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Abstract

Cholera remains a significant public health concern globally, offering an
opportunity to construct robust transmission models that elucidate its dynamics and
guide intervention strategies. In this study, we develop a refined cholera transmission
model that accounts for time-dependent recovery rates and persistent environmental
reservoirs, extending beyond the assumptions of traditional SIR-type frameworks. The
model segments the population into compartments—susceptible, infected, and
statistical storage of relevant variables—allowing for dynamic epidemic progression
under specified parameter values. Historical data on cholera cases, fatalities, and
case-fatality rates spanning multiple years underwent rigorous preprocessing,
including linear interpolation, to ensure robustness. We employed a least-squares
curve-fitting approach to estimate key parameters, which optimizes model accuracy
and allows simulation of disease progression and intervention effectiveness over time.
Results from our model yield critical insights into cholera transmission, including the
roles of environmental bacterial reservoirs and drug treatments in moderating
infection rates. These estimated parameters provide policymakers with actionable
data for designing targeted interventions, enhancing public health responses, and
mitigating cholera’'s impact on vulnerable populations. This work emphasizes the
value of mathematical modeling as a tool for understanding infectious disease
dynamics and developing strategies to reduce epidemic impacts.
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I. Introduction

Cholera is a highly infectious disease caused by the bacterium Vibrio
cholerae. It is usually spread from person to person through contaminated food and
drinking water. As an infectious disease, cholera still ranks as one of the major public
health problems in many developing countries, especially where clean drinking water
and proper sanitation are unavailable. According to the World Health Organisation
[X], cholera affects millions of people each year, the world over. The symptoms are
severe, and death rates are also one of the 1st biggest killers among infants. The
persistence of the cholera outbreak demands efforts in prevention and control
programs that are effective at minimizing its effects on vulnerable populations.

Cholera epidemics are influenced by a confluence of environmental, social, and
infrastructural conditions that facilitate the dissemination of the pathogen Vibrio
cholerae [I1-1V]. The following drivers are included: Cholera is predominantly spread
by contaminated water and food, rendering communities with inadequate access to
clean water and sanitation facilities highly susceptible to infection. Insufficient
sewage disposal systems, the absence of chlorination in water sources, and
substandard hygiene standards can all promote the transmission of cholera. Floods,
particularly during monsoon seasons, can inundate existing infrastructure, polluting
drinking water with sewage and heightening the danger of epidemics, as discussed by
[XVI]. Cholera outbreaks frequently demonstrate seasonal trends, with an increase in
incidence during warmer months or following substantial rainfall [IX, XVI, XVII].
Elevated temperatures and humidity can facilitate the proliferation of Vibrio cholerae
in coastal waters, but variations in water pH and salinity can influence bacterial
viability. Bacteria are frequently linked to phytoplankton and zooplankton blooms,
which may intensify under warmer temperatures, facilitating bacterial multiplication,
as discussed by [X, XXI]. Population Density: Accelerated, unregulated urbanization
in low-income areas can result in congested habitats with insufficient water and
sanitation infrastructure, fostering optimal circumstances for cholera epidemics.
Elevated population density exacerbates transmission risk and complicates the
implementation of effective containment strategies.

In areas with inadequate healthcare resources, the detection and management of
cholera outbreaks can be challenging. The absence of skilled healthcare professionals,
swift diagnostic instruments, and effective public health surveillance systems might
hinder outbreak response, permitting cholera to proliferate before measures are
enacted by [XVII]. Migration and Displacement caused by conflict, natural disasters,
or economic adversity can lead to substantial populations residing in temporary
encampments or urban slums, frequently lacking sufficient sanitation and healthcare
services [V]. These conditions engender significant susceptibility to waterborne
infections such as cholera, as evidenced by recent outbreaks in refugee camps in
South Sudan and Bangladesh.
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When it comes to understanding and controlling infectious diseases, mathematical
models have played a crucial role in public health. By depicting the dynamics of
disease dissemination through susceptible, infectious, and recovered compartments,
[V, X1, X1, XV] use stochastic and deterministic mathematical models of cholera
disease dynamics with direct transmission. [VI] and other recent research have
broadened this approach to incorporate compartments such as exposed, vaccinated,
and quarantined. Predicting infection rates and directing interventions such as
lockdowns and vaccinations were made possible by mathematical models throughout
the COVID-19 pandemic [VII, XIX].

