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ARTICLE INFO ABSTRACT
Keywords: This paper numerically solves Fredholm integro-differential equations with small parameters and
Singular perturbation integral boundary conditions. The solution of these equations has a boundary layer at the right
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boundary. A central difference scheme approximates the second-order derivative, a backward
difference (upwind scheme) approximates the first-order derivative, and the trapezoidal rule is
used for the integral term with a Shishkin mesh. It is shown that theoretically, the proposed
scheme is uniformly convergent with almost first-order convergence. Further to improve the order
of convergence from first order to second order, we use the post-processing and the hybrid scheme.
Two numerical examples are computed to support the theoretical results.

1. Introduction

Fredholm integro-differential equations (FIDEs) are fundamental in many scientific domains, including engineering, biology,
physics, chemistry, potential theory, electrostatics, finance, theory of elasticity, fluid dynamics, astronomy, economics, and heat-
mass transfer (e.g., [4,37,48]). However, finding the solutions to such types of equations is extremely difficult. Numerical approaches
are crucial in tackling these difficulties, as seen in [4,7,8,14,37,48,18,56,59]. As an example, we illustrate the convection-diffusion
parabolic partial integro-differential equation [31,55] provided as

t

u,(s,t)+cu5(s,t)—duss(s,t)z/K(q—t)u(s,q)dq+f(s,t),
0

with u(s,0) = g(s), s €(a,b) and y(a,t) =g,(t), y(b,t) = g,(¢), t > 0, where the integral term is known as the memory term and g(s),
g1(1), and g, (1) are known functions.

Suppose that the highest derivative term in differential equations (DEs) is multiplied by a small parameter 0 < £ << | then the
parameter is called a singularly perturbation parameter and the DEs are known as singularly perturbed differential equations (SPDEs).
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Solutions to these problems possess boundary layers which are thin regions in the neighborhood of the boundary of the domain due
to the perturbation parameter’s existence.

These SPDEs have several applications in biology, ecology, physical sciences, and other fields. For example, the following equation
governs the one-dimensional groundwater flow and solute transport problem,

Vi(s,t) =€z (s,1) —vy,(s,1) — Ay(s,1), s >0, t>0.

It illustrates how water and solutes travel across the unsaturated zone [24], where the duration is ¢ and the horizontal distance is s,
both positive and measurable.

Furthermore, polymer rheology, population dynamics, and mathematical models of glucose tolerance all employ singularly per-
turbed integro-differential equations (SPIDEs) [3,15,16,23,38,42,60]. Authors in [47] discussed optimal control problems mostly
utilizing singularly perturbed Fredholm integro-differential equations (SPFIDEs). Some asymptotic solutions to this problem were de-
scribed in [41] and [46,47]. For example, authors in [35] describe a class of singularly perturbed partial integro-differential equations
in viscoelasticity as

t

pufl(t,x) =eu (t,x)+ / a(t — syl (s, x)ds + pg(t,x) + f(x).

—0o0

However, the theory and approximate numerical solutions for SPIDEs are still in their early stages. In recent years, many numerical
approaches have been presented for first-order SPIDEs without integral boundary conditions on uniform and non-uniform meshes,
as shown in [1,2,5,13,21,22,29,39,43]. The article [6,19,25-28,61] discusses second-order SPIDEs on Shishkin meshes without non-
local boundary conditions. Higher-order numerical methods for SPDEs are considered in [9,11,12,17,20,57]. One can refer [19] for
the layer is varying in the interior part of the domain. Several problems on singularly perturbed delay differential equations with
integral boundary conditions are discussed in [10,49-52]. Numerical approaches for first-order SPFIDEs with beginning and integral
boundary conditions (IBCs) on Shishkin meshes are in [29]. In [30,33] discussed SPIDEs with reaction-diffusion problem and they
proved second order rate of convergence. Motivated by the preceding work, we analyze an efficient numerical method for second-
order SPIDEs convection-diffusion problems with IBCs on Shishkin mesh. This article aims to solve numerically a class of singularly
perturbed convection-diffusion Fredholm integro-differential equation with integral boundary conditions provided as

