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This paper numerically solves Fredholm integro-differential equations with small parameters and 
integral boundary conditions. The solution of these equations has a boundary layer at the right 
boundary. A central difference scheme approximates the second-order derivative, a backward 
difference (upwind scheme) approximates the first-order derivative, and the trapezoidal rule is 
used for the integral term with a Shishkin mesh. It is shown that theoretically, the proposed 
scheme is uniformly convergent with almost first-order convergence. Further to improve the order 
of convergence from first order to second order, we use the post-processing and the hybrid scheme. 
Two numerical examples are computed to support the theoretical results.

1. Introduction

Fredholm integro-differential equations (FIDEs) are fundamental in many scientific domains, including engineering, biology, 
physics, chemistry, potential theory, electrostatics, finance, theory of elasticity, fluid dynamics, astronomy, economics, and heat-

mass transfer (e.g., [4,37,48]). However, finding the solutions to such types of equations is extremely difficult. Numerical approaches 
are crucial in tackling these difficulties, as seen in [4,7,8,14,37,48,18,56,59]. As an example, we illustrate the convection-diffusion 
parabolic partial integro-differential equation [31,55] provided as

𝑢𝑡(𝑠, 𝑡) + 𝑐𝑢𝑠(𝑠, 𝑡) − 𝑑𝑢𝑠𝑠(𝑠, 𝑡) =

𝑡

∫
0

𝐾(𝑞 − 𝑡)𝑢(𝑠, 𝑞)𝑑𝑞 + 𝑓 (𝑠, 𝑡),

with 𝑢(𝑠, 0) = 𝑔(𝑠), 𝑠 ∈ (𝑎, 𝑏) and 𝑦(𝑎, 𝑡) = 𝑔1(𝑡), 𝑦(𝑏, 𝑡) = 𝑔2(𝑡), 𝑡 > 0, where the integral term is known as the memory term and 𝑔(𝑠), 
𝑔1(𝑡), and 𝑔2(𝑡) are known functions.

Suppose that the highest derivative term in differential equations (DEs) is multiplied by a small parameter 0 < 𝜀 << 1 then the 
parameter is called a singularly perturbation parameter and the DEs are known as singularly perturbed differential equations (SPDEs). 
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Solutions to these problems possess boundary layers which are thin regions in the neighborhood of the boundary of the domain due 
to the perturbation parameter’s existence.

These SPDEs have several applications in biology, ecology, physical sciences, and other fields. For example, the following equation 
governs the one-dimensional groundwater flow and solute transport problem,

𝑦𝑡(𝑠, 𝑡) = 𝜀𝑧𝑠𝑠(𝑠, 𝑡) − 𝜐𝑦𝑥(𝑠, 𝑡) − 𝜆𝑦(𝑠, 𝑡), 𝑠 > 0, 𝑡 > 0.

It illustrates how water and solutes travel across the unsaturated zone [24], where the duration is 𝑡 and the horizontal distance is 𝑠, 
both positive and measurable.

Furthermore, polymer rheology, population dynamics, and mathematical models of glucose tolerance all employ singularly per-

turbed integro-differential equations (SPIDEs) [3,15,16,23,38,42,60]. Authors in [47] discussed optimal control problems mostly 
utilizing singularly perturbed Fredholm integro-differential equations (SPFIDEs). Some asymptotic solutions to this problem were de-

scribed in [41] and [46,47]. For example, authors in [35] describe a class of singularly perturbed partial integro-differential equations 
in viscoelasticity as

𝜌𝑢
𝜌
𝑡𝑡(𝑡, 𝑥) = 𝜀𝑢𝜌𝑥𝑥(𝑡, 𝑥) +

𝑡

∫
−∞

𝑎(𝑡− 𝑠)𝑢𝜌𝑠𝑠(𝑠, 𝑥)𝑑𝑠+ 𝜌𝑔(𝑡, 𝑥) + 𝑓 (𝑥).

However, the theory and approximate numerical solutions for SPIDEs are still in their early stages. In recent years, many numerical 
approaches have been presented for first-order SPIDEs without integral boundary conditions on uniform and non-uniform meshes, 
as shown in [1,2,5,13,21,22,29,39,43]. The article [6,19,25–28,61] discusses second-order SPIDEs on Shishkin meshes without non-

local boundary conditions. Higher-order numerical methods for SPDEs are considered in [9,11,12,17,20,57]. One can refer [19] for 
the layer is varying in the interior part of the domain. Several problems on singularly perturbed delay differential equations with 
integral boundary conditions are discussed in [10,49–52]. Numerical approaches for first-order SPFIDEs with beginning and integral 
boundary conditions (IBCs) on Shishkin meshes are in [29]. In [30,33] discussed SPIDEs with reaction-diffusion problem and they 
proved second order rate of convergence. Motivated by the preceding work, we analyze an efficient numerical method for second-

order SPIDEs convection-diffusion problems with IBCs on Shishkin mesh. This article aims to solve numerically a class of singularly 
perturbed convection-diffusion Fredholm integro-differential equation with integral boundary conditions provided as

𝐿𝑢 ∶=𝐿1𝑢+𝐿2𝑢 = 𝑓 (𝑥), 𝑥 ∈Ω= (0,1),

𝑢(0) ∶= 𝑢(0) − 𝜀
1∫
0
𝑔1(𝑥)𝑢(𝑥)𝑑𝑥 = 𝑙,

𝑢(1) ∶= 𝑢(1) − 𝜀
1∫
0
𝑔2(𝑥)𝑢(𝑥)𝑑𝑥 = 𝑟,

(1.1)

where 𝐿1𝑢 = −𝜀𝑢′′ + 𝑎(𝑥)𝑢′ + 𝑏(𝑥)𝑢, 𝐿2𝑢 = −𝜆 
1

∫
0

𝐾(𝑥, 𝑠)𝑢(𝑠)𝑑𝑠 and 𝛾 > 𝐾(𝑥, 𝑠) ∈𝐿2[0, 1]. It is assumed that 𝑎(𝑥)≥ 𝛼1 > 𝛼 > 0, 𝑏(𝑥) ≥
𝛽 > 𝜆𝛾 > 0, where 𝜆 and 𝛾 are positive constants and ∫ 1

0 𝑔𝑖(𝑥)𝑑𝑥 < 1, 𝑖 = 1, 2, 𝑔𝑖(𝑥) are non-negative sufficiently smooth functions 
satisfying appropriate regularity conditions.

In this article, the problem (1.1) is solved using a central difference scheme for approximating the second-order derivative and the 
composite trapezoidal rule for approximating an integral part of the Shishkin mesh. The proposed method provides an optimal at most 
first-order rate of convergence 

(
𝐶𝑁−1 ln2𝑁

)
, then using the extrapolation technique and hybrid difference method, a second-order 

rate of convergence 
(
𝐶𝑁−2 ln2𝑁

)
is obtained.

The article is organized as follows: In Section 2, we present an analysis of the analytical solution, maximum principle and stability 
results. Section 3 constructs the Shishkin mesh and the computational analysis for the finite difference scheme. Section 4 introduces the 
Richardson extrapolation and the corresponding convergence analysis. Section 5 is discussed in convergence analysis for the hybrid 
difference scheme. Section 6 presents some numerical examples with graphs and tables to show the performance of the proposed 
methods. Finally, Section 7 summarizes the article’s conclusions. Throughout our analysis, we consider 𝐶 and 𝐶1 to be any positive 
constant independent of 𝜀. The standard supremum norm, ||f||D = sup

𝑦∈D
|f(𝑦)|, on a given domain D.

2. Analysis on continuous solution

Theorem 2.1. Let 𝜓(𝑥) be any function such that 𝜓(0) ≥ 0, 𝜓(1) ≥ 0 and 𝐿𝜓(𝑥) ≥ 0, ∀𝑥 ∈ Ω, where  and the differential operator 
𝐿 are defined in (1.1). Then 𝜓(𝑥) ≥ 0, ∀𝑥 ∈Ω= [0, 1].

Proof. Consider the function 𝑠(𝑥) = 1 + 𝑥, which is non negative for 𝑥 ∈Ω. Let us consider{−𝜓(𝑥) }

324

𝜇 =max
𝑠(𝑥)

∶ 𝑥 ∈Ω .
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If 𝑥0 ∈ Ω, 𝜓(𝑥0) + 𝜇𝑠(𝑥0) = 0 exists, and thus, for any 𝑥 ∈ Ω, 𝜓(𝑥) + 𝜇𝑠(𝑥) ≥ 0. Consequently, 𝑥 = 𝑥0 is where the function (𝜓 + 𝜇𝑠)
reaches its minimum. Suppose the theorem does not hold true, then it is 𝜇 > 0. Now, consider two cases:

Case (i): 𝑥0 = 0 or 𝑥0 = 1;

Note that (𝜓 + 𝜇𝑠)(𝑥0) =𝜓(𝑥0) + 𝜇𝑠(𝑥0) > 0. On the other hand, it is

(𝜓 + 𝜇𝑠)(𝑥0) = (𝜓 + 𝜇𝑠)(𝑥0) − 𝜀

1

∫
0

𝑔1(𝑥)(𝜓 + 𝜇𝑠)(𝑥)𝑑𝑥,

= −𝜀

1

∫
0

𝑔1(𝑥)(𝜓 + 𝜇𝑠)(𝑥)𝑑𝑥 ≤ 0.

Case (ii): 𝑥0 ∈ Ω;

Clearly 𝐿𝜓(𝑥0) ≥ 0, then

𝐿1(𝜓 + 𝜇𝑠)(𝑥0) = −𝜀(𝜓 + 𝜇𝑠)′′(𝑥0) + 𝑎(𝑥0)(𝜓 + 𝜇𝑠)′(𝑥0) + 𝑏(𝑥0)(𝜓 + 𝜇𝑠)(𝑥0),

= −𝜀(𝜓 + 𝜇𝑠)′′(𝑥0) + 𝑏(𝑥0)(𝜓 + 𝜇𝑠)(𝑥0) ≤ 0,

𝐿2(𝜓 + 𝜇𝑠)(𝑥0) = −𝜆

1

∫
0

𝐾(𝑥, 𝑠)(𝜓 + 𝜇𝑠)(𝑠)𝑑𝑠 ≤ 0.