Mathematical models find extensive use in environmental systems to predict the
effects of climate change, manage resources, and understand the dynamics of
pollutants. For example, [XX] discussed modeling the influence of environmental
pollution on waterborne diseases. Sustainable development strategies and mitigation
measures can be better crafted with the use of these models. Mathematical models
play a vital role in understanding the spread of infectious diseases like cholera,
enabling researchers to track transmission patterns, forecast outbreaks, and assess the
impact of control measures [I]. Strategic decision-making by health authorities and
community responses, such as water sanitation practices and vaccination campaigns,
have been explored using models developed by [VI-VIII]. Models inspired by the
work of [XX, XIV] also highlight how environmental improvements contribute to
sustained public health and economic resilience in cholera-prone areas. Moreover,
mathematical modeling supports the efficient design and optimization of sanitation
and water purification systems. The flow of contaminated water through river
systems, a key factor in cholera transmission, is analyzed using differential equations
[XV].

Previous studies used different mathematical frameworks to uncover all the
environmental interactions between human populations that lead to cholera outbreaks.
For example, [I11] developed a compartment model to represent these dynamics and
found that the concentration of bacteria in the environment had a significant impact
on the transmission of cholera. In addition, [VI, XII] used a Susceptible-Infectious-
Recovered (SIR) model to judge how effective vaccination strategies would be. The
findings showed that there may be some limited channels in reducing cholera
incidence through intervention. While models of cholera have grown in sophistication
over the years, certain key parameters governing disease transmission are still
difficult to estimate precisely. The traditional approach is almost always used, with
limited data sets causing parameters to be estimated imprecisely. Also, the interplay
between environmental conditions, human behavior, and the intrinsic growth rate of
Vibrio cholerae makes modeling more complex. As a result, there is an urgent need
for comprehensive models that embrace these complexities so that our understanding
of cholera dynamics improves. To accomplish the goal of performing a numerical
simulation of the cholera pandemic, the Runge-Kutta 4th Order (RK4) method will be
utilized. This will make it possible to arrive at a more precise estimation of the
dynamics of the model, as well as to conduct a more straightforward investigation of
crucial factors, such as time-dependent transmission rates and how they influence the
advancement of the epidemic. This supplement strengthens the study and assures the
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right findings when checking and evaluating the models by paying attention to the
methodological rigor that is required to solve challenging nonlinear systems.
Therefore, the study is strengthened and guarantees proper findings.

In this study, we aim to develop a mathematical framework for cholera dynamics that
incorporates disease-induced mortality and environmental factors. The objectives of
this research are: (1) to establish a compartmental model for cholera infection
dynamics representing the susceptible, infected, and recovered populations; (2) to
take into account the impact of environmental bacterial concentrations on
transmission dynamics; (3) through a curve-fitting technique, to estimate key
parameters governing cholera dynamics from historical case data, and (4) use the
estimated parameters to simulate cholera transmission dynamics and judge how
effective different intervention strategies are for varying levels of incidence. By
attaining these objectives, this study will provide a deeper understanding of cholera
dynamics and will offer public health policymakers valuable insights to guide their
efforts at curbing cholera outbreaks.

I1. Mathematical Model

Infected Environment T i A

Fig. 1: Diagrammatic representation of the model

Variables
S(t): Susceptible individuals at times t
1(t): Infected individuals at the time t
R(t): Recovered individuals at the time t
B(t): The concentration of cholera bacteria in the environment at the time ¢
N(t): Total population at the time t, which is now dynamic and given by:

N(t) = S(t) +I(t) + R(t) (1)
Parameters

B: Environment-to-human transmission rate (infection from contaminated
water)/Time-dependent transmission rate from bacteria in the environment
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a: Human-to-human transmission rate (Time-dependent transmission rate from
infected individuals)

k: Carrying capacity for the bacteria in the environment
w: Rate of water sanitation or environmental cleanup
w: Natural birth rate and natural death rate (assumed to be equal)

& Human-to-environment transmission rate (bacterial shedding by infected
individuals)

r: Intrinsic growth rate of cholera bacteria

y: Natural bacterial death rate

a: Recovery rate due to treatment

& Disease-induced death rate for infected individuals
d: Death rate due to cholera

Population dynamics

Susceptible population: The susceptible individuals' population rises due to births
and declines due to illnesses, natural mortality, and immunization.

s' = p-(al + BB)S-uS-vS 2

Infected Population Dynamics: The infected population rises from new infections
and declines owing to mortality from the disease, recoveries from therapy, and
natural deaths:

I'=(al + BB)S-(u+ 6 +a+d)I 3)

(al + BB)S: The transmission of new infections through contact with infected
individuals and contaminated environments.

(u+ 6)I: Loss of infected individuals due to natural death u and disease-induced
death & and al: Recoveries due to treatment.

Recovered Population Dynamics: Recovered individuals increase due to treatment
and vaccination and decrease due to natural death.

