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Abstract: In this paper, a recurrent intermittent control (RIC) for the synchronization of fractional-order chaotic neural networks
(FOCNNS) is proposed in view of the extended dissipativity-based approach. Successively, standard linear matrix inequalites (LMIs)-
based extended dissipative criteria are derived through differential inclusions and inequality mechanisms. Several sufficient conditions
are obtained to ensure the synchronization of FOCNNSs. Furthermore, RIC is generated to solve the synchronization problem for the
considered FOCNNs. Based on the piecewise Lyapunov functional, this paper derives a exponentially stable criterion in connection with
linear matrix inequalities using the Matlab toolbox. Extended dissipativity can be employed to precisely define L,—L.,, He, passivity,
and (Q, S, R)-9 dissipative performance. This is achieved by modifying the weighting matrices to achieve the desired performance level.
The successful application of the stability criterion that was planned is demonstrated by the outcomes of the simulation.
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1. Introduction fields and it also broadens the concept of mathematical
differentiation and integration from an integer order to
an arbitrary order [5-7]. Because they possess memory

In the past decades, neural networks (NNs) have been and non locality, fractional calculus algorithms have been

attracting significant interest from academics in recent used extensively in artificial NNs over the past few
years [6-9]. The researchers of [10, 11] used feedback

control methodologies to tackle the matter of stability and

decades due to their numerous uses in signal processing,
pattern recognition, secure communication, and other

related domains [1-4]. Unlike integer-order calculus, stabilization problems for fractional-order neural networks

(FOCNNSs). The usage of FOCNNs has been emphasized

in [12], which relies on discontinuous systems with

fractional-order (FO) calculus offers an invaluable resource
for better characterizing memories and inheritance in a
variety of materials and processes. Consequently, fractional . . . .

y ) P q y indefinite Lyapunov-Krasovskii functionals.
calculus offers the important benefit of more accurately

understanding a broad spectrum of instances in numerous Synchronization, a group of dynamic behaviors, was
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initially introduced to chaotic systems by Pecora and Carroll
in 1990 [13].

in numerous

Since then, it has become significant
fields

pattern recognition,

such as information processing,

engineering, and communication
security [14—17]. The synchronization of nonlinear dynamic
systems has been highly regarded by researchers across
various disciplines. The examination of synchronization
in FOCNNs has recently acquired significant attention
and evolved into a prominent area of research. This is
primarily the result of the wide range of potential uses in
information science [17, 18]. The fundamental impression
of synchronization control is that one system employs a
viable controller to achieve synchronization with another
autonomous system. The advancement of studies has
led to the utilization of multiple control methodologies in
synchronization analysis, including adaptive control [19],
quantized control [20], intermittent control (IC) [21], and
pinning control [22]. The synchronization dynamics of
FOCNNSs have become a popular area of research. In this
paper, we utilize a recurrent intermittent controller (RIC) in
order to stabilize the FOCNNs under consideration. The
time domain of interest is split into two distinct types of
time intervals: the control interval and the rest interval. The
exorbitant expenses linked to the complete monitoring of
state measurements over time render continuous feedback
methods of control, including control systems, impractical.
Discontinuous methods of control, such as impulsive control
(where the control inputs are activated at discrete times)
and IC (where the control inputs are triggered at specific
intervals), have earned the admiration of scholars by
virtue of their broad investigations and many potential
In the study conducted by [27],

the authors investigated the synchronization of FOCNNs

applications [23-26].

with reaction-diffusion terms using IC as a method. The
researchers in [26] examined the synchronization of FO
memristive recurrent NNs using RIC. Recently, the study of
feedback and periodic IC-based finite-time synchronization
of FOCNNSs has been explored in [24].

Real dynamical systems frequently have unexpected
behaviors due to a variety of factors, including linear
approximation, modeling errors, and external disturbances,
which further degrade the system. The problem of analyzing
the effectiveness of a system with disturbance attenuation
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has been resolved through various methods [28-30]. Here,
we discuss a few techniques, including Hs,, Ly—Lo,, mixed
H,,, passivity, and (Q,S,R)-9 dissipative performances.
Extended dissipativity is a brand-new performance metric
that in [31] established.
performances are included in the expanded dissipativity

All of the aforementioned

notion by appropriately altering the weighting matrices.
An extensive amount of research has been carried out on
extended dissipativity analysis and control problems for a
variety of different kinds of integer-order NNs and has been
studied in recent works in the literature [32-36]. With
regard to FOCNNS with uncertainty, [37] addressed the
issue of extended dissipativity analysis. As far as the author
knows, there have been no studies that have examined the
synchronization criteria for FOCNNSs via RIC in view of the
extended dissipative approach.

Inspired by the preceding discussion, this article centers
its attention on synchronization analysis and extended
dissipativity approach for FOCNNs with RIC. The key
contributions are outlined as follows:

(i) The investigation of FOCNNs has demonstrated
synchronization for extended dissipativity, contributing to
their dynamical characteristics and potential applications in
various domains.

(ii)) We formulate the RIC specifically for the periodic
aspect of the slave system. This controller ensures the
desired performance of the error system and offers a novel
methodology for examining various categories of extended
dissipative conditions.