Lu:=Liu+ Lyu= f(x), xeQ=(0,1),
1

Ku(0) :=u(0) — € [ gi(x)u(x)dx =1,
0

1
Ku(l) :=u(l) — € [ gy(x)u(x)dx=r,
0

1.1)

1
where Liu=—eu” +a(x)u’ + b(x)u, Lyu= —A/ K(x, s)u(s)ds and y > K(x, s) € L?[0, 1]. It is assumed that a(x)> a; > a > 0, b(x) >
0

p > Ay >0, where A and y are positive constants and /01 g;(x)dx < 1,i =1,2, g;(x) are non-negative sufficiently smooth functions
satisfying appropriate regularity conditions.

In this article, the problem (1.1) is solved using a central difference scheme for approximating the second-order derivative and the
composite trapezoidal rule for approximating an integral part of the Shishkin mesh. The proposed method provides an optimal at most
first-order rate of convergence (CN >N ), then using the extrapolation technique and hybrid difference method, a second-order
rate of convergence (CN~2In? N) is obtained.

The article is organized as follows: In Section 2, we present an analysis of the analytical solution, maximum principle and stability
results. Section 3 constructs the Shishkin mesh and the computational analysis for the finite difference scheme. Section 4 introduces the
Richardson extrapolation and the corresponding convergence analysis. Section 5 is discussed in convergence analysis for the hybrid
difference scheme. Section 6 presents some numerical examples with graphs and tables to show the performance of the proposed
methods. Finally, Section 7 summarizes the article’s conclusions. Throughout our analysis, we consider C and C, to be any positive

constant independent of €. The standard supremum norm, ||f||5 = sup |f(y)|, on a given domain D.
YED

2. Analysis on continuous solution

Theorem 2.1. Let y(x) be any function such that Ky (0) > 0, Ky/(1) >0 and Ly (x) > 0, Vx € Q, where K and the differential operator
L are defined in (1.1). Then w(x) >0, Vx € Q=10,1].

Proof. Consider the function s(x) =1 + x, which is non negative for x € Q. Let us consider
y=max{L(x) : xeﬁ}.
s(x)
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If xg € ﬁ, w(xg) + us(xy) = 0 exists, and thus, for any x € 5, w(x) + pus(x) > 0. Consequently, x = x,, is where the function (y + us)
reaches its minimum. Suppose the theorem does not hold true, then it is 4 > 0. Now, consider two cases:
Case (i): xo=0o0r x5 =1;

Note that C(y + pus)(xg) = Ky (xg) + uks(xy) > 0. On the other hand, it is

1
Ky + us)(xg) = (¢ + us)(xg) — € / &1 () + us)(x)dx,

0
1

=-¢ / &1 () + us)(x)dx <0.
0
Case (ii): x5 € Q;
Clearly Ly(x) > 0, then
Ly(y + ps)(xg) = =€ + us)" (x) + alxg)(w + us) (xg) + b(xo) W + p3)(x0),

= —e(y + )" (x0) + b(xg)(W + us)(xg) <O,
1

Ly(y + ps)(xp) = —/1/ K(x,s)(y + us)(s)ds <0.
0
Then,

0 < Ly + us)(xg) = Ly (w + us)(xg) + Ly + us)(xp) <O,

and thus, we arrive at a contradiction. []
Theorem 2.2. Let u(x) be the solution of problem (1.1). Then, the following bounds of the solution and its derivatives hold:

(@) [lul| < Cmax,cq { |KCu(0)|, | KCu(1)|, | Lu(x)| } (Stability Result).
(i) |[u®|| < Ce7*, for k=1,2,3,4.