R' = al + vS-pR 4
Where

al: Recoveries due to treatment of infected individuals, vS: Individuals vaccinated
from the susceptible class, and uR: Natural death of recovered individuals

Bacteria population dynamics

Shredding from infected individuals facilitates the growth of the bacterial population,
while environmental factors constrain this growth. Sanitation initiatives decrease the
bacterial load.
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B' = & + rB(1-B/k)-yB-wB 5)
Here:

&: Bacteria are shed by infected individuals, rB(1 — B/k): Logistic growth of the
bacteria, constrained by the carrying capacity k, yB: Natural death of bacteria, and
wB: Bacteria are removed through sanitation efforts.

Total Population Dynamics: The total population is now dynamic, accounting for
births and deaths (both natural and disease-induced):

d
d_IZ='u—§I (6)

w: Births add new individuals to the population and &1 Disease-induced deaths reduce
the total population. With the non-negative initial conditions

Time-dependent transmission rates:

The dynamics of infectious diseases are inherently complex, with transmission rates
often influenced by a range of time-dependent factors. Traditional models commonly
assume a constant transmission rate; however, in reality, transmission rates can
fluctuate due to seasonal variations, changes in population behavior, environmental
factors, or intervention strategies. Accounting for these temporal variations is
essential for accurately modeling disease spread and understanding epidemic patterns.
In this study, we explore the concept of time-dependent transmission rates,
incorporating these fluctuations into mathematical models to better capture the
nuanced transmission dynamics of infectious diseases. By employing time-varying
parameters, we aim to improve the predictive accuracy of disease models and provide
a more realistic framework for assessing potential interventions, forecasting outbreak
trajectories, and informing public health responses. This approach highlights the need
to move beyond static models, embracing dynamic frameworks that align more
closely with real-world epidemiological processes.

a(t) = ag (1 + Agsin (?)) (7)

B() = By (1 + Agsin (%)) ®)
Where

a,: Baseline human-to-human transmission rate, 4,: Amplitude of seasonal variation
for a(t), Ag: Amplitude of seasonal variation for g(t) and T: Period of seasonal

variation (typically 365 days for yearly cycles). The transmission rates a(t) and £(t)
vary with time to account for seasonal effects. These are modeled as sinusoidal
functions:

S(0) = 0,1(0) = 0,B(0) = 0,R(0) =0 9)

At the Disease-Free Equilibrium (DFE), there are no ill individuals (I = 0) and no
bacteria  arepresent in the environment (B =0). The sensitive
population(S)maintains its equilibrium value, whereas the recovered population (R)
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is either nonexistent or at asteady state. At the DFE, the population is entirely
susceptible, so the number of susceptible individuals is at its maximum. The
population is completely susceptible at the DFE, which means that the number of
vulnerable persons is at its highest point. Therefore S = S,, also where S, is the total
population at equilibrium. Since the population size is often assumed constant in
epidemiological models, we consider:

The disease-free equilibrium point is thus:

(SO'IO'RO'BO) = (SOJ 0,0,0) (11)

&= agSol + BoSol — (u+ 8 +a+ad)l (12)

dB _ _

T & —vyB—wB (13)
_ (%S0 BoSo

F=( o Fo ) (14)

New infections in I (infected individuals) are caused by direct transmission from
infected individuals a, and environmental transmission from bacteria ,. The second
row is the bacteria equation, where no new illnesses influence bacteria.

+8+a+d 0
V:<# - Y+W> (19)
_r 0
FV_l — (aOOSO BOOSO) M+5-£a+d ) (16)

(u+é+a+d)(y+w) vy+w

Simplifying, the dominant eigenvalue (trace of the matrix) gives us

. So BoSo§

Ro = u+d+a+d + (u+8+a+d)(y+w) (17)
M‘;"%: The number of secondary infections caused by direct transmission from
infected individuals.

—_bBoSt . The number of secondary infections caused by environmental
(u+b+a+ad)(y+w)

transmission from bacteria.

We calculate the fundamental reproduction number R, to assess disease spread
potential, starting with baseline transmission rates « and S. These metrics describe
average transmission rates without seasonal changes.

At the DFE, we substitute I = 0 and B = 0 into these equations. This will enable us
to linearise the system around the DFE. The linearised system for | and B is as
follows:
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Effect of Environmental Transmission on R o
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Fig. 2. Diagrammatic representation of the effect of environmental transmission on R,

The graph in Figure 2 illustrates the relationship between the basic reproduction
number R,, and the environmental transmission rate 3, highlighting the influence of
environmental factors on disease spread. The basic reproduction number Ry, is a key
epidemiological metric representing the average number of secondary cases generated
by one infectious individual in a fully susceptible population. It provides critical
insight into the transmission potential of an infectious disease and the likelihood of an
outbreak within a population. In this model, R, demonstrates a linear increase with
rising values of B, indicating that higher environmental transmission rates directly
enhance the reproduction number. The parameter S, reflects the efficiency of
pathogen transmission via environmental reservoirs, such as water sources
contaminated with cholera bacteria. A linear relationship suggests that as 3, increases
signifying greater environmental bacterial concentration and contamination—there is
a proportional rise in R, which implies a higher risk of disease spread within the
community.