(iii) By utilizing fractional-order inequalities, a suitable
Lyapunov function, and various analytical techniques,
sufficient criteria have been obtained in the form of linear
matrix inequalities (LMIs) to ensure the exponentially
stablity of the considered FOCNNs. Additionally, an
extended dissipativity criterion has been derived. This
approach provides a novel perspective for examining
performance levels such as L,-L., H., passivity, and
(0, S, R)-9 dissipativity.

(iv) The formulation of LMIs, which is a method that
may be effectively executed through the use of the Matlab
LMI toolbox, is ultimately what establishes the required
conditions for FOCNNSs. In order to validate the theoretical
outputs, an illustrative case is utilized. Finally, the examples
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serve to substantiate the accessibility and practicability of

the solutions that were derived.

Remark 1.1. In this work, we have studied a detailed
characterization and visualization of chaotic behavior
through phase portraits and time series analysis. In
contrast, [21, 25] concentrated on synchronization in
fractional-order complex and memristive neural networks
intermittent intermittent control

using and periodic

strategies, without exploring the chaotic dynamics of

these systems. Similarly, [38] employed piecewise
Lyapunov functions for intermittent control to synchronize
fractional-order neural networks, primarily addressing
synchronization rather than chaotic behavior. Meanwhile,
the authors of [6] addressed the mean square asymptotic
stability of discrete-time fractional-order stochastic neural
networks with multiple time-varying delays, focusing on
stability under stochastic influences rather than chaos.
This paper uniquely contributes to the field by providing a
comprehensive understanding and visualization of chaos
in FOCNNs with an extended dissipative approach, which
is not the primary focus of the other works, and outlines a
path for future bifurcation analysis to further understand

the complex dynamics of such systems.

Notation

For the purpose of this work, the following notations will
be utilized:
(i) In the n-dimensional Euclidean space, the symbol R”
represents the collection of real numbers, encompassing the
entire space.
(ii)) The notation Ay.x(A) denotes the largest eigenvalue
of a real matrix A, while A,,(A) indicates the smallest
eigenvalue. These values offer a thorough understanding of
the spectral properties of the matrix A.
(iii) A matrix P is considered to be positive definite, written
as P > 0, if and only if the quadratic form x” Px produces
a positive value for all non zero vectors x. This feature is
a fundamental concept in linear algebra and has important
applications.
(iv) In a matrix, the symmetric term is represented by
notation *.
(v) Integers are represented by the Z.
(vi) Natural numbers are represented by N.
(vii) The notation C'[a,b] represents the collection of
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functions that have continuous first derivatives on the closed
interval [a,b]. On the other hand, Cla,b] encompasses
These

notations provide a mathematical framework for studying

functions that are continuous on the same interval.

various degrees of differentiability and continuity in function

spaces.
2. Problem formulation and preliminaries

In this section, we present some definitions, and lemmas,
and recall the well-known results of fractional differential

equations.

Definition 2.1. [39] Let the fractional integral of order a
describe the integral of a function x(t) concerning time t,

which is referred to

gD;"x(t) = % f (= ) 'x(s)ds,

where t > tg and a > 0, and I'(+) is the Gamma function.

Definition 2.2. [39] Let the Caputo fractional derivative be
defined as the fractional derivative of order a for a function

x(1) as follows:

v —(n-a d"
CDIx(t) =, D;* Kgﬁﬂm

1 !
=—— | (t- s X (1)dr,
I'n—a) j; ( (

wheren—1 < a < nand n € Z*. Specifically, when n = 1
and 0 < a < 1, the Caputo fractional derivative is defined

as:’

@ ~(1-a)( 4
GDf =, D2 x(0)

3 1 T X (1)
TTa-a) J, G- "

According to the definitions above, the integral derivative
focuses on the nearby points of a function to calculate
its derivative, while fractional derivatives, especially when
using the Caputo approach, incorporate information from
the entire course of a function, making them memory-
dependent. The Caputo approach has the advantage of
retaining the same format of the initial conditions as integer-
order differential equations. It also gives a derivative of
zero for constants. Therefore, it is a powerful tool for

Volume 5, Issue 1, 31-47.



34

modeling complex systems with memory, such as FOCNNS.
The notation D* is chosen as the Caputo operator for the
fractional derivative ¢ D?.

Consider the drive NNs, which incorporate FOCNNs

utilizing the Caputo fractional-order derivative

EDYx(1) = —Ax(1) + Bg(x(1)),

2(t) = Cx(1), @2.1)

with a range of 0 < @ < 1; the notation OCD;I represents the
Caputo fractional derivative of order a. The state vector is

represented by
x() = [x1(0), 2(0), ..., u (D] € R,

The resulting output vector is represented by Z € R".
Additional characterization of the influence of the system’s
dynamics is provided by the positive diagonal matrix A,

which is written as

A = diag{a;, az, ..., a,}.

The connection weight matrix is B. In addition, the neuron

activation function is expressed as

g(x()) = [g1(x1(D)), 2(x2(D)), . . ., gu(xa(E)]" € R".

For FOCNNS (2.1), the corresponding response NNs are
considered to be

EDy(1) = —Ay(1) + Bg((1)) + Dw(t) + u(r),

20 = Cy(), (2.2)

where

y(® = 1@, y2(0), ..., yu()]" € R”

is the state vector, Z in R” is the output vector, w(?) € R?
is the disturbance associated with L,[0, c0), D is the known

matrix, and u(f) € R”" is the control input.