Then,

0 <𝐿(𝜓 + 𝜇𝑠)(𝑥0) =𝐿1(𝜓 + 𝜇𝑠)(𝑥0) +𝐿2(𝜓 + 𝜇𝑠)(𝑥0) ≤ 0,

and thus, we arrive at a contradiction. □

Theorem 2.2. Let 𝑢(𝑥) be the solution of problem (1.1). Then, the following bounds of the solution and its derivatives hold:

(i) ||𝑢|| ≤ 𝐶max𝑥∈Ω
{|𝑢(0)|, |𝑢(1)|, |𝐿𝑢(𝑥)|}. (Stability Result).

(ii) ||𝑢(𝑘)|| ≤ 𝐶𝜀−𝑘, for 𝑘 = 1, 2, 3, 4.

Proof. Proof is available in [50]. □

Lemma 2.3. Let us consider the decomposition of the solution 𝑢(𝑥) of the problem (1.1) in the form 𝑢 = 𝑣 +𝑤, where 𝑣 is smooth and 𝑤 is 
singular components. Then, it holds for 𝑘 = 0, 1, 2, 3, 4 that

(i) |𝑣(𝑘)(𝑥)| ≤ 𝐶(1 + 𝜀−(2−𝑘)).
(ii) |𝑤(𝑘)(𝑥)| ≤ 𝐶𝜀−𝑘𝑒−𝛼(1−𝑥)∕𝜀.

Proof. (i) The proof is available in [50].

(ii) Consider 𝜓±(𝑥) = 𝐶𝑒−𝛼(1−𝑥)∕𝜀 ±𝑤(𝑥), then

𝜓±(0) = 𝐶 ±𝑤(0) − 𝜀

1

∫
0

𝑔1(𝑥)(𝐶𝑒−𝛼(1−𝑥)∕𝜀 ±𝑤(𝑥))𝑑𝑥,

= 𝐶(1 − 𝜀

1

∫
0

𝑔1(𝑥)𝑒−𝛼(1−𝑥)∕𝜀𝑑𝑥) ±𝑤(0) ≥ 0.

𝜓±(1) = 𝐶 ±𝑤(1) − 𝜀

1

∫
0

𝑔2(𝑥)(𝐶𝑒−𝛼(1−𝑥)∕𝜀 ±𝑤(𝑥))𝑑𝑥,

= 𝐶(1 − 𝜀

1

∫
0

𝑔2(𝑥)𝑒−𝛼(1−𝑥)∕𝜀𝑑𝑥) ±𝑤(1) ≥ 0.

𝐿𝜓±(𝑥) = 𝐶𝑒−𝛼(1−𝑥)∕𝜀
[
(𝛼∕𝜀)(𝑎(𝑥) − 𝛼) + 𝑏(𝑥)

]
− 𝜆

1

𝐶𝐾(𝑥, 𝑠)𝑒−𝛼(1−𝑥)∕𝜀𝑑𝑠±𝐿𝑤(𝑥),
325

∫
0
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≥ 𝐶𝑒−𝛼(1−𝑥)∕𝜀
[
(𝛼∕𝜀)(𝛼1 − 𝛼) + 𝛽 − 𝜆𝛾

] ≥ 0.

Using Theorem 2.1, then 𝜓±(𝑥) ≥ 0 and thus

|𝑤(𝑥)| ≤ 𝐶𝑒−𝛼(1−𝑥)∕𝜀.

For the derivative bounds of regular component, the proof is the same as in [44], resulting in

|𝑤(𝑘)(𝑥)| ≤ 𝐶𝜀−𝑘𝑒−𝛼(1−𝑥)∕𝜀. □

3. Numerical scheme and analysis

Shishkin mesh (S-mesh):

The transition parameter 𝜎 is defined as 𝜎 =min
{1
2
, 𝜀
𝛼
ln(𝑁)

}
. More details about the S-mesh can be found in [44,53]. The mesh 

points are defined as Ω̄𝑁 = {𝑥0, 𝑥1, 𝑥2, … , 𝑥𝑁} ∈ [0, 1], where

𝑥𝑖 =
⎧⎪⎨⎪⎩
𝑖𝐻1, for 𝑖 = 0,… , 𝑁2 ,

𝑥 𝑁
2
+ 𝑖𝐻2, for 𝑖 = 𝑁

2 + 1,… ,𝑁,

with 𝐻1 =
2𝜎
𝑁

, 𝐻2 =
2(1−𝜎)
𝑁

. The step sizes in the space variable are given as ℎ𝑖 = 𝑥𝑖 − 𝑥𝑖−1, for 𝑖 = 0, 1, … , 𝑁 .

3.1. Upwind scheme (M1)

Given a mesh function 𝜙𝑖, the backward, forward, and center difference operators are defined as follows:

𝐷+
𝑥 𝜙𝑖 =

𝜙𝑖+1 −𝜙𝑖

ℎ𝑖+1
, 𝐷−

𝑥 𝜙𝑖 =
𝜙𝑖 − 𝜙𝑖−1

ℎ𝑖
, 𝐷0

𝑥𝜙𝑖 =
𝜙𝑖+1 − 𝜙𝑖−1
ℎ𝑖+1 + ℎ𝑖

,

respectively and the approximate second-order operator is given as

𝐷+
𝑥𝐷

−
𝑥 𝜙𝑖 =

2
ℎ𝑖 + ℎ𝑖+1

(
𝜙𝑖+1 − 𝜙𝑖

ℎ𝑖+1
−

𝜙𝑖 − 𝜙𝑖−1
ℎ𝑖

)
,

where 𝜙𝑖 = 𝜙(𝑥𝑖).
We discretize the problem (1.1) using the upwind method (the central difference scheme for the second-order derivative and 

backward difference approximation for the first derivative) and the trapezoidal method for the integral part as similar to [30,33]. 
The proposed numerical scheme is given as follows:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

(
𝐿𝑁
1 +𝐿𝑁

2

)
𝑈𝑖 = 𝑓𝑖, for 𝑖 = 1,… ,𝑁 − 1,

𝑁𝑈0 =𝑈0 − 𝜀
𝑁∑
𝑖=1

𝑔𝑖−1𝑈𝑖−1+𝑔𝑖𝑈𝑖

2 ℎ𝑖,

𝑁𝑈𝑁 =𝑈𝑁 − 𝜀
𝑁∑
𝑖=1

𝑔𝑖−1𝑈𝑖−1+𝑔𝑖𝑈𝑖

2 ℎ𝑖,

(3.1)

where,

𝐿𝑁
1 𝑈𝑖 = −𝜀𝐷+

𝑥𝐷
−
𝑥 𝑈𝑖 + 𝑎𝑖𝐷

−
𝑥 𝑈𝑖 + 𝑏𝑖𝑈𝑖, 𝐿𝑁

2 𝑈𝑖 = −𝜆
𝑁∑
𝑗=0

𝜏𝑗𝐾𝑖,𝑗𝑈𝑖,

𝜏0 =
ℎ0
2
, 𝜏𝑗 =

ℎ𝑗 + ℎ𝑗+1

2
, 𝑗 = 1,2,… ,𝑁 − 1, 𝜏𝑁 =

ℎ𝑁
2

,

𝑈𝑖 =𝑈 (𝑥𝑖) is the approximate solution to the exact solution of the problem (1.1), 𝑎𝑖 = 𝑎(𝑥𝑖), 𝑓𝑖 = 𝑓 (𝑥𝑖), 𝐾𝑖,𝑗 =𝐾(𝑥𝑖, 𝑠𝑗 ) and 
{
𝑥𝑖
}

are 
the grid points considered.

The following result is a discrete version of Theorem 2.1 and the proof can be obtained similarly.

Theorem 3.1. Given any discrete function 𝜓(𝑥𝑖) on a mesh 
{
𝑥𝑖
}𝑁
𝑖=1 such that 𝑁𝜓(𝑥0) ≥ 0, 𝑁𝜓(𝑥𝑁 ) ≥ 0 and 𝐿𝑁𝜓(𝑥𝑖) ≥ 0 then 

𝑁

326

𝜓(𝑥𝑖) ≥ 0, ∀𝑥𝑖 ∈Ω .
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Proof. Consider 𝑠(𝑥𝑖) = 1 + 𝑥𝑖. Note that the function is non-negative on 𝑥𝑖 ∈Ω
𝑁

. Let

𝜇 =max
{−𝜓(𝑥𝑖)

𝑠(𝑥𝑖)
∶ 𝑥𝑖 ∈Ω

𝑁
}
.

Furthermore, ∃ 𝑥𝑘 ∈Ω
𝑁

such that 𝜓(𝑥𝑘) + 𝜇𝑠(𝑥𝑘) = 0 and 𝜓(𝑥𝑖) + 𝜇𝑠(𝑥𝑖) ≥ 0, ∀𝑥𝑖 ∈Ω
𝑁

. As a result, at 𝑥 = 𝑥𝑘, the function (𝜓 + 𝜇𝑠)
attains its minimum. If the theorem is false, then it is 𝜇 > 0.

Case (i): 𝑥𝑘 = 𝑥0 or 𝑥𝑘 = 𝑥𝑁 . Then

0 <𝑁 (𝜓 + 𝜇𝑠)(𝑥𝑘) = (𝜓 + 𝜇𝑠)(𝑥𝑘) − 𝜀

𝑁∑
𝑖=1

𝑔𝑖−1(𝜓 + 𝜇𝑠)𝑥𝑖−1 + 𝑔𝑖(𝜓 + 𝜇𝑠)𝑥𝑖
2

ℎ𝑖 ≤ 0.

Case (ii): If 𝑥𝑘 ∈Ω𝑁 , then

0 <𝐿1(𝜓 + 𝜇𝑠)(𝑥𝑘) = −𝜀𝐷+
𝑥𝐷

−
𝑥 (𝜓 + 𝜇𝑠)(𝑥𝑘) + 𝑎(𝑥𝑘)𝐷−

𝑥 (𝜓 + 𝜇𝑠)(𝑥𝑘) + 𝑏(𝑥𝑘)(𝜓 + 𝜇𝑠)(𝑥𝑘) ≤ 0.

0 <𝐿2(𝜓 + 𝜇𝑠)(𝑥𝑘) = −𝜆
[
ℎ1𝑘𝑖,1(𝜓 + 𝜇𝑠)1 +⋯+ ℎ𝑁𝑘𝑖,𝑁 (𝜓 + 𝜇𝑠)𝑁

]
,

≤ −𝜆(𝜓 + 𝜇𝑠)𝑘
[
ℎ1𝑘𝑖,1 +⋯+ ℎ𝑁𝑘𝑖,𝑁

] ≤ 0.