This linearity underscores the significance of managing environmental contamination
to mitigate disease transmission. Specifically, reducing S, through strategies aimed at
lowering bacterial shedding into the environment, could proportionally decreaser,,
thereby reducing the likelihood of an outbreak. This insight emphasizes the
importance of environmental control measures, such as improved sanitation and water
treatment, in preventing cholera transmission. By addressing these environmental
parameters, public health strategies can achieve a critical reduction in S, helping to
control and prevent cholera epidemics in susceptible populations.

I11. Application of the Runge-Kutta method

It is common knowledge that the Runge-Kutta methods are among the most
effective numerical approaches for solving ordinary differential equations with given
initial values. These methods are utilized in the fields of computer mathematics and
numerical analysis. As a result of the fact that it strikes a compromise between
accuracy and computational efficiency, the fourth-order Runge-Kutta method (RK4)
is one of the predominant approaches among them. When it comes to approximation
solutions to ordinary differential equations (ODES) that cannot be solved analytically,
these methods are crucial since they provide a pathway for solutions through
numerical integration. When using the traditional RK4 approach, it is necessary to
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determine the slope at four different sites inside each step interval. The general form
of this algorithm is presented below.

This iterative scheme ensures higher accuracy compared to simpler methods like the
Euler method, particularly for solving compartmental models where systems of ODES
describe the dynamics of various interacting populations or substances. In this study,
the RK4 method was applied to solve the cholera model, treating each equation in the
system as an individual ODE. The compartments—susceptible, infected, recovered,
and bacteria concentrations—were updated iteratively using RK4 formulas. Initial
values were specified, and a step size (h) was selected to balance accuracy and
computational cost. The numerical solutions obtained for the model variables were
analyzed to understand disease transmission dynamics and the effects of key
parameters such as transmission rates (o,3) and recovery rate (&).

The application of the RK4 method provided precise approximations of the cholera
model's dynamics, as evidenced by the resulting plots, which effectively illustrated
the system's behavior

under different parameter settings and initial conditions. This underscores the RK4
method's robustness and reliability for solving complex nonlinear ODE systems.

kl,s = h(u'(a(tn)ln + B(tn)Bn)Sn'uSn'VSn) (18)

o, :h[(u- (6t + D+ Bt 4 298 ) (504522 (504522 4 s,

)

Then compute k3 s and k, ¢ before updating
1
Spt1 = 5 [kl,s + 2kz,s + 2k3,s + k4—,s] (19)

The same RK4 procedure applies to the equations for I(t), R(t), and B(t), using their
respective differential equations.

kl,I = h[(a(tn)ln + B(tn)Bn)Sn'(l1 + g +a+ d)l]

kl,R = h[vS + al — MR]
(20)

kig=h [51 +rB(1-2)- (v + w)B]

After calculating K;,K,,K;,K, for each compartment, update the variables
iteratively.

This process is repeated over a predefined time, and the compartments are evaluated
at each time step to simulate the cholera dynamics under given parameters
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Algorithm/Flow Chart: RK4 Method for Cholera Model

1. Initialization:
o Define the initial conditions
5(0),1(0),R(0), B(0)S(0),1(0), R(0), B(0).

o Set the time step h and the total simulation time T,,,4.

o

o Define the parameters ay, By, Aq, Ag, 14, v, 6, a,d, §, 1, K, 7, W
2. Time-Dependent Transmission Rates: For each time ¢, compute:
a(t) = ag(1 + Aysin(2rnt/T))
B(t) = Bo(1 + Agsin(2mt/T))
3. Ilterative Loop:
o Fort =0toT,,, with step h:
Compute RK4 Coefficients for S,1,R,BS, I, R, B:
ki =h - fs(tn, Sn,In, Rn, Bn)
ki1 =h-fi(ty, Sn, In, Rp, By)
kyr = h - fr(ty, Sp, In, Ry, Bn)
ki =h - fg(tn, S, In, Ry, B)
Repeat for K,, K3, K, using updated arguments:

- h kis L2¥] kir kip
Kos=hfs(tn+5, S+ 525, I + 52 R, + 518 B, 4 112)
Similar update for k5 and k,

Update State Variables:

1
Sn+1 = STL + g(klls + 2k2’5 + 2k3’5 + k4_’5)
1
In+1 = In + g (kl,l + 2k2'1 + 2k3'1 + k4_'1)

Similar updates for R,,.; and B, .
1. Store Results: Save S, 1, R, B for each time step t
2. Post-Processing:
o PlotS(t),1(t), R(t), B(t) over time.
o Analyze the impact of parameters «, 8, ¢ on the dynamics.