Assumption 2.1. For all x,y € R, x # y, the neuron
activation functions g;(-), i = 1,2,...,n, satisfy the
following conditions:

< gi(x) — gi(y) <

i i

xX=y

where l;’, I7,andi=1,2,...,nare constants.
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Assumption 2.2. The known real symmetric matrices V-

B, satisfy the following conditions:
DY =9"<0,9:=91>0 ¥,=97 >0,
2) (N1l + 1121 - P4l = 0.

We assume that @(¢) and z(#) are the synchronization error
between the drive system (2.1) and the response system (2.2)

by specifying that
@ (1) = y(t) — x(1)

and

(1) = 2(1) = 2(0).

aCD‘t’w(t) = —-Aw(t) + Bf (@ (1)) + Dw(t) + u(t),
(1) = Cw(1),

(2.3)

where
f@®) = gy(®)) — g(x(®)).

Assumption 2.1 states that

f0)=0
and fi(w;(¢)) fulfills the condition

- fi@)

< <[t
! @i(1)

=

Yo ()=0, i=12,...,n, (2.4)

where [; and l;' (fori=1,2,...,n) are constants.
To the

system (2.1) and the response system (2.2), consider

the following RIC, denoted by u(¢)

facilitate synchronization between drive

[ Ko,
uw = { 0,

This control mechanism is designed to play an important

kT <t<kT + ¢,

2.5)
kT +e<t<((k+DT.

role in the two systems (2.1) and (2.2). A compact form

for the error system (2.3) can be utilized as follows:

gD;'w(t) = —A;w(t) + Bf(@w(t)) + Dw(t), (i=1,2),
(1) = Cw (1), (2.6)
where,
Al=A+K, Ay=A, a=kT and a=kT +e&.
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Definition 2.3. [31] The FOCNNs (2.3) are described as
extended dissipative NNs if Assumption 2.2 is fulfilled for
the input matrices ¥1-¥,. The following inequality applies
if there are any Ty > 0 and any w(?):

T
f fJ(t)dtZ sup 27 (1)P,z(1), 2.7)
0

0<t<Ty

where,
J(@©) = L0120 + 278 O F200) + 0T () F30(0).

Definition 2.4. [40] The system (2.6) is said to be
exponentially stable with a convergence rate b > 0 if a

positive constant a exists such that

x| < ae™|ix(t)ll, Ve > to.

Lemma 2.1. [4]] Assume that w(t) € R" represents a
For all

time instances t > ty, with ty denoting a predetermined

vector of continuous and differentiable functions.

initial time, and for any 0 < a < 1, the following inequality
is satisfied:

3 ‘DY (@’ (HPw(1) < @ (NPLDIw(1).

Lemma 2.2. [38] Given a function V() in C'[b,c), if
“DIV(t) < AV(D),

where 0 < a <1, b >0, c < +00, and A is a constant, then
the inequality

V() < V(b exp(————(t - b)")

l"( +1)
holds.

Remark 2.1. The definition of extended dissipativity
for FOCNNs is obtained by transforming Definition 2.3,
as shown in (2.7). This conceptual framework offers
a generalization of well-established performance indices
through the strategic specification of weighting matrices
¥y, (i = 1,2,3,4). To further explain this idea, different
performance index instances can be created by properly
configuring the weighting matrices. Some examples include

the following:
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(1) To achieve H,, performance, the weighting matrices are
setas follows: ¥, = =1, ¥, = 0, ¥5 = 921, and ¥4 = 0.
Consequently, (2.7) transforms into the representation
of Heo performance.

(2) For L,-L. performance, the weighting matrices are

configured as: ¥, =0, ¥, = 0, V3 = 9?1, and ¥, = I.

This configuration of matrices transforms (2.7) into the

expression of L,—L, performance.

(3) Setting the weighting matrices as follows achieves

passivity performance: ¥; = 0, ¥, = I, ¥; = I,

and ¥4 = 0. In this case, (2.7) simplifies to represent

passivity performance.

(4) To express (Q,S,R)-¢ dissipativity performance, the

weighting matrices are defined as ¥, = Q, ¥, = S,

¥; = R—- 91, and ¥y = 0. Subsequently, (2.7)

characterizes (Q, S, R)-9 dissipativity performance.

These configurations show how the extended dissipativity
framework can be customized to define performance metrics

that meet different systems’ requirements.
3. Main results

In this section, we establish a synchronization problem
for a class of FOCNNs explored by designing RIC with
an extended dissipativity criterion. To facilitate a more
comprehensive discussion, we introduce the following
notation:

= diag{l{,3,...,I}},

L, = diag{l{,l5,...,[,},

{
{

L = diag{max{lI{], 111}, max{l; |, 1151}, . . ., max{lL, , 11, 1}}

= diag{ly, b,...,I,}.