The contradiction arrived in the above cases. □

Theorem 3.2. If 𝜙𝑖 is any mesh function, then|||𝜙𝑖
||| ≤ max

1≤𝑗≤𝑁−1

{|𝐿𝑁𝜙𝑗 |, |𝑁𝜙0|, |𝑁𝜙𝑁 |}, for 0 ≤ 𝑖 ≤𝑁.

Proof. One can prove this easily as using Theorem 3.1. □

Theorem 3.3. Let 𝑈 (𝑥𝑖) be a numerical solution of (3.1) defined as (1.1) and 𝑉 (𝑥𝑖) is a numerical solution of the regular problem. Then

|𝑈 (𝑥𝑖) − 𝑉 (𝑥𝑖)| ≤ 𝐶

{
𝑁−1, 𝑖 = 0,1, ..., 3𝑁4
𝑁−1 + |𝑟− 𝑉 (𝑥𝑁 )|, 𝑖 = 3𝑁

4 + 1, ...,𝑁.

Proof. Consider the barrier functions

𝜃±(𝑥𝑖) = 𝐶1𝑁
−1𝑠(𝑥𝑖) +𝐶1𝑥𝑖𝛹 (𝑥𝑖) ± (𝑈 (𝑥𝑖) − 𝑉 (𝑥𝑖)),∀𝑥𝑖 ∈Ω

𝑁
,

where 𝛹 (𝑥𝑖) =

{
0, 𝑖 = 0,1, ..., 3𝑁4 ,|𝑟− 𝑉 (𝑥𝑁 )|, 𝑖 = 3𝑁

4 + 1, ...,𝑁.

It is clear that 𝜃±(𝑥0) ≥ 0 and 𝜃±(𝑥𝑁 ) ≥ 0.

𝑁𝜃±(𝑥𝑖) ≥ 0, for all 𝑖 ∈ {1,2, ...,𝑁 − 1}.

Using Theorem 3.1, this theorem gets proved. □

3.2. Error estimate for the difference schemes

Error estimates are bound by the error of the numerical solution. The discrete maximum norm is a measure of the error that takes 
the maximum absolute value of the errors at the mesh points. Formally, if 𝑢 is the exact solution and 𝑈𝑁 is the numerical solution 
on a mesh with parameter 𝑁 , then the discrete maximum norm of the error is ‖(𝑢 − 𝑈𝑁 )(𝑥𝑖)‖∞ =max |𝑢(𝑥) −𝑈𝑁 (𝑥𝑖)| for all mesh 
points 𝑥𝑖.

Theorem 3.4. Given 𝑢 and 𝑈𝑁 , which are respectively the solutions to (1.1) and (3.1), we get the following estimate of the numerical errors 
(3.1)

max
1≤𝑖≤𝑁−1

|||(𝑢−𝑈𝑁 )(𝑥𝑖)
||| ≤ 𝐶𝑁−1(ln𝑁)2.

Proof. It is possible to separate the discrete solution 𝑈 into singular (𝑊 ) and smooth (𝑉 ) components. The error can be written in 
the form

𝐿𝑁 (𝑈 − 𝑢) =𝐿𝑁
1 (𝑈 − 𝑢) +𝐿𝑁

2 (𝑈 − 𝑢).
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From [50], we have
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𝐿𝑁
1 (𝑈 − 𝑢) ≤ 𝐶𝑁−1(ln𝑁)2.

Next, for the 𝐿2 operator the bound is

𝐿𝑁
2 (𝑈 − 𝑢) =𝐿𝑁

2 (𝑉 − 𝑣) +𝐿𝑁
2 (𝑊 −𝑤) ≤ 𝐶𝑁−1(ln𝑁)2.

Now, we examine the smooth and singular component bounds as follows.

Smooth components:

𝐿𝑁
2 (𝑉𝑖 − 𝑣𝑖) =𝐿𝑁

2 (𝑉 (𝑥𝑖)) −𝐿𝑁
2 (𝑣(𝑥𝑖)),

= 𝜆

𝑁∑
𝑗=0

𝐾𝑖𝑗𝑉𝑗 − 𝜆

1

∫
0

𝐾(𝑥, 𝑠)𝑣(𝑠)𝑑𝑠,

= 𝜆

𝑁∑
𝑗=0

𝐾𝑖𝑗𝑉𝑗 − 𝜆

1

∫
0

𝐾(𝑥𝑖, 𝑠𝑖)𝑣(𝑠𝑖)𝑑𝑠,

≤ 𝐶

𝑁∑
𝑗=1

𝑥𝑗

∫
𝑥𝑗−1

(𝑥𝑗 − 𝜉)(𝜉 − 𝑥𝑗−1)(1 + |𝑣′(𝜉)|+ |𝑣′′(𝜉)|)𝑑𝜉,
≤ 𝐶

√
𝜀(ℎ),

≤ 𝐶𝑁−1.

At the points 𝑥𝑘 = 𝑥0 and 𝑥𝑘 = 𝑥𝑁 , then

𝑁 (𝑉 − 𝑣)(𝑥𝑘) =𝑁𝑉 (𝑥𝑘) −𝑁𝑣(𝑥𝑘),

= 𝑙 −𝑁𝑣(𝑥𝑘),

=𝑣(𝑥𝑘) −𝑁𝑣(𝑥𝑘),

= 𝑣(𝑥𝑘) + 𝜀

𝑥𝑘

∫
𝑥0

𝑔(𝑥)𝑣(𝑥)𝑑𝑥− 𝑣(𝑥𝑁 ) − 𝜀

𝑁∑
𝑖=1

𝑔𝑖−1𝑣𝑖−1 + 𝑔𝑖𝑣𝑖
2

ℎ𝑖,

|𝑁 (𝑉 − 𝑣)(𝑥𝑁 )| ≤ 𝐶𝜀((ℎ31𝑣
′′(𝜒1) +⋯+ ℎ3

𝑁
𝑣′′(𝜒𝑁 )),

≤ 𝐶𝜀(ℎ31 +⋯+ ℎ3
𝑁
),

≤ 𝐶𝑁−1, where 𝑥𝑖−1 ≤ 𝜒𝑖 ≤ 𝑥𝑖,1 ≤ 𝑖 ≤𝑁.

Using Theorem 2.2 gives

|𝑉 (𝑥𝑖) − 𝑣(𝑥𝑖)| ≤ 𝐶𝑁−1.

Singular components:

Take note of this

|𝑤(𝑥𝑖) −𝑊 (𝑥𝑖)| ≤ |𝑢(𝑥𝑖) −𝑈 (𝑥𝑖)|+ |𝑣(𝑥𝑖) − 𝑉 (𝑥𝑖)|.
Next, using Theorem 3.3 and Lemma 2.3, we obtain

|𝑢(𝑥𝑖) −𝑈 (𝑥𝑖)| ≤ |𝑈 (𝑥𝑖) − 𝑉 (𝑥𝑖)|+ |𝑣(𝑥𝑖) − 𝑉 (𝑥𝑖)|+ |𝑢(𝑥𝑖) − 𝑣(𝑥𝑖)|.
Now,

|𝑤(𝑥𝑖) −𝑊 (𝑥𝑖)| ≤ |𝑈 (𝑥𝑖) − 𝑉 (𝑥𝑖)|+ 2|𝑣(𝑥𝑖) − 𝑉 (𝑥𝑖)|+ |𝑢(𝑥𝑖) − 𝑣(𝑥𝑖)|,
≤ 𝐶1𝑁

−1 +𝐶1 exp(
−𝛼(1 − 𝑥)

𝜀
) + 𝜀,

≤ 𝐶1 exp(
−𝛼𝜎
𝜀

) +𝐶1𝑁
−1 ≤ 𝐶𝑁−1, 𝑖 = 0 to

3𝑁
4

. (3.2)

Let

𝜙±(𝑥𝑖) = 𝐶1𝑁
−1𝑠(𝑥𝑖) +𝐶1𝑁

−1 𝜎

𝜀2
(𝑥𝑖 − (1 − 𝜎)) ± (𝑤(𝑥𝑖) −𝑊 (𝑥𝑖)) 𝑥𝑖 ∈ [1 − 𝜎,1] ∩ Ω

𝑁
.
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Where 𝑠(𝑥𝑖) = 𝑥𝑖 + 1, note that 𝜙±(𝑥 3𝑁
4
) ≥ 0 and 𝜙±(𝑥𝑁 ) ≥ 0.
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𝐿𝑁𝜙±(𝑥𝑖) = 𝐶1𝑁
−1[𝑎(𝑥𝑖) + 𝑏(𝑥𝑖)] +𝐶1𝑁

−1 𝜎

𝜀2
[𝑎(𝑥𝑖) + 𝑏(𝑥𝑖)(𝑥𝑖 + 𝜎 − 1) − 𝜆

𝑁∑
𝑗=0

𝜏𝑗𝐾𝑖,𝑗𝜙
±(𝑥𝑖)]

±(𝑁 −)𝑤(𝑥𝑖),

≥ 𝐶1𝑁
−1[𝛼 + 𝛽 − 𝜆𝛾1] +𝐶1𝑁

−1 𝜎

𝜀2
[𝛼 + (𝛽 − 𝜆𝛾1)(𝑥𝑖 + 𝜎 − 1)] ± 0,

≥ 0.

Then, 𝜙±(𝑥𝑖) ≥ 0, ∀𝑥𝑖 ∈Ω
𝑁

, according to Theorem 3.2. Consequently

|𝑤(𝑥𝑖) −𝑊 (𝑥𝑖)| ≤ 𝐶𝑁−1𝑙𝑛2𝑁, 𝑥𝑖 ∈Ω
𝑁
.