This algorithm and the flow chart below provide a framework for implementing the
RK4 method to numerically simulate the cholera model and study the influence of
time-dependent transmission rates.
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Define the compartmental model:
&= pu— (ol +5B)5 — u5 — vs i ietie
Start — I'= (ol + FBIS— (u + 5+ a+d)f —>»| Initialisation/S(0).1(0). R(D). ...
R'=al+uv5—uR
B'=EH +rB(l— B /k} —yB—wBE l

Computeh = b — a/N

) Der=1n —T

|

Plot S(t). I(t), R(£), B(t)

Yes
Have we computed over time and analyze the
Xipr =X+ for the last interval? impact of parameters
w, . & ... on the dynamics.
$ No l
Compute intermediate slopes s
top

Ky . K..K;. K, for each compartment

.

Fepeat for K., K3, K, vsing updated arguments:

| S fas Eag L) Ly’
bog = f(e, + 2.8, + 2250, £ R, £ 2 g, )

TUpdate State Variables
1
St = S+ g (has + Zhas + Zhas = Rys)s
Tuor = Fy+ 2 (ko + 2ha g + 2hay + Kag)ome

Take next interval

Fig. 3. Flowchart illustrating the application of the RK4 method
IVV. Data Collection, Simulation, and Results

The dataset used in this analysis, derived from [lll], presents a
comprehensive record of cholera cases, deaths, and associated epidemiological trends
over a specified period. This dataset provides essential insight into the transmission
dynamics of cholera, capturing temporal patterns in infection incidence and case-
fatality rates. Leveraging these historical data, we could parameterize the disease
transmission model effectively, with parameter estimation detailed in Figure 3. By
integrating these empirical observations, the model enables a more nuanced depiction
of cholera outbreaks, capturing both infection propagation and mortality outcomes.
The model further accounts for key drivers of transmission, including seasonality,
population movement, and environmental bacterial loads, which are instrumental in
shaping the course of an outbreak. Consequently, this refined model enhances our
understanding of cholera epidemiology by enabling precise simulation of outbreak
scenarios and the impact of intervention strategies, thereby supporting more informed
public health.

V. Parameter Estimation Methodology

To calibrate the cholera transmission model and estimate unknown
parameters (e.g., transmission rate 3, recovery rate &, mortality rate d), we employed
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the nonlinear least squares curve-fitting approach using MATLAB’s Isqcurvefit
function. This method minimizes the objective function defined as follows:

](9) = ?=1[yobs(ti) - Ymodel(ti: 9)]2 (21)

Deaths(t;) % 100 (22)

Case Fatality Rate (CFR(t;)) = T

Where J(6) is the objective function, y,,s(t;) the observed cholera case or death data
from time t;, Ymoae: (i, 8) is the model-predicted output with the parameter vector 6,
0 is the vector of unknown parameters to be estimated, n is the number of data points
(years or months, depending on resolution). Also, an exponential model with two
terms can be used to fit the case data C(t) = a,e’tt + a,eP2t and D(t) = C;e*t +
C,e®2t C(t) and D(t) number of cholera and death cases at a time t.

Due to gaps in certain years, linear interpolation was applied to reconstruct missing
points. For missing data at year t, where the known data values are at t,, and t,,,4
with (t, <t < tp41)

y(©) =y(ty) +

Here, y(t) is the interpolated value, y(t,+1), y(t,) are the known data values before
and after the missing year?

Y(tn+1)—y(tn)

th+1—tn

X (t —tp) (23)

A simple moving average was computed to smooth the data and reduce noise. This
equation is given as

Ysmootn =3 (¥(t — 1) +y(t) + y(t + 1) (24)

The data values for the previous, current, and next years are y(t —1),y(t) and
y(t + 1) respectively.

Model validation was carried out by cross-validating the dataset and assessing
prediction accuracy using the Root Mean Squared Error (RMSE) as the goodness-of-
fit metric.

RMSE = \/% Z?=1[YObs (ti) - ymodel(ti' 9)]2 (25)

<10% Curve Fit for Cholera Case Numbers

W

N

Cholera Case Numbers

=]

20000

15000

10000

5000

Cholera Death Numbers

Fig. 4. Curve fit for cholera and death cases.
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Figure 3: Top Graph: Cholera Case Numbers - This graph presents cholera case data
over a normalized period (in years) with a fitted curve showing the estimated trend.
Cholera cases have decreased significantly over time, as shown by the red fitted
curve. This shows that initiatives, sanitation, clean water, and healthcare practices
reduced cholera outbreaks over time. The bottom graph shows cholera deaths over the
same time with observed data points and a fitted trend line. The fitted curve reveals a
fall that matches the significant decline in deaths. This decline may be due to fewer
instances, better treatment, response systems, and public health awareness throughout
time.