Theorem 3.1. Assume that Assumption 2.1 holds. For the
given scalars @ > 0, 81 > 0,6, >0, 8> 0, and 9 > 0
and the gain K > 0, the matrices are ¥, ¥, Vs, and ¥y,
satisfying Assumption 2.2. If there are the positive definite
matrices

Py =P >0, P,=PI0,

and the diagonal matrices
My >0, M,>0, W >0, W,>0,
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the FOCNN' s of (2.1) will exponentially synchronize with the Thus, for i = 1,2, we have
FOCNNs of (2.2) with an extended dissipative approach

. o : inf Awin(P)I@OI* < V(@ (1))
with RIC (2.5) such that the following inequality holds: i={1,2}

[ 611 b2 @13 ]
Zl = * ¢22 O < O,
* *k ¢33 |
b1 i 513 |
Ez = * 522 0 < 0,
| * * 533 |
-P; CTy, ,
. |0, i=1,2,
* —\P4
A" = Ay(T — &) —=2InB > 0,
and
/lmin(Pi)
B= sup T
1<i#j<2 Amax(P)
¢ =-PiA-A"P{ + PIK+ K" P +6,P
— 2L \M\L, + LW,L - ¥,
¢12 = P\B+ LiW, + LWy, ¢15 = P1D - P,,

¢ = —2Wr— My, ¢33 = -3,

611 = —P2A — APy + 6,P; — 2L MyLy + LW, L,
b1p = PaB+ LW+ LoWs, ¢3=P,D—P,,
Gy = 2Wo — My, 33 = V3.

Proof. Choose the Lyapunov candidate as follows:

V@O ={ on 4T et <ir
where
Vi) = @ ()P @)
and

Va(w (1) = @’ () Pra (1),
Vi(@(®) < V(@ (),
where i, j € {1,2} and

Amin(Pi)
I<i#j<2 Amax(Pj).

ﬂ:
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5 3.6)
< Sli}; Amax (PO,

i={

3.1 Considering Assumption 2.1 and (2.6), we can derive
0<-2 Z mi(fi(@ () = L@ j(O)fi(@ (1) - ;@ (1))
(3.2) =1
== 2(f(@(t) = Liw®) Mi(f(@ (1) - Lyw (1)) (3.7
(3.3) and
(3.4) 0<- Z wii(fi(@ j(0) + Ly ;(0))(fi(w (1)) — L (1))
j=1

= - (@)Wif(@ (1) - @' (DLW, La (1], (3-8)

where

‘/Vi = diag{Wil,Wiz, ceey Win} > O>

M; = diag{m;;,mp, ....,mp,} >0, i=1,2.
According to Lemma 2.1, when
kT <t<kT +e, k=0,1,2,...

and i = 1, we take the derivative on V(w(¢)) and get the

following:

C-DIV(w(1) =, DY (@’ ()P (t))
22w’ (HP; ;D)

=2w’ ()P1[(K — A)w (1)

+ Bf(w(1)) + Dw(1)].

3.9)
3.5)

By applying (3.7) and (3.8) with i = 1, we obtain the

following:

CDV(w (1) <@’ (H[-P1A - ATP] + P1K + K" Pl ]a (1)
+ 2w’ ()P, Bf (w(t)) + 2w’ ()P Dw(r)
- 2(f(@(1)) - Lim(1))" My (f(@ (1)) — Lyw (1))
- (M @)W1 f(@(®) - " ()LW @ (1)

=—6,V(@(0) + 6 @’ ()Pw(t) + @' (H)[-P1A

— AP + P\K + KTP||w + 2@’ (1) P, Bf (w(?))
+ 2w’ ()P Dw(t) = 2(f (@ (1)) — Liw ()"
My(f(@ (1) — Lyw () — (f (@)W, f(@ (1)
— @’ (t)LW, Lo (t),
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From the above, the following inequality holds:

GDIV(@(D) - J(1) < =61 V(@ () + £ ()Z14(1)

< -61V(w(1)), (3.10)
where
@ (1)
&0 = f(@@)
w(t)
Consequently
,fTD?(V(w(t)) < -01V(w(t), kT <t <kT +e. (3.11)
According to Lemma 2.2, within the time interval
kT <t <kT +¢
for any k € N, it can be inferred that
V(@) < V(@kT))exp(A.(t - kT)"). (3.12)
Similary, when
kT +e<t<(k+ 1T,
k=0,1,2,...and i = 2.
By Lemma 2.1, for any @ (f) € R", we have
DI V(@ (D) =7, D} (@' () Prw (1))
22w’ (HP, $,, Diw(t) (3.13)

=20 (1)Pr[-Aw(t) + Bf(@(t)) + Dow(t)].

According to (3.2), by using (3.7) and (3.8) with i = 2, we

can get

€ DIV(@ (1) <@’ ()[-PA — AT PY1a(h) + 20" ()P, B
X f(@(t) + 2@ ()P, D) - 2(f (@ (1))
- Lim(1)) My(f(@(1) - Lyw (1))
- (T @O)Wof (@) - & () LWrw (1)

=6, V(@ (1)) - 6@ () Prw (1) + @' (1)

(=P2A — APy)w(t) + 2w’ ()P, Bf (w(1))
+ 2@’ (P2 Dw(t) - 2(f(@ (1)) — Liw(1))"
My(f(@ (1)) = Lyw (1))
- (@)W f (@) - @' () LW,Lw (1)

Mathematical Modelling and Control

From the above results, the following inequality holds:

i1+ DI V(@) = J(1) < V(@ (®) + T (1)Z(1)
< 6, V(w(2)). (3.14)

Thus, we have

€ DIV(@(0) < 6;V(@ (1)),
kT +e<t<(k+ DT.