Therefore,

|𝑈 (𝑥𝑖) − 𝑢(𝑥𝑖)| = |𝑉 (𝑥𝑖) − 𝑣(𝑥𝑖)|+ |𝑊 (𝑥𝑖) −𝑤(𝑥𝑖)| ≤ 𝐶𝑁−1 ln2𝑁. □

4. Post-process technique (M2)

We use the Richardson extrapolation approach to improve the accuracy of the proposed scheme. The discrete problem (3.1) is 
first solved on the S-mesh 𝔾2𝑁 , which is obtained by bisecting each mesh interval of 𝔾𝑁 and having the same transition point as 
𝔾𝑁 . Consequently, the appropriate S-mesh nodes are 𝔾2𝑁 = {𝑥𝑖 ∈ [0, 1] ∶ 0 = 𝑥0 < 𝑥1 <⋯ < 𝑥2𝑁−1 < 𝑥2𝑁 = 1} given as

𝑥𝑖 =

{
𝑖𝐻1, for 0 ≤ 𝑖 ≤𝑁,

𝑥𝑁 + 𝑖𝐻2, for 𝑁 + 1 ≤ 𝑖 ≤ 2𝑁.

From Theorem 3.4, the error is

(𝑢−𝑈𝑁 )𝑥𝑖 = 𝐶
(
𝑁−1 ln𝑁

)
+𝑂

(
𝑁−1 ln𝑁

)
,

= 𝐶
(
𝑁−1𝜎
𝜌0𝜀

)
+𝑂

(
𝑁−1 ln𝑁

)
,

(4.1)

for 𝑥𝑖 ∈𝔾𝑁 . Let 𝑈 (𝑥𝑖) represent the discrete solution on the mesh 𝔾2𝑁 (see (3.1)). From Theorem 3.4, then

(𝑈𝑁 − 𝑢)𝑥𝑖 = 𝐶
(
2𝑁𝜎

𝜌0𝜀

)
+𝑂

(
𝑁−1 ln𝑁

)
, (4.2)

for 𝑥𝑖, ∈𝔾2𝑁 . Now, the elimination of the 𝑂(𝑁−1) term from (4.1) and (4.2) leads to the following approximation

𝑢(𝑥𝑖) −
(
2𝑈𝑁 −𝑈𝑁

)
(𝑥𝑖) =𝑂

(
𝑁−1 ln𝑁

)
, 𝑥𝑖 ∈𝔾𝑁.

Therefore, we use the extrapolation formula as

𝑈𝑒𝑥𝑝(𝑥𝑖) =
(
2𝑈𝑁 −𝑈𝑁

)
(𝑥𝑖), 𝑥𝑖 ∈𝔾𝑁. (4.3)

Theorem 4.1. Let 𝑈𝑒𝑥𝑝 represent the result of the Richardson extrapolation method (4.3) by solving the discrete problem (3.1) on two meshes 
𝔾𝑁 and 𝔾2𝑁 and 𝑢 be the solution of the continuous problem (1.1). Also, assume that 𝜀 ≤𝑁−1. Then we have the following error-bound

|||𝑈𝑒𝑥𝑝(𝑥𝑖) − 𝑢(𝑥𝑖)
||| ≤

{
𝐶𝑁−2, for outer layer region [0 1 − 𝜎),

𝐶𝑁−2 ln2𝑁, for inner layer region [1 − 𝜎, 1].

Proof. The error can be written in the form

𝐿𝑁 (𝑈𝑒𝑥𝑝 − 𝑢) =𝐿𝑁
1 (𝑈𝑒𝑥𝑝 − 𝑢) +𝐿𝑁

2 (𝑈𝑒𝑥𝑝 − 𝑢).

The complete proof of error bound for 𝐿𝑁
1 (𝑈𝑒𝑥𝑝 − 𝑢) available in [32,34,45,54],

|||𝑈𝑒𝑥𝑝(𝑥𝑖) − 𝑢(𝑥𝑖)
||| ≤

{
𝐶𝑁−2, for 𝑥𝑖 ∈ (0 1 − 𝜎),

𝐶𝑁−2 ln2𝑁, for 𝑥𝑖 ∈ [1 − 𝜎, 1).

Now, to get a bound for the 𝐿2 operator, we write

𝐿𝑁
2 (𝑈𝑒𝑥𝑝 − 𝑢) =𝐿𝑁

2 (𝑉𝑒𝑥𝑝 − 𝑣) +𝐿𝑁
2 (𝑊𝑒𝑥𝑝 −𝑤).
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We decompose 𝑈 on 𝔾2𝑁 as 𝑈 = 𝑉 +𝑊 , where 𝑊 is layer component and 𝑉 is smooth layer on 𝔾2𝑁 .
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Smooth component:

𝐿𝑁
2 (𝑉𝑖 − 𝑣𝑖) =𝐿𝑁

2 (𝑉 (𝑥𝑖)) −𝐿𝑁
2 (𝑣(𝑥𝑖)), for 𝑥𝑖 ∈𝔾𝑁.

As we have done in Theorem 3.4, taking the integral form of the Taylor series expansion and applying derivative limits, then

𝐿𝑁
2 (𝑉𝑖 − 𝑣𝑖) ≤ 𝐶

(
𝑁−1 +𝑁−2),

𝐿𝑁
2 (𝑉𝑖 − 𝑣𝑖) ≤ 𝐶𝑁−1 +𝑂

(
𝑁−2).

From the stability result we can write

|||(𝑉𝑖 − 𝑣𝑖)
||| ≤ 𝐶𝑁−1 +𝑂

(
𝑁−2) for 𝑥𝑖 ∈𝔾𝑁. (4.4)

Similarly we can obtain on 𝔾2𝑁 ,

|||(𝑉𝑖 − 𝑣𝑖)
||| ≤ 𝐶(2𝑁)−1 +𝑂

(
𝑁−2) for 𝑥𝑖 ∈𝔾2𝑁. (4.5)

Writing using the extrapolation formula (4.3) in hand

(𝑉𝑒𝑥𝑝 − 𝑣)(𝑥𝑖) =
(
(2𝑉 − 𝑉 )(𝑥𝑖)

)
− 𝑣(𝑥𝑖) =

(
2(𝑉 − 𝑣) − (𝑉 − 𝑣)

)
(𝑥𝑖).

From (4.4) and (4.5), then

|||(𝑉𝑒𝑥𝑝 − 𝑣)(𝑥𝑖)
||| = |||(2(𝑉 − 𝑣) + (𝑉 − 𝑣)

)
(𝑥𝑖)

||| ≤ 𝐶𝑁−2.

Layer components:

𝐿𝑁
2 (𝑊𝑖 −𝑤𝑖) =𝐿𝑁

2 (𝑊 (𝑥𝑖)) −𝐿𝑁
2 (𝑤(𝑥𝑖)), for 𝑥𝑖 ∈𝔾𝑁.

As we have done in Theorem 3.4, using the integral form of the Taylor series expansion and applying derivative limits, we have

𝐿𝑁
2 (𝑉𝑖 − 𝑣𝑖) ≤ 𝐶

(
𝑁−1(ln𝑁)2 +𝑁−2),

𝐿𝑁
2 (𝑊𝑖 −𝑤𝑖) ≤ 𝐶𝑁−1(ln𝑁)2 +𝑂

(
𝑁−2(ln𝑁)

)
.

We can write from the stability result,

|||(𝑊𝑖 −𝑤𝑖)
||| ≤ 𝐶𝑁−1(ln𝑁) +𝑂

(
𝑁−2(ln𝑁)2

)
for 𝑥𝑖 ∈𝔾𝑁. (4.6)

Similarly we can obtain on 𝔾2𝑁 ,

|||(𝑉𝑖 − 𝑣𝑖)
||| ≤ 𝐶(2𝑁)−1(ln 2𝑁) +𝑂

(
𝑁−2(ln𝑁)2

)
for 𝑥𝑖 ∈𝔾2𝑁.|||(𝑊𝑖 −𝑤𝑖)

||| ≤ 𝐶(2𝑁)−2(ln𝑁)2 +𝑂
(
𝑁−2(ln𝑁)2

)
for 𝑥𝑖 ∈𝔾2𝑁. (4.7)

From the extrapolation formula (4.3), we can write

(𝑊𝑒𝑥𝑝 −𝑤)(𝑥𝑖) =
(
(2𝑊 −𝑊 )(𝑥𝑖)

)
−𝑤(𝑥𝑖) =

(
2(𝑊 −𝑤) − (𝑊 −𝑤)

)
(𝑥𝑖).

From (4.6) and (4.7), we get

|||(𝑊𝑒𝑥𝑝 −𝑤)(𝑥𝑖)
||| = |||(2(𝑊 −𝑤) + (𝑊 −𝑤)

)
(𝑥𝑖)

||| ≤ 𝐶𝑁−2(ln𝑁)2.

Hence, we get bound on S-mesh

|||𝑈𝑒𝑥𝑝(𝑥𝑖) − 𝑢(𝑥𝑖)
||| ≤ 𝐶𝑁−2(ln𝑁)2.

Combining all these bounds, we get the required bound. □

5. Hybrid difference scheme (M3)

We employ the mid-point difference scheme in the coarse zone and the central finite difference scheme in the fine mesh section 
330

of this scheme, that is,
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𝐿𝑁𝑈 (𝑥𝑖) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(
− 𝜀𝐷+

𝑥𝐷
−
𝑥 + 𝑎

𝑖− 1
2
(𝑥𝑖)𝐷− + 𝑏(𝑥𝑖)

)
𝑈 (𝑥𝑖) − 𝜆

𝑁∑
𝑗=0

𝜏𝑗𝐾𝑖,𝑗𝑈𝑗 = 𝑓
𝑖− 1

2
, 1 ≤ 𝑖 ≤ 𝑁

2 ,(
− 𝜀𝐷+

𝑥𝐷
−
𝑥 + 𝑎(𝑥𝑖)𝐷0 + 𝑏(𝑥𝑖)

)
𝑈 (𝑥𝑖) − 𝜆

𝑁∑
𝑗=0

𝜏𝑗𝐾𝑖,𝑗𝑈𝑗 = 𝑓𝑖,
𝑁

2 < 𝑖 <𝑁.

𝑁𝑈0 =𝑈0 − 𝜀
𝑁∑
𝑖=1

𝑔𝑖−1𝑈𝑖−1+𝑔𝑖𝑈𝑖

2 ℎ𝑖,

𝑁𝑈𝑁 =𝑈𝑁 − 𝜀
𝑁∑
𝑖=1

𝑔𝑖−1𝑈𝑖−1+𝑔𝑖𝑈𝑖

2 ℎ𝑖,

(5.1)

where 𝑎
𝑖− 1

2
(𝑥𝑖) = 𝑎( 𝑥𝑖+𝑥𝑖−12 ).