Proof. Proof is available in [50]. [

Lemma 2.3. Let us consider the decomposition of the solution u(x) of the problem (1.1) in the form u = v + w, where v is smooth and w is
singular components. Then, it holds for k =0, 1,2,3,4 that

@ o) < CU +eC0),
(i) [w®(x)| < Ce~ke=x1-0)/e,

Proof. (i) The proof is available in [50].
(ii) Consider w*(x) = Ce~®1=0/¢ & y(x), then

1
Ky*(0)=C + w(0)—¢ / gl(x)(Ce_“(l_x)/‘ + w(x))dx,

0
1

=C(l-¢ / g1 (0)e™ =0/ g xy & Kuw(0) > 0.

0
1

Kyr()=C+w(l)—¢ / 2 (x)(Ce™®1=9/¢ 4 yy(x))dx,

0
1

=C(l-¢ / 2 (e /gy + Kw(1) > 0.

0
1

Ly (x) = Cem @1~/ [(a Je)a(x) —a) + b(x)] "y / CK(x, ) =9/eds + Lu(x),
0
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> Ce=*1=9/¢(a/e)(a; — a) + f — /ly] >0.

Using Theorem 2.1, then yw*(x) > 0 and thus

lw(x)| < Ce~®1-2)/¢,

For the derivative bounds of regular component, the proof is the same as in [44], resulting in
|w(k)(x)| < Ce—ke—a(l—x)/g. 0O
3. Numerical scheme and analysis

Shishkin mesh (S-mesh):

The transition parameter o is defined as ¢ = min { % £ In(N) } More details about the S-mesh can be found in [44,53]. The mesh
a

points are defined as QN = {x(, x;,x,,...,xy } €[0, 1], where

; o N
iH|, for i=0,...,3,
Xi = . N
x~n +iH,, for z=7+1,,..,N,
2
with H, = %’, H, = @ The step sizes in the space variable are given as h; =x; — x;_;, fori=0,1,...,N.

3.1. Upwind scheme (M1)

Given a mesh function ¢;, the backward, forward, and center difference operators are defined as follows:

Gip1 — ¢i’ Dy = i — i . DY, = $ir1—biy
his h; hiy1 +h;

respectively and the approximate second-order operator is given as

2 <¢i+l - _ ¢i—¢i—1>
hi+hyy, hiyy h; |

1

’

D¢, =

Db =
DID ¢, =

where ¢; = ¢(x;).

We discretize the problem (1.1) using the upwind method (the central difference scheme for the second-order derivative and
backward difference approximation for the first derivative) and the trapezoidal method for the integral part as similar to [30,33].
The proposed numerical scheme is given as follows:

(LN + LY )0 =fiu for i=1,. N -1,
N
- Ui-1+g,U;
ICNU():UO—s.ZI%hi, (3.1)
fa

N
N _ gi1Ui—-14g;U;
K UN—UN—&‘I.;I%I’II-,

where,

N
LYU, = -eD} D U, +a,D U, + bU,, LYU ==Y 7,K;;U,
j=0

_ @ ;= h j +h +1 h_N
27T 2 27
U; = U(x,) is the approximate solution to the exact solution of the problem (1.1), a; = a(x;), f; = f(x;), K; ; = K(x;, ;) and {xi} are
the grid points considered.
The following result is a discrete version of Theorem 2.1 and the proof can be obtained similarly.

j=12,....N-1,ty=

Theorem 3.1. Given any discrete function w(x;) on a mesh {xi}fil such that KNy (xg) > 0, KNy(xy) >0 and LNy(x;) > 0 then
—N
w(x;)>0,Vx;€Q .
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—N
Proof. Consider s(x;) = 1+ x;. Note that the function is non-negative on x; €Q . Let

—y(x; —N
ﬂ:max{ vx) X, EQ }
s(x;)

—N —N
Furthermore, 3 x;, € Q such that y(x;) + us(x;) =0 and y(x;) + pus(x;) > 0,Vx; € Q . As aresult, at x = x, the function (y + us)
attains its minimum. If the theorem is false, then it is u > 0.
Case (i): x; = x( or x;, = x. Then
N
0 < KN + us)oep) = (w + us)(x) =€

i=1

gi-1(y + MS)X,-_21 + & (w + us)x; h, <0.
Case (ii): If x, € QV, then

0 < Li(w + us)(x;)=—eDID (w + us)(xy) + al(x,) D (w + us)(xy) + b(x)(w + ps)(xy) <0.
0.< Ly(w + ) = =A| Ak, (0 + 1)y + -+ Bk x 0 + )y |
< =AW + us)y [hlki,l ++hyk v | <0.