(3.15)

By Lemma 2.2, it is implied that within the interval
KT +e<t<(k+1)T
for any k € N, the following holds:
V(@) < V(@KT + €))exp(Ay.(t —kT = &)*).  (3.16)

Thus, by inequalities (3.12) and (3.16), we can get
V(wkT)*) and V(w(kT)™) from

Vi(w(kT)) < BVjw(kT)
for k € N, near the instant t = k7. Thus, we obtain

V(@kT)") = @' (kT)")Pyw(kT)*

= w! (kT)P,w(kT)

< Bw! (kT)Prw(kT)

= @’ (KT)")P,w((kT)")),
WV(@(kT)") < BV(@(kT)").

(3.17)

Similarly, we can consider
t=kT + &,
and we can then get

V(@kT + &)") < BV(@kT +&)"). (3.18)

Therefore, according to the equations above, for any k£ > 1,
for
kT <t <kT + &,

we obtain

V(@ (1) < V(w(®)exp(Ai(t - kT)")
=V(@(kT)" )exp(Ai(t — kT)")
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<BV(w(kT)"))exp(Ai(t — kT)")
<V(w@(0))exp(—kA1€* + kA (T — &)*
+2kInB) x exp(A((t — kT)%),

(3.19)

where
Jp—
INa+1
and
Ay = 2
INa+1
and for
kT +e<t<((k+ 1T,
and

V(w(t)) < V(w(kT + €))exp(Ay(t — kT — &)%)
= V(@(kT + &)"))exp(Aq(t — kT — £)%)
< BV(w(kT + &) ))exp(Ax(t — kT — &)%)
< V(w(0)exp(—(k + DA% + kA(T — &)
+ 2k + DinBlexp(My(t — kT — £)7),  (3.20)

Thus, from (3.4) and (3.19), one can see that for kK > 1, when
kT <t <kT + &,

V(w(t)) < V(@ (0))exp(—kA 1" + kA (T — &)* + 2kInB)
X exp(Aq(t — kT)®)

< V(@(0))expk(A1e” + Ay(T — &)* +21np))
Are® + Ao(T — €)% + 2Inf
T -

< V(@ (0))exp( €))

< V(@ (0))exp(—y(t — €)), (3.21)

where

A e® = A(T — &)* = 2InB
Y= T .
By (3.4) and (3.20), when

kT +e<t<((k+ DT,
we can get

V(@) <V(@(0)exp(—(k + 1A% + kAy(T — &)°
+ 2k + D InBexp(Aa(t — kT — &)%)
<V(@(0))exp((k + DA1e” + kA (T — &)
+2(k + 1) InB)exp(Ax(T — &)%)
=V(@(O))exp((k + D)(A1&" + Ao(T = )" +2Inp))

Mathematical Modelling and Control

A" + Mo — )" + 210,

<V(w@(0))exp( T )
S(V(w(O))exp(Algw + A2(TT— ) +2 lnﬁ(t _ o)
<V(@w(0)exp(—y(t — €)). (3.22)

Examining (3.15)—(3.18), it becomes apparent that in the
case of k = 0, the conditions hold for0 < ¢ < g,

V(@ (1) < V(@(O)exp(hi1”) < V(@(0)),  (323)
andfore <r<T,
V(@ (1)) BV (@ (O)exp(Aa(t - £)°)
(3.24)

<V(@(0))exp(ye).

Therefore, it can be deduced that the stated inequalities are
applicable for any k € N.

Therefore from the inequality (3.21) holds, ¢ > O for the
interval kT <t < kT + &:

V(w(t) < V(@(0)exp(—y(t — g)). (3.25)

This exponential decay property holds for any natural
number k. Now consider a non-negative integer k% such
that kT < t < (kK*T + ¢€), equivalent to k in the established
inequality. The conclusion is reached by generalizing this
exponential decay property for any ¢ within the interval
KT <t<((k'T+¢)

V(w(t) < V(@(0)exp(—y(t — €)). (3.26)

Similarly, from the inequality from (3.22) for the interval
KT <t<& + DT +¢
V(w(t) < V(@ (0))exp(—y(t — €)). (3.27)

From the (3.26) and (3.27) with the help of (3.5), we have

SUpP;(1,2) Amax(P;)

lo@ll < {[=
inf=(1 2y Amin(P;)

lm(O)llexp(=¥(t - €)),
(3.28)

where,

A

A" = A(T - )" -2Inp
- 2T ’
On the basis of Definition 2.4, it can be concluded that the

error system exhibits exponential stability. Next, we have to
prove the extended dissipation.
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From the error system (2.6), the intermittent control over
the intervals
kT <t <kT +¢,

and
kT +e<t<(k+ 1T

is exponentially stable with
%<0, i=1,2

It is evident that under the conditions (3.1)-(3.4) holds,
according to the Lyapunov stability theory. Then from the

inequalities (3.10) and (3.14), we can conclude that
CDYV(w (1) — J(1) <0

for the intervals
kT <t<kT +¢

and
kT +e<t<(k+DT.