Theorem 5.1. Given 𝑢 and 𝑈𝑁 , which are respectively the solutions to (1.1) and (3.1), we get the following estimate of the numerical errors 
(3.1)

max
1≤𝑖≤𝑁−1

|||(𝑢−𝑈𝑁 )(𝑥𝑖)
||| ≤ 𝐶(𝑁−1 ln𝑁)2.

Proof. It is possible to separate the discrete solution 𝑈 into singular (𝑊 ) and smooth (𝑉 ) components. The error can be written in 
the form

𝐿𝑁 (𝑈 − 𝑢) =𝐿𝑁
1 (𝑈 − 𝑢) +𝐿𝑁

2 (𝑈 − 𝑢).

From [36], we get

𝐿𝑁
1 (𝑈 − 𝑢) ≤ 𝐶(𝑁−1 ln𝑁)2.

Now, for the 𝐿2 operator, then

𝐿𝑁
2 (𝑈 − 𝑢) =𝐿𝑁

2 (𝑉 − 𝑣) +𝐿𝑁
2 (𝑊 −𝑤) ≤ 𝐶(𝑁−1 ln𝑁)2.

Next, we examine the smooth and singular component bounds.

Smooth components:

𝐿𝑁
2 (𝑉𝑖 − 𝑣𝑖) =𝐿𝑁

2 (𝑉 (𝑥𝑖)) −𝐿𝑁
2 (𝑣(𝑥𝑖)),

≤ 𝐶

𝑁∑
𝑗=1

𝑥𝑗

∫
𝑥𝑗−1

(𝑥𝑗 − 𝜉)(𝜉 − 𝑥𝑗−1)(1 + |𝑣′(𝜉)|+ |𝑣′′(𝜉)|)𝑑𝜉,
≤ 𝐶𝑁−2.

At the points 𝑥𝑘 = 𝑥0 and 𝑥𝑘 = 𝑥𝑁 , then

𝑁 (𝑉 − 𝑣)(𝑥𝑘) =𝑁𝑉 (𝑥𝑘) −𝑁𝑣(𝑥𝑘),

= 𝑙 −𝑁𝑣(𝑥𝑘),

= 𝑣(𝑥𝑘) + 𝜀

𝑥𝑘

∫
𝑥0

𝑔(𝑥)𝑣(𝑥)𝑑𝑥− 𝑣(𝑥𝑁 ) − 𝜀

𝑁∑
𝑖=1

𝑔𝑖−1𝑣𝑖−1 + 𝑔𝑖𝑣𝑖
2

ℎ𝑖,

|𝑁 (𝑉 − 𝑣)(𝑥𝑁 )| ≤ 𝐶𝜀((ℎ31𝑣
′′(𝜒1) +⋯+ ℎ3

𝑁
𝑣′′(𝜒𝑁 )),

≤ 𝐶𝑁−2, where 𝑥𝑖−1 ≤ 𝜒𝑖 ≤ 𝑥𝑖,1 ≤ 𝑖 ≤𝑁.

From the stability result, then

|𝑉 (𝑥𝑖) − 𝑣(𝑥𝑖)| ≤ 𝐶𝑁−2.

Singular components:

Note that

|𝑤(𝑥𝑖) −𝑊 (𝑥𝑖)| ≤ |𝑢(𝑥𝑖) −𝑈 (𝑥𝑖)|+ |𝑣(𝑥𝑖) − 𝑉 (𝑥𝑖)|.
Let us consider
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𝜃±(𝑥𝑖) = 𝐶𝑁−2𝑠(𝑥𝑖) ± (𝑈 (𝑥𝑖) − 𝑉 (𝑥𝑖)),∀𝑥𝑖 ∈ Ω̄3𝑁.
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Using Theorem 3.3, then

|𝑈 (𝑥𝑖) − 𝑉 (𝑥𝑖)| ≤ 𝐶𝑁−2.

Now,

|𝑤(𝑥𝑖) −𝑊 (𝑥𝑖)| ≤ |𝑈 (𝑥𝑖) − 𝑉 (𝑥𝑖)|+ 2|𝑣(𝑥𝑖) − 𝑉 (𝑥𝑖)|+ |𝑢(𝑥𝑖) − 𝑣(𝑥𝑖)|,
≤ 𝐶1𝑒𝑥𝑝(

−𝛼𝜎
𝜀

) +𝐶1𝑁
−2 ≤ 𝐶𝑁−2, 𝑖 = 0 to

3𝑁
4

.

Consider mesh functions

Φ±(𝑥𝑖) = 𝐶1𝑁
−2𝑠(𝑥𝑖) +𝐶1𝑁

−2 𝜎

𝜀2
(𝑥𝑖 − (1 − 𝜎)) ± (𝑤(𝑥𝑖) −𝑊 (𝑥𝑖)) 𝑥𝑖 ∈ [1 − 𝜎,1] ∩ Ω̄𝑁,

where 𝑠(𝑥𝑖) = 1 + 𝑥𝑖. It is easy to check 𝐾𝑁Φ±(𝑥 3𝑁
4
) ≥ 0 and 𝐾𝑁Φ±(𝑥𝑁 ) ≥ 0,

𝑁Φ±(𝑥𝑖) ≥ 0.

Using stability result, then Φ±(𝑥𝑖) ≥ 0, 𝑥𝑖 ∈ Ω̄𝑁 , then

|𝑤(𝑥𝑖) −𝑊 (𝑥𝑖)| ≤ 𝐶𝑁−2 ln2𝑁, 𝑥𝑖 ∈ Ω̄𝑁.

Therefore,

|𝑈 (𝑥𝑖) − 𝑢(𝑥𝑖)| = |𝑉 (𝑥𝑖) − 𝑣(𝑥𝑖)|+ |𝑊 (𝑥𝑖) −𝑤(𝑥𝑖)| ≤ 𝐶𝑁−2 ln2𝑁. □

6. Computational simulations

The suggested approach is used to solve two test problems and the results are presented in this section.

Example 6.1. Consider the following problem:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−𝜀𝑢′′(𝑥) + 𝑢′(𝑥) + (2 − 𝑒−𝑥)𝑢(𝑥) − 0.5

1

∫
0

𝑥𝑢(𝑠)𝑑𝑠 = 𝑥 cos(𝑥), 𝑥 ∈ (0,1),

𝑢(0) − 𝜀

1

∫
0

𝑥𝑢(𝑥)𝑑𝑥 = 1, 𝑢(1) − 𝜀

1

∫
0

𝑥2𝑢(𝑥)𝑑𝑥 = 0.

(6.1)

Example 6.2. Consider the following problem:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−𝜀𝑢′′(𝑥) + exp(−𝑥∕4)𝑢′(𝑥) + 𝑢(𝑥) − 0.5

1

∫
0

(𝑥+ 𝑠)𝑢(𝑠)𝑑𝑠 = cosh(𝑥), 𝑥 ∈ (0,1),

𝑢(0) − 𝜀

1

∫
0

𝑢(𝑥)𝑑𝑥 = −1, 𝑢(1) − 𝜀

1

∫
0

𝑥𝑢(𝑥)𝑑𝑥 = 1.

(6.2)

The exact solutions of the above two examples are unknown. We apply the double mesh principle concept to get the pointwise 
errors and confirm the 𝜀-uniform convergence. Let denote 𝑈𝑁 (𝑥𝑖), the numerical result obtained on the S-mesh created with the fixed 
transition parameter. This mesh is based on the 𝔾̃2𝑁 grid.

To determine both maximum element-wise errors for each 𝜀 as 𝐸𝑁
𝜀 = max

(𝑥𝑖)∈𝔾𝑁
|𝑈𝑁 (𝑥𝑖) − 𝑈𝑁 (𝑥𝑖, 𝑡𝑛)|, 𝐸𝑁

𝜀 = max
(𝑥𝑖)∈𝔾𝑁

|𝑈𝑁
𝑒𝑥𝑝(𝑥𝑖) −

𝑈𝑁
𝑒𝑥𝑝(𝑥𝑖)| and is 𝜖-uniform error 𝐸𝑁 = max

𝜀
𝐸𝑁
𝜀 . The corresponding order of convergence is defined as 𝑃𝑁

𝜀 = ln2

(
𝐸𝑁
𝜀

𝐸2𝑁
𝜀

)
. Here, the 

double mesh concept is also applied to the obtained extrapolation solution for 𝑈𝑁
𝑒𝑥𝑝(𝑥𝑖).

Fig. 1 shows the approach of the solutions (algorithm) numerically. For different values of 𝜀, the approximate solutions for 
Example 6.1 are plotted in Fig. 2 and for Example 6.2 are plotted in Fig. 3 for various values of 𝜀 on a S-mesh. These figures show 
that when 𝜀 decreases, boundary layers are present near 𝑥 = 1. Solution plots of all three methods are compared in Fig. 4(a) for 10−2
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and Fig. 4(b) for 10−6. Error is plotted and compared for the three methods in Fig. 5 for 10−2 and 10−5. From these Figures, one can 



Applied Numerical Mathematics 207 (2025) 323–338S. Elango, L. Govindarao and R. Vadivel

Fig. 1. Computational analysis for numerical methods.

Fig. 2. Plots of the approximate solutions of Example 6.1 on the S-mesh taking 𝑁 = 64.

Fig. 3. Plots of the approximate solutions of Example 6.2 on the S-mesh taking 𝑁 = 64.

observe that the error is less for the extrapolation of the upwind method than the other two methods, and using the extrapolation 
approach results in a decrease in the errors.

The calculated maximum pointwise errors and corresponding rate of convergence for Example 6.1 using all the proposed methods 
are presented in Table 1, 2, and 3. Similarly, for Example 6.2, the pointwise errors and rate of convergence are given in Table 4, 
5, and 6. One can observe from these tables that the extrapolation method and hybrid method of the convergence rate is almost 
two (up to a logarithmic factor) on the S-mesh, but using the upwind method, the convergence rate is almost one. We note that the 
extrapolation accuracy is higher, but the hybrid method’s convergence rate is higher. To visualize the numerical order of convergence, 
the maximum pointwise errors of proposed methods are plotted in a log-log scale plot on the S-mesh in Fig. 6(a) and Fig. 6(b) for 
333

Example 6.1 and Example 6.2 respectively.
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Fig. 4. Comparison plots of the approximate solutions of Example 6.1 on the S-mesh taking 𝑁 = 64.