The contradiction arrived in the above cases. []

Theorem 3.2. If ¢; is any mesh function, then

|

< LNl 1N N } <i<N.
< max (1LY, LIKN ol KN by . for 0<i<

Proof. One can prove this easily as using Theorem 3.1. []

Theorem 3.3. Let U(x;) be a numerical solution of (3.1) defined as (1.1) and V (x;) is a numerical solution of the regular problem. Then

N7 i=0,1,..,%

Ukx,))=-V(ix)l <C
G =Vl {N‘+|r—V(xN)|,,-=¥+1,...,N.

Proof. Consider the barrier functions

0%(x,) = C, N\ s(x,) + Cyx P (x) = (U(x) = V(x).Vx, €Q

0, i=0,1,.., %,
where Y(x;) = N 4
lr=V&pl i==+1,..,N.

It is clear that 6*(x() > 0 and 6*(x) > 0.
LNox(x;)>0, forall i€ (1,2,..,N —1}.
Using Theorem 3.1, this theorem gets proved. []

3.2. Error estimate for the difference schemes

Error estimates are bound by the error of the numerical solution. The discrete maximum norm is a measure of the error that takes
the maximum absolute value of the errors at the mesh points. Formally, if u is the exact solution and U™ is the numerical solution
on a mesh with parameter N, then the discrete maximum norm of the error is ||(u — UN )(x) |l = max |u(x) — unN (x;)| for all mesh
points x;.

Theorem 3.4. Given u and UN, which are respectively the solutions to (1.1) and (3.1), we get the following estimate of the numerical errors

(3.1)

max |(u—UN)(x;)| <CN~'(InN)2.
1<i<N-1

Proof. It is possible to separate the discrete solution U into singular (W) and smooth (V') components. The error can be written in
the form

LNWU -wy=LY (U -w+ LY U -w.

From [50], we have
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LNWU -u)<CN~'(InN)>%.

Next, for the L, operator the bound is
LYW -w=LYWV -v)+ LYW —w)<CN~'(In N)~.

Now, we examine the smooth and singular component bounds as follows.

Smooth components:

LYV, —v) =LY (V(x) — Ly (u(x,)),
1

N
:AZKijl/j—/I/K(x,s)u(s)ds,
i=0 0

1

N
=1) KV, - /1/ K(x;,s,)v(s;)ds,
J=0

0
N Y

<cy / (x; = O = x,_)(1+ 10+ 0" D,
=

J
< Cy/e(h),
<CN~L.

At the points x; = x( and x; = xp, then

KN —0)(x) = KNV (x,) — KN v(xy),
=1-KNu(xp),
= Kuv(x;) — KN v(xyp),

X N

=U(xk)+e/g(x)u(x)dx—v(xN)—sz

i=1

gi—lUi—21 +80; h,,
X0
KNV = 0)(xy)| < Ce((h0" (ry) + -+ + v Gen)s
<Ce(h} + -+ 1)),
<CN~!, where X1 <xi<x;,1<i<N.
Using Theorem 2.2 gives
IV () = v(x)] <CN L

Singular components:
Take note of this

[w(x;) = W (x| < lulx;) = U] + [v(x) = V(x)I.

Next, using Theorem 3.3 and Lemma 2.3, we obtain

|u(x[) - U(X,-)l < IU(xi) - V(x,-)l + |U(x[) - V(x[)| + |u(x[) - U(x,-)|.