Both graphs show cholera incidence and fatality declining, demonstrating public
health efforts to control and prevent disease. The fitted curves illustrate that cholera
remains a public health issue, but its impact has decreased over time.

Case Fatality Rate (CFR) Over Time

80

——@— Observe d CFR ‘

70 = = -« Estimated CFR from data | |

60 g

50

L
40

CFR (%)

30

20

10

1970 1975 1980 1985 1990 1995 2000
Year

Fig. 5. Plot of the CFR over time

Figure 4, early CFR (1950s-1970s): High and variable. Early on, the CFR is high,
ranging from 40% to 70%. This high prevalence shows cholera was a serious concern
with few medical treatments. This may be owing to uneven medical care, ineffective
treatment, or poor cholera management knowledge. The CFR begins to decrease
sharply in the mid-1970s and reaches significantly lower levels by 1980. Cholera
treatment breakthroughs like oral rehydration therapy (ORT), which reduces
mortality by treating dehydration, the main cause, may have contributed to this
period. The late 1980s to 2000: The CFR stabilizes at low levels, frequently under
10% and sometimes reaching 0%. This consistency shows that cholera management
approaches grew more standardized and accessible due to improved public health
infrastructure, awareness, and potential vaccine availability elsewhere. Estimating
CFR with Curve-Fitting: The dashed red line shows a curve-fitting model applied to
CFR data. This line smooths oscillations and calculates CFR's long-term trajectory.
The fitted line matches the observed data points (blue circles) well, indicating that the
model captures CFR decrease patterns. The second part of the 20th century saw a
considerable decrease in cholera fatalities due to treatment and management
advances. Improved healthcare interventions, access to appropriate treatments, and
public health measures for cholera outbreaks reduced CFR.

o L L L
1950 1955 1960 1965

W. Sukpol et al

124



J. Mech. Cont.& Math. Sci., Vol.-20, No.-5, May (2025) pp 112-133

Time-Dependent Transmission Rates: «(t) and G(t)

<1078 Time-Dependent Transmission Rate a(t)

o 2 a 6 8 10 12 14 16 18 20
Time (years)
=108 Time-Dependent Transmission Rate g(t)
> X T T T T L v

L L L . L L . . .
o 2 a4 6 8 10 12 14 16 18 20
Time (years)

Fig. 6. Graph of the time-dependent rate for a(t) and B(t)

Graph - a(t): The graphs depict time-dependent transmission rates for parameters
a(t) and B(t) over 20 years, using a sinusoidal function to model seasonal or
periodic variations in transmission. This graph shows the variation in the transmission
rate a(t) as a function of time. It follows the equation:

a(t) = ag (1 + A,sin (?))

where a, is the base rate, 4, is the amplitude of seasonal variation, and T represents
the period (assumed here to be one year). The oscillations indicate that the
transmission rate increases and decreases periodically, reaching peaks and troughs
that reflect potential seasonal influences on disease transmission or other
environmental factors affecting a(t).

Graph - B(t): This graph shows the periodic behaviour of £(t), following a similar
sinusoidal form: B(t) = B, (1 + Agsin (%)) Like a(t), B(t) oscillates, indicating

fluctuations in the disease transmission parameter that could result from changes in
social behavior, climate factors, or other time-dependent variables that impact the
disease spread rate.

Both graphs illustrate how time-dependent functions can capture cyclical trends in
transmission, which is valuable in epidemiological modeling to account for patterns
such as seasonal peaks in infections. These periodic trends are often observed in
diseases affected by environmental factors (e.g., rainfall for waterborne diseases) or
human behaviors (e.g., increased contact rates during specific times of the year). This
approach provides a more realistic representation of transmission dynamics than
assuming constant rates.
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Time-Dependent Transmission Rates «a(t) and 3(t) with Varying &
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Fig. 7. Graph of the time-dependent rate for a(t) and B(t) with varying &

The graphs depict the time-dependent transmission rates a(t) and B(t), which exhibit
periodic fluctuations and are affected by the parameter &, denoting the human-to-
environment transmission rate. The sinusoidal configuration of the curves along the
temporal axis indicates a periodic or seasonal variation in transmission rates. This
recurring pattern may be ascribed to seasonal variations, social behaviors, or
environmental conditions influencing disease transmission rates. As & ascends along
the y-axis, the extrema of a(t) and B(t) similarly rise. This suggests that increased
human-to-environment transmission, or bacterial shedding, results in an escalation of
these transmission rates. Consequently, when § is elevated, the peaks in a(t) and B(t)
become more apparent, indicating a heightened risk of infection during periods of
elevated transmission.