Fig. 5. Comparison of Error plots for Example 6.2.

Table 1

Values of 𝐸𝑁
𝜀

and 𝑃𝑁
𝜀

obtained using the finite difference method for Example 6.1.

𝜀 Number of intervals 𝑁

32 64 128 256 512 1024

1𝑒− 2 1.1286e-2 7.5950e-3 4.8498e-3 2.9269e-3 1.7058e-3 9.6913e-4

0.5714 0.6471 0.7285 0.7789 0.8156

1𝑒− 3 1.1347e-2 7.6253e-3 4.8503e-3 2.9229e-3 1.7028e-3 9.6714e-4

0.5734 0.6527 0.7306 0.7794 0.8161

1𝑒− 4 1.1356e-2 7.6312e-3 4.8523e-3 2.9237e-3 1.7033e-3 9.6742e-4

0.5734 0.6532 0.7308 0.7795 0.8160

1𝑒− 6 1.1357e-2 7.6319e-3 4.8525e-3 2.9238e-3 1.7033e-3 9.6746e-4

0.5734 0.6533 0.7308 0.7794 0.8160

1𝑒− 8 1.1357e-2 7.6319e-3 4.8525e-3 2.9238e-3 1.7033e-3 9.6746e-4

0.5734 0.6533 0.7308 0.7794 0.8160

𝐸𝑁 1.1357e-2 7.6319e-3 4.8525e-3 2.9269e-3 1.7058e-3 9.6913e-4

𝑃𝑁 0.5735 0.6533 0.7294 0.7789 0.8157

Remark. The present order of convergence is not optimal. In addition, it requires a prior derivative bounds which are hardly available 
in the literature. But if one considers aposteriori approaches given in [18,40,58] for equidistribution-based measure generations, then 
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optimal order accuracy can be obtained.
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Table 2

Values of 𝐸𝑁
𝜀

and 𝑃𝑁
𝜀

obtained using proposed method (M2) for Example 6.1.

𝜀 Number of intervals 𝑁

32 64 128 256 512 1024

1𝑒− 2 1.1004e-3 4.4740e-4 1.6689e-4 5.8072e-5 1.9138e-5 6.0604e-6

1.2984 1.4227 1.5230 1.6014 1.6590

1𝑒− 3 1.0722e-3 4.5039e-4 1.7143e-4 6.0029e-5 1.9627e-5 6.1342e-6

1.2513 1.3936 1.5139 1.6128 1.6779

1𝑒− 4 1.0365e-3 4.3418e-4 1.6518e-4 5.8294e-5 1.9457e-5 6.2408e-6

1.2554 1.3942 1.5027 1.5831 1.6405

1𝑒− 6 1.0314e-3 4.3129e-4 1.6353e-4 5.7346e-5 1.8964e-5 6.0154e-6

1.2578 1.3991 1.5118 1.5964 1.6565

1𝑒− 8 1.0313e-3 4.3126e-4 1.6351e-4 5.7335e-5 1.8957e-5 6.0111e-6

1.2579 1.3992 1.5119 1.5967 1.6570

𝐸𝑁 1.0313e-3 4.3126e-4 1.6351e-4 5.7335e-5 1.8957e-5 6.0111e-6

𝑃𝑁 1.2579 1.3992 1.5119 1.5967 1.6570

Table 3

Values of 𝐸𝑁
𝜀

and 𝑃𝑁
𝜀

obtained using proposed method (M3) for Example 6.1.

𝜀 Number of intervals 𝑁

32 64 128 256 512 1024

1𝑒− 2 4.1541e-2 1.5074e-2 4.3665e-3 1.3415e-3 3.3609e-4 8.3768e-5

1.4625 1.7875 1.7027 1.9969 2.0044

1𝑒− 3 4.2479e-2 1.5320e-2 4.4278e-3 1.4456e-3 4.6327e-4 1.4656e-4

1.4714 1.7907 1.6150 1.6417 1.6603

1𝑒− 4 4.2556e-2 1.5350e-2 4.4401e-3 1.4580e-3 4.7016e-4 1.5013e-4

1.4711 1.7896 1.6066 1.6328 1.6469

1𝑒− 6 1.0702e-2 7.3810e-3 4.5308e-3 2.6399e-3 1.4968e-3 8.3546e-4

1.4710 1.7895 1.6056 1.6316 1.6452

1𝑒− 8 4.2564e-2 1.5354e-2 4.4416e-3 1.4596e-3 4.7103e-4 1.5059e-4

1.4710 1.7895 1.6055 1.6316 1.6452

𝐸𝑁 4.2564e-2 1.5354e-2 4.4416e-3 1.4596e-3 4.7103e-4 1.5059e-4

𝑃𝑁 1.4710 1.7895 1.6055 1.6316 1.6452

Table 4

Values of 𝐸𝑁
𝜀

and 𝑃𝑁
𝜀

obtained using proposed method (M1) for Example 6.2.

𝜀 Number of intervals 𝑁

32 64 128 256 512 1024

1𝑒− 2 1.4569e-2 9.3638e-3 5.3313e-3 2.9033e-3 1.5721e-3 8.5531e-4

0.6377 0.8125 8.768 8.849 8.782

1𝑒− 3 1.1637e-2 8.3140e-3 5.3785e-3 3.2958e-3 1.9087e-3 1.0388e-3

0.4851 0.6283 0.7065 0.7880 0.8777

1𝑒− 4 1.0801e-2 7.4943e-3 4.6561e-3 2.7715e-3 1.6303e-3 9.6078e-4

0.5272 0.6866 0.7484 0.7655 0.7628

1𝑒− 6 1.0702e-2 7.3810e-3 4.5308e-3 2.6399e-3 1.4968e-3 8.3546e-4

5.359 7.040 7.792 8.186 8.412

1𝑒− 8 1.0701e-2 7.3798e-3 4.5295e-3 2.6385e-3 1.4952e-3 8.3371e-4

0.5360 0.7042 0.7796 0.8193 0.8427

𝐸𝑁 1.0701e-2 7.3798e-3 4.5295e-3 2.6385e-3 1.4952e-3 8.3371e-4

𝑃𝑁 0.5360 0.7042 0.7796 0.8193 0.8427

7. Conclusion

In this article, singularly Fredholm integro-differential equations (convection-diffusion) with integral boundary conditions are 
solved numerically. We solved this problem numerically using three methods on Shishkin mesh. We prove that the proposed numerical 
schemes converge uniformly with respect to the small parameter 𝜀, providing a first-order accuracy. Then to increase the rate of 
convergence, we use the post-processing technique and hybrid scheme. Hence, both methods provide a second-order convergence 
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rate. The numerical scheme has been tested in two examples, confirming the theoretical bounds.
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Table 5

Values of 𝐸𝑁
𝜀

and 𝑃𝑁
𝜀

obtained using proposed method (M2) for Example 6.2.

𝜀 Number of intervals 𝑁

32 64 128 256 512 1024

1𝑒− 2 2.1872e-3 8.2559e-4 2.9546e-4 1.0037e-4 3.2731e-5 1.0302e-5

1.4056 1.4825 1.5576 1.6166 1.6678

1𝑒− 3 2.1624e-3 9.0124e-4 3.4234e-4 1.1829e-4 3.7226e-5 1.1056e-5

1.2627 1.3965 1.5331 1.6679 1.7515

1𝑒− 4 1.9840e-3 7.9381e-4 3.0006e-4 1.0765e-4 3.7575e-5 1.2844e-5

1.3215 1.4035 1.4789 1.5185 1.5486

1𝑒− 6 1.9566e-3 7.7208e-4 2.8664e-4 9.8835e-5 3.2431e-5 1.0715e-5

1.3415 1.4295 1.5362 1.6076 1.6611

1𝑒− 8 1.9563e-3 7.7185e-4 2.8649e-4 9.8730e-5 3.2356e-5 1.0200e-5

1.3417 1.4298 1.5369 1.6095 1.6654

𝐸𝑁 1.9563e-3 7.7185e-4 2.8649e-4 9.8730e-5 3.2356e-5 1.0200e-5

𝑃𝑁 1.3417 1.4298 1.5369 1.6095 1.6654

Table 6

Values of 𝐸𝑁
𝜀

and 𝑃𝑁
𝜀

obtained using proposed method (M3) for Example 6.2.

𝜀 Number of intervals 𝑁

32 64 128 256 512 1024

1𝑒− 2 4.4617e-2 1.4413e-2 4.6012e-3 1.4519e-3 4.3662e-4 1.0686e-4

1.6302 1.6473 1.6641 1.7335 2.0306

1𝑒− 3 4.4222e-2 1.3960e-2 4.3341e-3 1.3122e-3 3.8445e-4 1.0410e-4

1.6635 1.6875 1.7238 1.7711 1.8848

1𝑒− 4 4.4172e-2 1.3887e-2 4.2810e-3 1.2814e-3 3.6532e-4 9.4270e-5

1.6694 1.6977 1.7402 1.8105 1.9543

1𝑒− 6 4.4166e-2 1.3879e-2 4.2746e-3 1.2777e-3 3.6299e-4 9.3077e-5

1.6701 1.6990 1.7423 1.8155 1.9634

1𝑒− 8 4.4166e-2 1.3878e-2 4.2746e-3 1.2776e-3 3.6296e-4 9.3065e-5

1.6701 1.6990 1.7423 1.8155 1.9634

𝐸𝑁 4.4166e-2 1.3878e-2 4.2746e-3 1.2776e-3 3.6296e-4 9.3065e-5

𝑃𝑁 1.6701 1.6990 1.7423 1.8155 1.9634

Fig. 6. Comparison of Log-log plot for 10−6 .

Availability of supporting data

Not applicable.

Funding
336

Not applicable.



Applied Numerical Mathematics 207 (2025) 323–338S. Elango, L. Govindarao and R. Vadivel

Ethical approval

Not applicable.

CRediT authorship contribution statement

Sekar Elango: Writing – review & editing, Writing – original draft, Supervision, Methodology, Conceptualization. L. Govindarao:

Writing – review & editing, Writing – original draft, Visualization, Validation. R. Vadivel: Writing – review & editing, Investigation.

Declaration of competing interest

The authors declare that they have no competing interests concerning the publication of the manuscript.

Acknowledgement

The authors express their gratitude to the referees for their helpful and constructive comments.