Now,
[w(x;) = W)l U xp) = V(x| +2[o(x) = V(x| + lulx;) — o(x;),
< N'+c exp(@) +¢,
<q exp(%w)+C1N’l <CN'i=0to 3TN. (3.2)
Let

¢*(x)=C N s(x) + O N L, = (1= o) £ (w(x) - W(x) x, €[1—0,1]n o
&

Where s(x;) = x; + 1, note that K¢p*(x3n ) >0 and Lp*(xy) > 0.
4
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N
LN ¢*(x;) = C; N~ [a(x;) + b(x)] + C; N~ iz[a(x,.) +b(x)(x;+0—1)— 4 Z 7, K, ;% (x)]
& i=0

LN = Dw(xy),
>C N~ a+f= Ay 1+ C N la+ (= ay)(x; +0 = D] £0,
>0. )
Then, ¢*(x;) >0, Vx; € ﬁN, according to Theorem 3.2. Consequently
lw(x;) = W(x)| <CN~'In’N, x, € a".

Therefore,

[U(x) = u(x)] =V (x) = v(x)] + [W(x) —w(x)| <CN ' I N. [
4. Post-process technique (M2)

We use the Richardson extrapolation approach to improve the accuracy of the proposed scheme. The discrete problem (3.1) is
first solved on the S-mesh G2V, which is obtained by bisecting each mesh interval of GV and having the same transition point as
GV . Consequently, the appropriate S-mesh nodes are G*V = {¥, €[0,1] : 0=%, <X, < - <¥,y_j <X,y = 1} given as

_ iH|, for 0<i<N,
X, =
" | %y +iH,. for N+1<i<2N.
From Theorem 3.4, the error is

wu—-UMx, =C(N—‘ InN +O<N" lnN),
4.1)

= c( N"") + O(N—1 lnN),
PoE
for x; € GN. Let 17()7,-) represent the discrete solution on the mesh G*N (see (3.1)). From Theorem 3.4, then
@ —u)Tc,-:C(iL:)+O<N‘llnN), 4.2)
0

for X;, € G*N . Now, the elimination of the O(N 1) term from (4.1) and (4.2) leads to the following approximation

u(x;) — (2L7N - UN>(xl-) - O(N" lnN), x, €GN,
Therefore, we use the extrapolation formula as

Upp(x) = (2L7N - UN)(x,.), x, €GN (4.3)

Theorem 4.1. Let U, , represent the result of the Richardson extrapolation method (4.3) by solving the discrete problem (3.1) on two meshes

GV and G*V and u be the solution of the continuous problem (1.1). Also, assume that ¢ < N~'. Then we have the following error-bound

CN72, for outer layer region [0 1 — o),

Upp(xp) = uxp)| <
CN72In> N, for inner layer region [l —o, 1].

Proof. The error can be written in the form

LNU,,,-w=LNU

exp

—w+ LY (U,,, —w.

The complete proof of error bound for LiV WUexp

—u) available in [32,34,45,54],

CN~2, for x;€(01-o0),

Uesp(xp) = u(xp)| < L
CN™In"N, for x;€[l-o, 1)

Now, to get a bound for the L, operator, we write

LYW, -w=LYWV,,-v)+LYW,,—w).

We decompose U on G2V as U = V + W, where W is layer component and ¥ is smooth layer on G2V
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Smooth component:

LYW, —v) =LY (V(x) - LY (v(x)), for x, €GN,
As we have done in Theorem 3.4, taking the integral form of the Taylor series expansion and applying derivative limits, then

LYWV, —v)<C(NT'+N72),

LY(V,-v)<CN'+0(N7?).
From the stability result we can write

|vi—vp|<cNT'+O(N2) for x, €GN, (4.4)
Similarly we can obtain on G*V,

|7, - )| @Y +O(N2) for K €62, 4.5)
Writing using the extrapolation formula (4.3) in hand