This implies the existence of a sufficiently small scalar

y >0,

EDrV(@(1) - J(t) < —vlla(@)IP. (3.29)

The inequalities (3.10) and (3.14) collectively establish the
following evident relations:

V(@) = @' (t)Pw(t)
and

J(t) = SD*V(w(1)). (3.30)

Now, by performing the integration of both sides of (3.30)
over the interval from 0 to Ty, we arrive at the following

inequalities based on the definitions provided:

Ty
f J(t)dt >
0

= (DR V(@ (1) - {D7 V(@ (0)).
(3.31)

CD7(ED§ V(1)

Since
V(@ (0)) =0,

Mathematical Modelling and Control

we have

—(-a 1 Ty ~
5Drﬁl DV(w(0)) =mﬁ Ty = 5)" V(@ (0))ds

1-a

=(V(w(0)ﬁ = 0.

By fractional integration, we get
¢ D;jl‘“”V(w(t)) > 0.

Thus, we have

Ts
f J(t)dt = 0. (3.32)
0

According to Assumption 2.2, the Definition 2.3 and the

matrices P, -9, the inequality that follows is valid:

T
f ' J@dt - sup {< (%az(0) 2 0. (3.33)
0

0<t<Ty

Assumption 2.2 specifies the criteria for extended
dissipativity as follows:
(i) When the H. performance, passivity, and strictly

(Q, S, R)-® dissipativity conditions are met, P4 equals zero

T.
f /J(t)dtz sup z! (5)P4z(s)
0

0<t<Ty

forany T, > 0.
(ii) When ¥4 > 0, we obtain ¥, = 0, ¥, = 0, and ¥5 > 0
from Assumption 2.2. Then it can be shown that

f J(s)ds > V(w (1)) > 0, (3.34)
0

and forany t > 0, Ty 2 0, Ty 2 1,0 <t < Ty, for all
t € [0,Ty], we have

T t
f / J(s)ds > f J(s)ds > w! (t)Pyw(r) > 0.
0 0
From (3.3), we get
Z(OP4z(t) = @’ (1)CTP4Cw (). (3.35)

Using these inequalities, we get

T
f ' J(s)ds > @' (OHPw(t) > w! (1)CTP4Cw(r). (3.36)
0
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This ultimately leads to inequality

T
f ' J(tdt — sup 7' (£)P42(0) = 0, (3.37)
0

0<t<Ty

the conditions in Definition 2.3 are satisfied, it is reasonable
to conclude that the FOCNNSs (2.3) are extended dissipative.
This completes the proof. O

Theorem 3.2. Assuming that Assumption 2.1 is valid, and
> 0, and 6, > 0O,
with the matrices ¥\-V, satisfying Assumption 2.2, the

considering the scalars a > 0, §;
synchronization of the drive system (2.1) and response
system (2.2) under RIC (2.5) is established with
K=P'Q.
This synchronization holds true if we have the matrices
P,=P' >0, P,=P]>0,
diagonal matrices
My >0, M,>0, W >0 and W, >0,

along with any matrix Q and a scalar B > 0, satisfying the

following inequalities:

[ 11 d12 @13
Si=| x ¢n 0 |<O, (3.38)

* % ¢33

_ 511 5]2 513
o= % 522 0 |[<0O, (3.39)

| * N 533

-P; CTy, ,
. | <0, i=1,2, (3.40)
% —le4

A" = AT — &) —=2InB > 0, (3.41)

where,

ﬁ sup Amin(Pi)
= u I e——
1<i#j<2 /lmax(Pj)

pu=-PIA-A"Pl + Q0+ Q" +6,P,

— 2L MLy + LW, L - ¥4,
$12 = PLB+ LiW, + LWy, ¢13=PD-¥,,
¢ = -2W,— My, ¢33 = —-¥;,
511 =—PyA—- APy + 6,P, - 2L ML, + LWL,
b1p = PaB+ LW+ LyWs, $5=P,D—P,,
Gy = —2Wr— My, ¢33 = -5,

Mathematical Modelling and Control

Proof. Applying a similar proof technique as employed in
Theorem 3.1, we can derive the desired LMIs given by
Eqgs (3.38)—(3.41). ]

Remark 3.1. Within most existing literature on the stability
analysis of FOCNNE, this paper takes a unique approach to
addressing exponentially stable and extended dissipativity.
Instead of computing the integer-order derivative of the
Lyapunov functional, we directly compute the fractional
derivative of the proposed functional. This approach
allows us to utilize the system’s trajectory information more
effectively. Note that for the Caputo derivative, the initial
point is at 0. While some values of V(w(t)) are negative,
these values are restricted to the initial value range of the

fractional differential equation. Therefore, these negative

values do not impact the theoretical results.

Remark 3.2. In the error system (2.3), only the first node
is actively controlled, and the control scheme implemented
by the controller (2.5) follows a periodic pattern. Within
each period, the timeline is divided into two segments: the

operational phase

kT <t<kT +¢€

and the resting phase

kT +e<t<(k+ DT.

During the operational phase, the controller exerts control
over the dynamic network described in (2.5), while
remaining inactive during the resting phase. As a result
of this periodic, intermittent control strategy, it becomes

evident that the overall cost of control is effective.