References

[1] G.M. Amiraliyev, M.E. Durmaz, M. Kudu, Uniform convergence results in singularly perturbed Fredholm integro-differential equations, J. Math. Anal. 9 (6) 
(2018) 55–64.

[2] G.M. Amiraliyev, S. Sevgin, Uniform difference method for singularly perturbed Volterra integro-differential equations, Appl. Math. Comput. 179 (2006) 731–741.

[3] H. Brunner, P. van der, The Numerical Solution of Volterra Equations CWI Monographs, NorthHolland, Amsterdam, 1986.

[4] H. Brunner, Numerical Analysis and Computational Solution of Integro-Differential Equations, Springer, Cham, 2018.

[5] M. Cakır, B. Gunes, A new difference method for the singularly perturbed Volterra-Fredholm integro-differential equations on a Shishkin mesh, Hacet. J. Math. 
Stat. 51 (3) (2022) 787–799.

[6] E. Cimen, M. Cakir, A uniform numerical method for solving singularly perturbed Fredholm integro-differential problem, Comput. Appl. Math. 40 (42) (2021) 
1–14.

[7] J. Chen, M. He, T. Zeng, A multiscale Galerkin method for second-order boundary value problems of Fredholm integro-differential equation II: efficient algorithm 
for the discrete linear system, J. Vis. Commun. Image Represent. 58 (2019) 112–118.

[8] J. Chen, M. He, Y. Huang, A fast multiscale Galerkin method for solving second order linear Fredholm integro-differential equation with Dirichlet boundary 
conditions, J. Comput. Appl. Math. 364 (2020) 112352.

[9] P. Das, A higher order difference method for singularly perturbed parabolic partial differential equations, J. Differ. Equ. Appl. 24 (3) (2018) 452–477.

[10] P. Das, An a posteriori based convergence analysis for a nonlinear singularly perturbed system of delay differential equations on an adaptive mesh, Numer. 
Algorithms 81 (2019) 465–487.

[11] A. Das, L. Govindarao, J. Mohapatra, A second order weighted monotone numerical scheme for time-delayed parabolic initial-boundary-value problem involving 
a small parameter, Int. J. Math. Model. Numer. Optim. 12 (3) (2022) 233–251.

[12] P. Das, S. Natesan, Richardson extrapolation method for singularly perturbed convection-diffusion problems on adaptively generated mesh, CMES Comput. 
Model. Eng. Sci. 90 (6) (2013) 463–485.

[13] A. Das, S. Natesan, Uniformly convergent numerical method for singularly perturbed 2D delay parabolic convection-diffusion problems on Bakhvalov-Shishkin 
mesh, Int. J. Math. Model. Numer. Optim. 8 (4) (2018) 305–330.

[14] P. Das, S. Rana, Theoretical prospects of fractional order weakly singular Volterra integro differential equations and their approximations with convergence 
analysis, Math. Methods Appl. Sci. 44 (2021) 9419–9440.

[15] P. Das, S. Rana, H. Ramos, A perturbation-based approach for solving fractional-order Volterra–Fredholm integro-differential equations and its convergence 
analysis, Int. J. Comput. Math. 97 (10) (2020) 1994–2014.

[16] P. Das, S. Rana, H. Ramos, Homotopy perturbation method for solving Caputo-type fractional-order Volterra-Fredholm integro-differential equations, Comput. 
Math. Methods 1 (2019) e1047.

[17] P. Das, S. Rana, J. Vigo-Aguiar, Higher order accurate approximations on equidistributed meshes for boundary layer originated mixed type reaction diffusion 
systems with multiple scale nature, Appl. Numer. Math. 148 (2020) 79–97.

[18] P. Das, Comparison of a priori and a posteriori meshes for singularly perturbed nonlinear parameterized problems, J. Comput. Appl. Math. 290 (2015) 16–25.

[19] P. Das, J. Vigo-Aguiar, Parameter uniform optimal order numerical approximation of a class of singularly perturbed system of reaction diffusion problems 
involving a small perturbation parameter, J. Comput. Appl. Math. 354 (2019) 533–544.

[20] P. Das, S. Rana, H. Ramos, On the approximate solutions of a class of fractional order nonlinear Volterra integro-differential initial value problems and boundary 
value problems of first kind and their convergence analysis, J. Comput. Appl. Math. 404 (2022) 113116.

[21] M.C. De Bonis, D. Occorsio, W. Themistoclakis, Filtered interpolation for solving Prandtl’s integro-differential equations, Numer. Algorithms 88 (2021) 679–709.

[22] M.C. De Bonis, A. Mennouni, D. Occorsio, A numerical method for solving systems of hypersingular integro-differential equations, Electron. Trans. Numer. Anal. 
58 (2023) 378–393.

[23] A. De Gaetano, O. Arino, Mathematical modeling of the intravenous glucose tolerance test, J. Math. Biol. 40 (2000) 136–168.

[24] G. De Marsily, Quantitative Hydrogeology – Groundwater Hydrology for Engineers, Academic Press, Orlando, Florida, 1986.

[25] M.E. Durmaz, G.M. Amiraliyev, A robust numerical method for a singularly perturbed Fredholm integro-differential equation, Mediterr. J. Math. 18 (24) (2021) 
1–17.

[26] M.E. Durmaz, M. Cakır, I. Amirali, G.M. Amiraliyev, Numerical solution of singularly perturbed Fredholm integro-differential equations by homogeneous second-

order difference method, J. Comput. Appl. Math. 412 (2022) 114327.

[27] M.E. Durmaz, M. Cakır, G. Amiraliyev, Parameter uniform second-order numerical approximation for the integro-differential equations involving boundary 
layers, Commun. Fac. Sci. Univ. Ank. Sér. A1 Math. Stat. 71 (4) (2022) 954–967.

[28] M.E. Durmaz, G. Amiraliyev, M. Kudu, Numerical solution of a singularly perturbed Fredholm integro-differential equation with Robin boundary condition, Turk. 
J. Math. 46 (1) (2022) 207–224.

[29] M.E. Durmaz, I. Amirali, G.M. Amiraliyev, An efficient numerical method for a singularly perturbed Fredholm integro-differential equation with integral boundary 
condition, J. Appl. Math. Comput. 69 (1) (2023) 505–528.

[30] S. Elango, L. Govindarao, J. Mohapatra, R. Vadivel, N. Hu, Numerical analysis for second order differential equation of reaction-diffusion problems in viscoelas-
337

ticity, Alex. Eng. J. 92 (2024) 92–101.

http://refhub.elsevier.com/S0168-9274(24)00232-0/bib3218C526BBE81DAC902ACA47C0142B44s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib3218C526BBE81DAC902ACA47C0142B44s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibC79BDA0E66F07BEE662A6840B907BF39s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib57B0429A210997C26A9D513BE736C328s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5202C6586CAC8BEE468E86D1FF854231s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5202C6586CAC8BEE468E86D1FF854231s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibAA53CA0B650DFD85C4F59FA156F7A2CCs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibAA53CA0B650DFD85C4F59FA156F7A2CCs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibF66667481C60507C38F2F65179215873s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibF66667481C60507C38F2F65179215873s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib6FD41661F51441C98276BCE1DF6B59D1s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib6FD41661F51441C98276BCE1DF6B59D1s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibC4D62B6DCCA08E5CAF06C01889282859s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibE2FCA8135C2FADCA093ABD79A6B1C0D2s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibE2FCA8135C2FADCA093ABD79A6B1C0D2s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibDCC0F5D8C1F5BB9F6BD8B6D092B9BE9Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibDCC0F5D8C1F5BB9F6BD8B6D092B9BE9Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibF7373A2C8EA4B1CAFD7AB9E8C294331Ds1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibF7373A2C8EA4B1CAFD7AB9E8C294331Ds1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFAD44FEB0641C4346024A462A6333926s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFAD44FEB0641C4346024A462A6333926s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib3754385271C4F2A2648B471683D21149s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib3754385271C4F2A2648B471683D21149s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib4C041BEA959CE9CC1C6504AEF7A65A4Cs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib4C041BEA959CE9CC1C6504AEF7A65A4Cs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib3E38CEF6FD6D8E049A0EBF831FFB0245s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib3E38CEF6FD6D8E049A0EBF831FFB0245s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib6A588C4EB0F19FB7356CE85EDD62D4E5s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib6A588C4EB0F19FB7356CE85EDD62D4E5s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib01D17DAD6E496CFBFB15ACC3D306361Ds1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibBD9343C287A55410E3815A6B4F3C0A88s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibBD9343C287A55410E3815A6B4F3C0A88s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5D52D132017810661656FA3AF1376C3Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5D52D132017810661656FA3AF1376C3Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFB8C8DECFD1AA8F52552A19B94AB8FA3s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibCE0DA212D1BD623C4E30ECD7214DB743s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibCE0DA212D1BD623C4E30ECD7214DB743s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibCD957338498985E538753EA8D071E0F9s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibC4D7ACBE5280F6A32B019D784B32E1F6s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib03895F91B58717B678DD94BD941D7A72s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib03895F91B58717B678DD94BD941D7A72s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibCC428A377DDCE5C0585E40EB2F657DD7s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibCC428A377DDCE5C0585E40EB2F657DD7s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFA3F1D8ABDD2BCD9BE29FA8030F4B238s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFA3F1D8ABDD2BCD9BE29FA8030F4B238s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5109E3BDEE36964719AF01FAAD1FE269s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5109E3BDEE36964719AF01FAAD1FE269s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibEBBF06D76C32A29BD59C5B0FCBADC81Ds1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibEBBF06D76C32A29BD59C5B0FCBADC81Ds1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib98BFB3ABBBC7A4543E4F1454A432F10Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib98BFB3ABBBC7A4543E4F1454A432F10Bs1


Applied Numerical Mathematics 207 (2025) 323–338S. Elango, L. Govindarao and R. Vadivel

[31] A. Fahim, M.A.F. Araghi, Numerical solution of convection-diffusion equations with memory term based on sinc method, Comput. Methods Differ. Equ. 6 (3) 
(2018) 380–395.

[32] J. Mohapatra, L. Govindarao, A fourth-order optimal numerical approximation and its convergence for singularly perturbed time delayed parabolic problems, 
Iran. J. Numer. Anal. Optim. 12 (2) (2021) 250–276.