Vegp = 0 = (@F =) = v() = (27 = 0) = (V = ) ) ).
From (4.4) and (4.5), then

Vexp = 0| = |(2(17 —0)+(V - U))(x,-)‘ <CN2.
Layer components:

LYW, —w) =LY (W(x;)) - LY (w(x))), for x;€G".
As we have done in Theorem 3.4, using the integral form of the Taylor series expansion and applying derivative limits, we have

LYV, —v)<C(N"'(InN)* + N7?),

LYW, —w) <CN~'(InN)*>+ O(N~2(In N)).
We can write from the stability result,

|(W,. - w,.)| <CN'InN)+O(N~2(InN)?) for x;€GN. (4.6)
Similarly we can obtain on G2V,

|(17,. - v,.)( <C@N) ' (In2N)+O(N2(nN)?) for X €G>,

|(v~V,. _ w,.)| <CeN)2(InN)> +O(N2(nN)?) for %, €G*V. “4.7)
From the extrapolation formula (4.3), we can write

Wy = 0)x) = (@ = W) ) = i) = (207 = w) = W =) )x).
From (4.6) and (4.7), we get

|Wosy = w)0x)| = | (207 =)+ W =) )| < N2 NP

Hence, we get bound on S-mesh

Uesp(x) = u(x)| S CN =2 N)?.

Combining all these bounds, we get the required bound. []

5. Hybrid difference scheme (M3)

We employ the mid-point difference scheme in the coarse zone and the central finite difference scheme in the fine mesh section
of this scheme, that is,
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N
( ~eD}ID; +a_ 1 (x)D"+ b(x,.))U(x,.) "y Zérj KiUj=1 1
N =
. ( — eD* D> +a(x,)D° + b(x,.))U(x,.) ~2Y 5K, U, = /.
IVU(x) =1 =
N
Ui-1+gU;
KNU, = UO_SE %hi,
N
Ui-1+g,U;
ICNUN=UN—eZlg7' =y,
l:

X,-+Xi_1

2 )-

where a_i (x))=a(
2

)
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G.1)

Theorem 5.1. Given u and UN, which are respectively the solutions to (1.1) and (3.1), we get the following estimate of the numerical errors

(3.1)

max

_UN x| < -1 2
Jmax (= UM < CVT N,

Proof. It is possible to separate the discrete solution U into singular (W) and smooth (V') components. The error can be written in

the form
INU-wy=LYU -w+ LY U -uw).
From [36], we get
LNWU -uw)<C(N"'InN)~.
Now, for the L, operator, then
LYU-w=LYWV -0)+ LYW —w)<C(N"'InN)*.
Next, we examine the smooth and singular component bounds.

Smooth components:

LYV, —v) =LY (V(x) — LY (v(x,)),
N N
<cy / (6, = E)E = x, )1+ [0/ @] + [ (@D,
=L

<CN~2.

At the points x;, = x( and x; = x,, then

KNV —0)(x) = KNV (x,) — KN v(xy),

=1-KNu(xp),
X N
U1+ g0;
= v(x,) + s/g(x)v(x)dx SCIOETDY Whi,
o i=1
IKEN (V= 0)(ep)| < Ce((0" (ry) + -+ B 0" (),
<CN7%, where x;,_| <y <x;,1<i<N.

From the stability result, then

[V (x;)—v(x;)] <CN 2.

Singular components:
Note that

[w(x;) = Wxp)| < Julx;) = U]+ [o6x) = V(x)l.

Let us consider
0%(x;) = CN2s(x;) £ (U(x;) = V(x;)),¥x; € &N,
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Using Theorem 3.3, then
UG) -Vl <CNT2
Now,

[w(x;) =W (Pl U x) = V(x| +2[v(x;) = V(x| + lulx;) = o(x))],

sclexp(%“")+clN*2 <CN72 i=0to 3TN.