4. Numerical example

In this section, we present numerical examples to
demonstrate the effectiveness and practical implications of
our results. These examples illustrate the performance
and robustness of the proposed methods in different
scenarios, complement the analytical aspects, and provide
a comprehensive understanding of the synchronization

approach.
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Example 4.1. Consider the FOCNNS (2.3), which have the

following fractional-order a = 0.9, and take the parameters

below:
45 0
A= ,
| 0 45
[ 12 0
B= ,
| -0.05 1
[ —04 -0.1
C= ,
| 02 -0.03
[ 01 0
D= )
0 05

Define the activation functions as
f(@(®)) = tanhQw (1)),

where Ly is a diagonal matrix with 0 elements and L, is
a diagonal matrix with entries of 2. The disturbance input
vector is w(t) = sint. Additionally, two scalar values are
introduced: 6; = 5 and 6, = 6. To assess the extended
dissipative requirements for FOCNNs, we systematically
explore the criteria of L, — L. performance, passivity,
H, performance, and (Q, S, R)—9 dissipativity in successive
sections. Using these defined values, we compute the LMIs
with a standard MATLAB LMI toolbox. The extended
dissipative analysis of the system (2.3) incorporates the
effectiveness of the weighting matrices V-V, leading to
the determination of 9 = 0.5. This exploration demonstrates
the practical application of the proposed synchronization
approach, linking theory with numerical demonstrations.
Using specific values and standard tools makes the results

clear and easy to replicate.

4.1. L, — Ly, performance

‘?1:0, \PQIO, @3:191, and \?421.

By applying the specified parameters, we can obtain the
resulting gain by solving the LMIs of Theorem 3.2, utilizing
the conventional MATLAB LMI toolbox.

0.0564
K =

0.0060 0.0447

0.0005\
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4.2. H, performance
\i’l :—I’ l172:0, l1‘13219[, and \?4=0.

Estimating the LMIs in Theorem 3.2 is straightforward, and

the resulting gain matrix is as follows:

K=
0 -0.3750

0.0230 0 \

4.3. Passivity performance

Let us establish the following matrices:
‘1’1 =O, li’2=l, li’3=191, and \?420.

With these matrices, the analysis of system (2.3) focuses on
evaluating its passivity performance. In order to assess the
feasibility of Theorem 3.2, we calculate the resulting benefit
using the MATLAB LMI toolbox in the following manner,

0.0583
K=

0.0077 0.1078

0.0018]

4.4. (Q,S, R)-¢ dissipativity

Consider the matrices

\?I:Qs ‘i’zzs, l‘I~l3=R—'l9I, and \?420,

where
0- -1 0
o -1

0.3 0

S = ,
04 025
03 0

R = )
0 0.3]

Similarly, by solving the LMIs of Theorem 3.2 and applying
the aforementioned parameters, the resultant gain matrices
are as follows:

0.0518

K =

—-0.0003  0.0422

—0.0000‘

Figure 1 shows the oscillation of the state variables x(f) and
¥(¢) in the error system of (2.3). The system evolves with

time without controlling input.
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H! ! \H r

\“‘ “““\

“ M o

T
I

" H | i
*| J V\” “W' | HHH “HHHIV WH‘ V
' 20 205 21 22 225 23 235 24 245 25
T
-0.02
-0.025 i
s
>
-0.03
e LLALR L IR L UM LRl Il LRI L
20 20.5 21 215 22 225 23 23.5 24 245 25

T

Figure 1. Numerically computed time series of
the error system (2.3) of the variables x(f) and y(¢)
with respect to time.

Further, the existence of the limitation of oscillation with
respect to the fractional order @ is demonstrated. Figure 2
shows the fractional order in the range of

a €[0.75,1.0].

The calculation obtains the maximum of the time series x(7)
is observed (Poincaré cross-section; for periodic oscillation,
we will get only one point). The fractional order varied in
the x-axis and the maximum of the oscillations in the y-axis.

The red colour shows the maxima of the oscillations.

x
0.04 b
[

0.05 E
0.06
0.07
-0.08

0.75 0.8 0.85 0.8 0.95 1

“xit

Figure 2. Numerically computed responses: x-
axis: fractional derivative «; y-axis: maxima of
the variable x(7).

From this figure, until

a=0.78
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oscillation exists. If we tune the fractional order, further the
system goes to a fixed point. No oscillation will exist after
that. This is clearly visualized by the red line approaching
Zero.

Figure 3, illustrates the synchronization dynamics among
the variables x;(?), x2(?), y1(¢), and y,(¢). Additionally, it
displays the error dynamics between the drive and response
systems, denoted as @;(f) and @w,(f). The error systems
are calculated in the L,—L., performance matrix. Similarly,
other performances, such as H., passivity performance
and (Q,S,R)-9 dissipativity, are calculated and plotted
individually in Figure 4.