The colour gradient in the surface plots, transitioning from blue to red, visually
signifies the intensity of o(t) and B(t). Lower values are shown in blue, and greater
values are depicted in red. This gradient illustrates that as it increases, transmission
rates escalate, resulting in heightened infection risks. These data highlight the
necessity of regulating bacterial shedding in the environment, as it may alleviate
transmission rate surges and hence diminish the incidence and intensity of outbreaks
over time.
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Fig. 8. Curve of the dynamics of the model
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Fig. 9. Plot of infected population and bacteria concentrations

The reduction in the infected population remains consistently stable across a variety
of parameter configurations, illustrating the model’s robustness in capturing infection
dynamics relative to bacterial growth and decay rates. Analysis of bacterial
concentration trends reveals that environmental persistence and proliferation of
*Vibrio cholerae* are highly sensitive to parameter changes. Specifically, elevated
bacterial shedding rates (), higher growth rates (r), and lower natural loss rates (w)
contribute to an extended environmental presence of the pathogen, which could
elevate the risk of sustained cholera transmission, especially in settings with
favorable conditions for re-infection. Sensitivity analysis underscores the impact of
these parameters, suggesting potential avenues for public health interventions.
Targeted environmental sanitation efforts aimed at increasing bacterial decay rates
(i.e., maximizing w) or vaccination campaigns to reduce host shedding rates (&) could
substantially reduce the pathogen’s environmental reservoir, thereby diminishing
cholera’s transmission potential. This model thus offers valuable insights into the
interdependence of infection dynamics and environmental factors, facilitating
strategic intervention planning to curb cholera’s environmental prevalence and
transmission.
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Fig. 10. Effect of  on infected bacteria concentration
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Figure 9: The initial plot (top) illustrates the infected population over 20 years.
Various values of 8 (1.5e-8, 1.7e-8, and 2e-8) yield distinct growth rates for the
infected population. Elevated values of B result in a more rapid escalation in the
population of infected individuals, as B denotes the rate at which susceptible
individuals acquire infection from environmental influences. As B escalates, the
transmission rate also increases, resulting in a more accelerated and significant
expansion of the infected population. In the second plot (bottom), the bacterial
concentration in the environment is observed to rise with time for each g value. A
higher B results in a greater accumulation of germs in the environment, hence
sustaining and enhancing the disease transmission cycle. Note that, augmenting the
transmission rate 8 exerts a multiplicative influence on both the infected populace
and bacterial concentration. This outcome highlights the necessity of regulating
environmental conditions to mitigate disease outbreaks since minor changes in
transmission rates can result in significantly elevated infection levels and
environmental damage.

Figure 10: The graph above illustrates the effect of altering the baseline transmission
rate represented on the dynamics of the infected population and bacterial
concentration over 20 vyears. Three distinct values of «a are utilized: a =
1 x 10~{-8},a = 1.5 x 10"{-8},anda = 2 x 107{-8}.

The upper graph illustrates the temporal progression of the infected population,
demonstrating that higher values of the transmission parameter « lead to a more rapid
increase in the number of infected individuals. The parameter a represents the
baseline transmission rate, and as it increases, the rate at which susceptible
individuals are exposed to the disease accelerates, resulting in a more rapid spread of
infection. For example, when « is elevated, the infected population reaches higher
values in a shorter time, indicating a faster and more intense outbreak. This suggests
that the disease spreads more efficiently, overwhelming the susceptible population
and leading to a more pronounced epidemic.

Similarly, the lower plot depicting bacterial concentration shows a comparable
upward trend. As a increases, the bacterial concentration in the environment rises

W. Sukpol et al

128



J. Mech. Cont.& Math. Sci., Vol.-20, No.-5, May (2025) pp 112-133

more rapidly and reaches higher levels. This is likely due to the correlation between
the size of the infected population and the environmental bacterial load, as infected
individuals contribute to bacterial shedding into the environment. With an elevated «,
the disease spreads more quickly, increasing the number of infected individuals who
subsequently release more bacteria, thus escalating the environmental concentration.

These findings underscore the interplay between transmission rates and both disease
progression and environmental contamination. Elevated baseline transmission rates
not only result in a more severe and accelerated epidemic but also significantly
impact the environmental bacterial load, which can further facilitate the spread of the
disease. This highlights the critical importance of managing and controlling
transmission rates to mitigate the severity of cholera outbreaks and reduce their
impact on public health. The model’s insights can inform targeted intervention
strategies aimed at slowing transmission and controlling bacterial contamination in
affected areas. The colour gradient in the surface plots, transitioning from blue to red,
visually signifies the intensity.

