.0000 x 107¢ | | 1.0000 x 107° |
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Fig.4 State trajectory of the 3 T T T T T T T T T
system (3) in Example 2 51 o
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Fig.5 Control responses of the 0.5 - - - - - - - - -
system (3) in Example 2 o
u

Control Input u(t)

7.7370 x 1011
7.7370 x 10711 |,
7.7370 x 1011

5.1520 x 10711
5.1520 x 10711 |,
5.1520 x 10711

1 = 2=

The controller gain can be obtained from Theorem 3 as

1 =[3.9884 x 10710 3.9884 x 10710 3.9884 x 107197,
S =[4.1179 x 10719 4.1179 x 10719 4.1179 x 1071°].

@ Springer

1.5 2 2.5 3 3.5 4 4.5 5
Time (s)

Figs.4, 5, and 6 provide a comprehensive view of the
closed-loop system’s behavior in Example 2 over ¢ €
[0, 50]. Figure4 illustrates the state trajectories &(t) =
[£1(2), &2(t), &3(t)]T, which remain non-negative, adher-
ing to the positivity property of PMIJSs. All three state
components converge to zero exponentially, validating the
exponential stability in the mean established in Theorem 1.
Compared to Example 1, the convergence appears smoother,
likely due to the smaller sampling period (A = 0.02) and
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Fig.6 Markovian modes of the system (3) in Example 2

the tighter % -gain performance (y = 0.5), which enhances
disturbance attenuation against w(t). Figure5 displays the
control input #(t), which is piecewise constant with updates
every i = 0.02. The control magnitude remains small (on
the order of 10_10), reflecting the small controller gains,
but it exhibits more frequent adjustments due to the reduced
sampling period, ensuring precise stabilization across mode
switches. Figure 6 shows the Markovian mode Y (¢), which
predominantly resides in Mode 2, as expected from the tran-
sitionrates (12 = 0.9, w21 = 0.1). The system transitions to
Mode 2 early in the simulation and remains there for longer
periods, with occasional switches back to Mode 1, influenc-
ing the state and control dynamics. The controller effectively
handles these asymmetric mode transitions, maintaining sta-
bility and achieving the desired .Z}-gain performance.

Remark 6 In the results of Example 1 and Example 2, the
vectors %] and % exhibit identical components within
each mode. Specifically, in Example 1, J#] = [1.9548 x
10719, 1.9548 x 107191, and in Example 2, #; = [3.9884 x
10710,3.9884 x 10719, 3.9884 x 10710], with similar pat-
terns for J#3. This behavior is a consequence of the alternat-
ing optimization approach. In the second optimization step,
the constraint enforces condition (20), which requires lgz i—
QT(I,T®3TI.U,~)1,{§4,,~ < 0, where z; = (Q53Tivl~)<%/iT. Since
i = [k, ki, ... ki], this condition becomes nk; (&1 v;) —
VAT 61v)1764; < 0. The constraint is symmetric with
respect to the components of 7;, as @;vi is a scalar.
Additionally, the objective function minimizes sum(.%7) +
sum(.#3), encouraging the smallest possible values for k;.
Since the constraint imposes no preference among the com-
ponents of 7, the optimizer selects a solution where all
components are equal, i.e., % = [k;, ki, ..., k;], ensuring
the minimal sum while satisfying the constraint. This sym-
metry explains the identical components observed in %] and
5 across both examples.

Remark 7 1t is noteworthy that in many industrial process,
the dynamical behaviors are generally complex and non-
linear and their genuine mathematical models are always
difficult to obtain. How to model the -] -gain stability anal-
ysis for Markov jump sampled-data control systems using
a co-positive-type LKF approach has become one if the
main theme in our research work. More particularly, some
pioneering works have been done in the Makovian jump
sampled-data system with a general LKF approach. The
authors in [11] investigated nonlinear positive Markov jump
systems with switching transition probabilities; however, it
does not explicitly incorporate sampled-data control. Posi-
tive Markov jump systems under sampled-data control has
been proposed in [17], but focuses solely on sampling-
induced delay, modeled as x(z(¢)), where t(¢) denotes the
sampling delay, without accounting for additional inher-
ent system time-varying delays. In contrast, our framework
simultaneously addresses both the sampling-induced delay
h(t) and the inherent system time-varying delay v (), mak-
ing it applicable to systems in which delays originate from
multiple sources, namely digital implementation (sampling)
and physical system dynamics. In [24] studied switched pos-
itive T-S fuzzy systems with time-varying delays using a
mode-dependent average dwell time approach, but does not
consider a stochastic Markovian switching framework. This
work stands out for its comprehensive integration of unique
characteristics, such as positive system constraints, Marko-
vian mode switching, sampled-data implementation, and
dual time-varying delays (sampling-induced delay #(¢) and
system delay v(t), -£]-gain disturbance attenuation, and the
presence of external disturbances w(¢). The model consid-
ered in the present study is more practical than that proposed
by [11],[17],[24], because they consider a usual Markovian
Jump system with sampled data control via a general LKF
approach based on stabilization conditions, but in this paper,
we consider a new co-positive LKF approach with the com-
bination of PMJSs via sampled-data control in the .#}-gain
performance. Henceforth, the investigation procedure and
framework model proposed in this paper merit a lot of regard
for fill such a demand all the more successfully

5 Conclusion

This study provides an in-depth exploration of exponential
stability and -] -gain performance in PMJSs under sampled-
data control. By incorporating sampled-data techniques, we
have gained valuable insights into the stability and per-
formance characteristics of these systems. We developed a
sampled-data model for PMJSs and performed a thorough
stability analysis, which served as the basis for our find-
ings. The key contribution of this research is the application
of sampled-data control to PMJSs, offering a robust theo-
retical framework and a systematic analysis methodology.
This work advances the understanding of control systems
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theory and provides practical implications for the design of
sampled-data controllers in PMJSs. For future work, it would
be beneficial to broaden the scope of these results by applying
them to more complicated system structures or by integrat-
ing further performance metrics, which would increase the
effectiveness and range of sampled-data control for PMJSs.

Data Availability No datasets were generated or analysed during the
current study

Code Availability Not applicable.
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