T T T T T T T T T T
\ ()

\ — =y
.
L

(0, vt

%y(0 V1)
é

L, -L_Performance
2 e

@, (1), @, {t)

time t

Figure 3. Top panel: numerically computed time
series of the master and slave systems (2.3) of the
variables x;,(f) and y;»(f) with respect to time;
bottom panel: error system @ (¢), @,(t) (L—Le

performance.
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H_ Performance Passivity Performance (Q,S,R)-# Dissipativity

1 2
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) ' =)
g B 1 g '
= = = 1
£ = \ = 1
B g ' B 05
\ '
osf 0 '
! \
| ob X
| 14
v
\
0
-0.5 05
0 5 10 0 5 10 0 5 10
time t

time t

Figure 4. Numerically computed error system
matrix of (a) Hw; (b) passivity performance; (c)
(0, S, R)-9 dissipativity performance.

Example 4.2. On the basis of (2.1), the drive FOCNNs are
represented as follows:

CDYx(t) = —Ax(1) + Bg(x(1)),

4.1)
where
1 0 0
A=10 1 0f,
0 0 1
2 -12 0
B=| 18 171 1.15{,
-4.75 0 1.1
with

a=096, 6,=8 and 6, =12.

The activation functions are defined as:
g(x(7)) = tanh(1.5x(z)).

The function g(x(t)) satisfies Assumption 2.1 with
L = diag{1.5,1.5,1.5}.

The initial value for the drive system is

xo =[-1.5,2,-0.8]".

where
-0.1 0 -0.1
D=]02 05 -0.1}.
0.7 =02 -0.5

Moreover, the noise disturbance is modeled as
w(t) = e " sin(e).

The system (4.1) is computed using a fractional algorithm
with fixed initial conditions as (—1.5,2.0,-0.8). The
system exhibits a chaotic attractor, as visually represented

in Figure 5 in various projections. In Figure 5, the

phase portraits and time evolution distinctly demonstrate

the existence of chaotic oscillations. Notice that chaotic

oscillation obtained here without control input.

2
£ 0 £ 0
' o
-2
0 50 100
t
2
“\ I lr\ l| \ F
0 “| I/ ||"‘FI
\I \l [\
-2
0 50 100
t
5 Im.l 'P‘| nl W |
| Il r||||| |
A Y
of ] Y Wiy
WA B |
\/ \ .I \f ‘I |
-5 MY, Vo
-2 0 2 0 50 100
() t

Figure 5. Numerically computed phase diagrams
in the x1(¢) — x2(f), x1(t) — x3(¢), and x,(¢) — x3(2),
planes and the time series x(f), x2(?), x3(¢) of the
system (4.1).

In Figure 6, we present (a) three-dimensional phase

diagrams of chaotic oscillation and Poincaré detection of

On the basis of Eq (4.1), the response system can be
described as follows:

DYy (1) = —Ay(?) + Bg(y(1)) + Dw(t) + u(t), 4.2)

Mathematical Modelling and Control

the x;(max) variable, accompanied by its power spectrum.
The Poincaré red circled dot is not periodic, and it confirms

the presence of chaotic oscillations.

Similarly, the power

spectrum shows a broad band, which confirms the presence
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of chaotic oscillations. The power spectrum was computed

using MATLAB with a sampling frequency of

Fs=1/T.

(b)

2 4 6 8
Time x10*
Single-Sided Spectrum of Original Signal

(c)

40

Figure 6.

Numerically computed (a) three-
dimensional phase diagrams in the x;(¢) — x,(f) —
x3(¢) plane; (b) Poincare detection of the x(r)
variable; (c) single-sided spectrum of the original
signal (x(?)) variable.

The controller u(¢) is specified as an RIC, as indicated
in (2.5). Upon employing a suitable LMI solver to obtain
a feasible numerical solution, the calculated value for
is 2.940. Following this, the derivation of the control gain

matrix K is accomplished as outlined below:

3.8873 0.0175 -0.4834
K =10.0447 1.8274 0.1295
-0.3861 0.1326 1.6198

Similarly, for Example 2, the synchronization between the
master and slave variables of x(¢), y(¢) and z(¢) is shown in
Figure 7; in the bottom panel, the error between the variables
is calculated and plotted in a different color.
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Figure 7. Numerically computed synchronization
time series of the master and slave systems’
x(t), y(t), z(t) variables and (bottom) the error
system (4.2) of the variables x(¢),y(t), and z(¢)
with respect to time.

Remark 4.1. If we analyze the expressions for the
convergence times T in (3.41) in Theorem 3.2, a significant
difference emerges in the role of the control parameter L.
This parameter exhibits variation among distinct control
strategies, impacting the associated convergence times T
as described in (3.41).

all intermittent control methods is that an augmentation in

A consistent observation across

the value of B corresponds to a reduction in the inequality

presented in (3.41), leading to expedited convergence rates.

5. Conclusions

This research investigates the synchronization challenges
of FOCNNs with extended dissipativity performance.
The integration of IC principles is employed to achieve

synchronization by exerting control over the involved
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nodes. The essential conditions for achieving exponential
stability in the error system, when utilizing a designed
controller, are derived. These conditions are expressed in
terms of LMIs through the construction of an appropriate
Lyapunov functional. = By incorporating the proposed
stability criterion, a new set of conditions is derived, which
prove to be sufficient for addressing issues related to L,—
L., Hs, passivity, and (Q, S, R)-¢ dissipative performance
analyses. Finally, the effectiveness of the proposed strategy
is validated through numerical illustrations. In the future
work, the proposed method will be extended to more general
multi-agent systems with actuator saturation, switching

topologies, or network attack.
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