V1. Discussion of Results

The graphical juxtaposition of observed and estimated Case Fatality Rates
(CFR) underscores the reliability and efficacy of the RK4 approach in precisely
resolving the system of differential equations that form the basis of the model, This
illustrates the method's efficacy in accurately capturing intricate dynamics. Here's a
concise summary of that paragraph:

Extensive data preprocessing enhances model stability and clarity, including
interpolation and smoothing. Unlike traditional models, the proposed approach
incorporates variable recovery rates and environmental factors, offering a more
realistic simulation of cholera dynamics. This comprehensive framework supports
accurate epidemic modeling and informs effective public health measures and
interventions. The strong correlation between the observed case fatality rate (CFR)
and the calculated values suggests that the model effectively represents critical
elements of disease progression and mortality risk, possibly serving as a dependable
instrument for comprehending cholera dynamics. The model's incorporation of time-
dependent transmission rates to account for seasonal variations is noteworthy.
Seasonal fluctuations, presumably impacted by environmental factors like
precipitation and temperature, influence cholera transmission via water sources and
human interaction rates. This cyclical variation in transmission rates aids in
replicating real-world situations, as cholera epidemics frequently surge during
specific seasons due to conducive conditions for bacterial proliferation and
dissemination. The results emphasize data-driven modeling in disease epidemiology.
Our model is calibrated with historical data to better understand how diverse factors
affect cholera patterns, helping public health officials prepare and respond to
outbreaks. These findings show the model's potential for predicting cholera dynamics
and assessing infection and fatality reduction measures. The parameters a, B, and &
play critical roles in shaping the transmission dynamics of cholera, each influencing
different aspects of the disease spread. Understanding their interactions and impact is
essential for designing effective control strategies.
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Human-to-Human Transmission Rate (a): This parameter quantifies the rate
at which cholera is transmitted directly from infected individuals to
susceptible individuals through contact. Variations in a can significantly alter
the course of an epidemic. A higher a increases the likelihood of person-to-
person transmission, which accelerates the spread of cholera, particularly in
densely populated areas or regions with inadequate sanitation infrastructure.
The rapid transmission observed in such environments underscores the
importance of controlling this parameter. By improving sanitation, promoting
hygiene practices, and enhancing public health awareness, a can be reduced,
thereby curbing the rate of new infections. The model suggests that targeted
interventions aimed at reducing o could significantly slow the disease's
spread.

Environment-to-Human Transmission Rate (3): B represents the rate at which
cholera is transmitted from contaminated environmental sources—primarily
water—into humans. Given the waterborne nature of cholera, f is crucial for
understanding seasonal fluctuations and outbreak risks. Environmental
factors such as rainfall, flooding, and poor water management contribute to
the dispersion and concentration of the Vibrio cholerae bacteria in the
environment, thereby increasing B. During periods of heavy rainfall or
flooding, B is likely to surge, leading to outbreaks. The model indicates that
reducing P through improvements in water sanitation, infrastructure, and
flood management could significantly decrease the frequency and severity of
cholera outbreaks, particularly in regions with seasonal variability in
environmental conditions.

Bacterial Growth Rate (&): The bacterial growth rate, &, dictates how rapidly
cholera bacteria proliferate in the environment. A higher & corresponds to an
increased concentration of bacteria in contaminated water sources, elevating
the risk of transmission. Areas with inadequate sewage treatment or
contaminated water bodies may experience elevated &, leading to higher
bacterial loads and, consequently, a greater potential for human exposure.
The model suggests that interventions aimed at reducing environmental
contamination, such as improving waste management and treating drinking
water, could lower &, thereby decreasing the likelihood of environmental
transmission. This would directly reduce the number of infections originating
from contaminated water sources.

Together, the interplay of a, B, and & underscores the need for a multifaceted
approach to cholera control. Targeted interventions aimed at improving water quality,
sanitation, and reducing direct human-to-human contact during outbreaks can
effectively manage the disease’s transmission. The model's sensitivity to these
parameters highlights the importance of adaptive strategies that account for seasonal
changes, environmental conditions, and public health dynamics. Continuous
monitoring and timely interventions, tailored to the local context, are essential for
long-term cholera control and prevention.
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VII. Conclusions

The application of the RK4 method in the model highlights its effectiveness
in solving differential equations with accuracy and stability. It successfully captures
complex interactions and parameter variations, making it a robust tool for simulating
cholera dynamics and analyzing epidemiological trends. In conclusion, the study
highlights the critical influence of human-to-human a and environment-to-human f
transmission rates and the bacterial growth rate & in shaping cholera dynamics.
Through modeling and parameter estimation, it is evident that reducing these factors
through public health interventions such as improved sanitation, access to clean
water, and timely treatment can significantly curtail cholera outbreaks. The findings
underscore the importance of targeting environmental factors and seasonal
transmission patterns to achieve sustainable control and prevention of cholera. Future
efforts should focus on integrating these strategies into public health policies for
enhanced epidemic management.
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