[33] L. Govindarao, H. Ramos, S. Elango, Numerical scheme for singularly perturbed Fredholm integro-differential equations with non-local boundary conditions, 
Comput. Appl. Math. 43 (3) (2024) 126.

[34] J.L. Gracia, C. Clavero, Richardson extrapolation on generalized Shishkin meshes for singularly perturbed problems, Monogr. Semin. Mat. García Galdeano 31 
(2004) 169–178.

[35] R. Grimmer, J.H. Liu, Singular perturbations in viscoelasticity, Rocky Mt. J. Math. 24 (1994).

[36] P. Hammachukiattikul, E. Sekar, A. Tamilselvan, R. Vadivel, N. Gunasekaran, Praveen Agarwa, Comparative study on numerical methods for singularly perturbed 
advanced-delay differential equations, J. Math. (2021) 6636607.

[37] R. Jalilian, T. Tahernezhad, Exponential spline method for approximation solution of Fredholm integro-differential equation, Int. J. Comput. Math. 97 (4) (2020) 
791–801.

[38] A. Jerri, Introduction to Integral Equations with Applications, Wiley, New York, 1999.

[39] M. Kudu, I. Amirali, G.M. Amiraliyev, A finite-difference method for a singularly perturbed delay integro-differential equation, J. Comput. Appl. Math. 308 
(2016) 379–390.

[40] K. Kumar, P.C. Podila, P. Das, H. Ramos, A graded mesh refinement approach for boundary layer originated singularly perturbed time-delayed parabolic con-

vection diffusion problems, Math. Methods Appl. Sci. 44 (16) (2021) 12332–12350.

[41] C.G. Lange, D.R. Smith, Singular perturbation analysis of integral equations: part II, Stud. Appl. Math. 90 (1) (1993) 1–74.

[42] A.S. Lodge, J.B. McLeod, J.A.A. Nohel, Nonlinear singularly perturbed Volterra integro-differential equation occurring in polymer rheology, Proc. R. Soc. Edinb., 
Sect. A 80 (1978) 99–137.

[43] A. Mennouni, Improvement by projection for integro-differential equations, Math. Methods Appl. Sci. (2020), https://doi .org /10 .1002 /mma .6318.

[44] J.J.H. Miller, E. O’Riordan, I.G. Shishkin, Fitted Numerical Methods for Singular Perturbation Problems, World Scientific, Singapore, 1996.

[45] M.C. Natividad, M. Stynes, Richardson extrapolation for a convection–diffusion problem using a Shishkin mesh, Appl. Numer. Math. 45 (2003) 315–329.

[46] N.N. Nefedov, A.G. Nikitin, The asymptotic method of differential inequalities for singularly perturbed integro-differential equations, Differ. Equ. 36 (10) (2000) 
1544–1550.

[47] N.N. Nefedov, A.G. Nikitin, The Cauchy problem for a singularly perturbed integro-differential Fredholm equation, Comput. Math. Math. Phys. 47 (4) (2007) 
629–637.

[48] A. Saadatmandi, M. Dehghan, Numerical solution of the higher-order linear Fredholm integro-differential-difference equation with variable coefficients, Comput. 
Math. Appl. 59 (2010) 2996–3004.

[49] E. Sekar, Second order singularly perturbed delay differential equations with non-local boundary condition, J. Comput. Appl. Math. 417 (2023) 114498.

[50] E. Sekar, A. Tamilselvan, Singularly perturbed delay differential equations of convection–diffusion type with integral boundary condition, J. Appl. Math. Comput. 
59 (1) (2019) 701–722.

[51] E. Sekar, A. Tamilselvan, R. Vadivel, Nallappan Gunasekaran, Haitao Zhu, Jinde Cao, Xiaodi Li, Finite difference scheme for singularly perturbed reaction 
diffusion problem of partial delay differential equation with non local boundary condition, Adv. Differ. Equ. 1 (2021) 1–20.

[52] E. Sekar, A. Tamilselvan, Parameter uniform method for a singularly perturbed system of delay differential equations of reaction–diffusion type with integral 
boundary conditions, Int. J. Appl. Math. 5 (3) (2019) 1–12.

[53] G.I. Shishkin, L.P. Shishkina, Difference Methods for Singular Perturbation Problems, CRC Press, Boca Raton, 2009.

[54] G.I. Shishkin, L.P. Shishkina, Difference scheme of highest accuracy order for a singularly perturbed reaction–diffusion equation based on the solution decom-

position method, Proc. Steklov Inst. Math. 292 (1) (2016) 262–275.

[55] S.S. Siddiqi, S. Arshed, Numerical solution of convection-diffusion integro-differential equations with a weakly singular kernel, J. Basic Appl. Sci. Res. 3 (11) 
(2013) 106–120.

[56] H.M. Srivastava, A.K. Nain, R.K. Vats, P. Das, A theoretical study of the fractional-order p-Laplacian nonlinear Hadamard type turbulent flow models having the 
Ulam–Hyers stability, Rev. R. Acad. Cienc. Exactas Fís. Nat., Ser. A Mat. 117 (2023) 160.

[57] S. Saini, P. Das, S. Kumar, Parameter uniform higher order numerical treatment for singularly perturbed Robin type parabolic reaction diffusion multiple scale 
problems with large delay in time, Appl. Numer. Math. 196 (2024) 1–21.

[58] S. Saini, P. Das, S. Kumar, Computational cost reduction for coupled system of multiple scale reaction diffusion problems with mixed type boundary conditions 
having boundary layers, Rev. R. Acad. Cienc. Exactas Fís. Nat., Ser. A Mat. 117 (2) (2023) 66.

[59] S. Santra, J. Mohapatra, P. Das, D. Choudhuri, Higher order approximations for fractional order integro-parabolic partial differential equations on an adaptive 
mesh with error analysis, Comput. Math. Appl. 150 (2023) 87–101.

[60] D. Shakti, J. Mohapatra, P. Das, Jesus Vigo-Aguiar, A moving mesh refinement based optimal accurate uniformly convergent computational method for a parabolic 
system of boundary layer originated reaction–diffusion problems with arbitrary small diffusion terms, J. Comput. Appl. Math. 404 (2022) 113167.

[61] R. Shiromani, V. Shanthi, P. Das, A higher order hybrid-numerical approximation for a class of singularly perturbed two-dimensional convection-diffusion elliptic 
338

problem with non-smooth convection and source terms, Comput. Math. Appl. 142 (2023) 9–30.

http://refhub.elsevier.com/S0168-9274(24)00232-0/bib06FA567B72D78B7E3EA746973FBBD1D5s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib06FA567B72D78B7E3EA746973FBBD1D5s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib8338C734121D13287BBE5B7AC9F5E508s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib8338C734121D13287BBE5B7AC9F5E508s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibF49E81352CFCA250B3536C42695A33ACs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibF49E81352CFCA250B3536C42695A33ACs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibAD70939237C6F0D638FE79884D91449Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib55A055409207A12D5937B243FD508BDEs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib55A055409207A12D5937B243FD508BDEs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib58806E006B14B04A535784A5462D09B0s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib58806E006B14B04A535784A5462D09B0s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFF44570ACA8241914870AFBC310CDB85s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib1954FE3969E368B3A20DC0DB426FF66As1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib1954FE3969E368B3A20DC0DB426FF66As1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib307F0AF09678C18F1F165E400A1DABF8s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib307F0AF09678C18F1F165E400A1DABF8s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibE8280907C8D32D5AF0F36E5442E84A34s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFD2412EA21EFA300C1592B325162014Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFD2412EA21EFA300C1592B325162014Bs1
https://doi.org/10.1002/mma.6318
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibD2FC17CC2FEFFA1DE5217A3FD29E91E8s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib8F22E8FF6E2BE10B6BC7E6CF7B47D782s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib9AC01316EFD8855A6847566AA3087777s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibC4E2B58170BD821B877B66CD0FA21140s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibC4E2B58170BD821B877B66CD0FA21140s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibBCAD3359671478E2B4AB5FEC5972A2ABs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibBCAD3359671478E2B4AB5FEC5972A2ABs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibB7B46CE5D1A547DB89C0BC615FF272A5s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibB7B46CE5D1A547DB89C0BC615FF272A5s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5DBC98DCC983A70728BD082D1A47546Es1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibEC8E57D71F07E31203035548B79D03C8s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibEC8E57D71F07E31203035548B79D03C8s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib04165BFAF352643D7DB29E271DAC92D7s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib04165BFAF352643D7DB29E271DAC92D7s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib743B3257B344FCB0DC3158AA21E2C329s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib743B3257B344FCB0DC3158AA21E2C329s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibA7F4679F7C0B8C6DDE84DB1263E69E39s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib49DD0AC6839D41E2AB16AB8AF90FBFC1s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib49DD0AC6839D41E2AB16AB8AF90FBFC1s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibD53AEB78ABC83A52AB8982F5C82A3D5Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibD53AEB78ABC83A52AB8982F5C82A3D5Bs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib911AD6A62993C59AC9876DF832E54C5As1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib911AD6A62993C59AC9876DF832E54C5As1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib49ABB3A0CBB3EC2A2F5F514178750DAEs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib49ABB3A0CBB3EC2A2F5F514178750DAEs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib9EB1A43E88D14EFFF19E2478F42137B5s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib9EB1A43E88D14EFFF19E2478F42137B5s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibC06D6390B74388816EAC1EFE36C6CBC6s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibC06D6390B74388816EAC1EFE36C6CBC6s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5EB38E494974532981E07FD7143DECAEs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bib5EB38E494974532981E07FD7143DECAEs1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFC2DB7D155233A9DC42C9D5FAA2753F8s1
http://refhub.elsevier.com/S0168-9274(24)00232-0/bibFC2DB7D155233A9DC42C9D5FAA2753F8s1

	A comparative study on numerical methods for Fredholm integro-differential equations of convection-diffusion problem with i...
	1 Introduction
	2 Analysis on continuous solution
	3 Numerical scheme and analysis
	3.1 Upwind scheme (M1)
	3.2 Error estimate for the difference schemes

	4 Post-process technique (M2)
	5 Hybrid difference scheme (M3)
	6 Computational simulations
	7 Conclusion
	Availability of supporting data
	Funding
	Ethical approval
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgement
	References