Consider mesh functions

OF(x;) =C; N 2s(x;) + ClN_zgz(xi —(l=0) = wkx)—W(x)) x;€[l—0,11nQN,
where s(x;) = 1 + x;. It is easy to check KN(D“—'(ngN) >0and KN®=(xy) >0,

£No*(x;) > 0.
Using stability result, then ®*(x;) >0, x; € QV, then

|w(x;) = Wi(x;)| <CN72In’N, x; € QN

Therefore,
[U(x) = u(x)] =V (x) = v(x)] + [W(x) —w(x)| <CNIn* N, [J
6. Computational simulations
The suggested approach is used to solve two test problems and the results are presented in this section.

Example 6.1. Consider the following problem:
1
—eu" (x)+u' (x)+ 2 —eu(x) - 0.5 / xu(s)ds =xcos(x), x€(0,1),
| p ° 6.1)
u(0) — 5/xu(x)dx =1, u(l)—¢ / xzu(x)dx =0.

0 0

Example 6.2. Consider the following problem:

1
—eu! (x) + exp(—x /D’ (x) + u(x) — 0.5 /(x + s)u(s)ds = cosh(x), xe€(0,1),
) | ;0 6.2)
u(0) — s/u(x)dx =-1, u(l) - e/xu(x)dx =1.

0 0

The exact solutions of the above two examples are unknown. We apply the double mesh principle concept to get the pointwise
errors and confirm the e-uniform convergence. Let denote U™ (x 1), the numerical result obtained on the S-mesh created with the fixed
transition parameter. This mesh is based on the G>V grid.

To determine both maximum element-wise errors for each € as EN = max |U N(x) - oy (x;,t)], EN = max |UN (x;) —
€ (x)e6N ! e € (xpeGN P!

7 . : . . ) EN
Ue];’p(xl-)l and is e-uniform error EN = max E EN . The corresponding order of convergence is defined as PV =1n, <EZ—EN> Here, the
€ £3

double mesh concept is also applied to the obtained extrapolation solution for U e}X p(x,-).

Fig. 1 shows the approach of the solutions (algorithm) numerically. For different values of ¢, the approximate solutions for
Example 6.1 are plotted in Fig. 2 and for Example 6.2 are plotted in Fig. 3 for various values of € on a S-mesh. These figures show
that when ¢ decreases, boundary layers are present near x = 1. Solution plots of all three methods are compared in Fig. 4(a) for 102
and Fig. 4(b) for 1079, Error is plotted and compared for the three methods in Fig. 5 for 1072 and 107>, From these Figures, one can
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Fig. 1. Computational analysis for numerical methods.
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Fig. 2. Plots of the approximate solutions of Example 6.1 on the S-mesh taking N = 64.

1 1

0.8 0.8

0.6 0.6f [—e—c=10"°
204 Iiiiﬁi 204 —=—

0.2 0.2

0 0

0 x 05 1 0 x 05 1
(a) (b)

Fig. 3. Plots of the approximate solutions of Example 6.2 on the S-mesh taking N = 64.

observe that the error is less for the extrapolation of the upwind method than the other two methods, and using the extrapolation
approach results in a decrease in the errors.

The calculated maximum pointwise errors and corresponding rate of convergence for Example 6.1 using all the proposed methods
are presented in Table 1, 2, and 3. Similarly, for Example 6.2, the pointwise errors and rate of convergence are given in Table 4,
5, and 6. One can observe from these tables that the extrapolation method and hybrid method of the convergence rate is almost
two (up to a logarithmic factor) on the S-mesh, but using the upwind method, the convergence rate is almost one. We note that the
extrapolation accuracy is higher, but the hybrid method’s convergence rate is higher. To visualize the numerical order of convergence,

the maximum pointwise errors of proposed methods are plotted in a log-log scale plot on the S-mesh in Fig. 6(a) and Fig. 6(b) for
Example 6.1 and Example 6.2 respectively.
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Fig. 4. Comparison plots of the approximate solutions of Example 6.1 on the S-mesh taking N = 64.
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Fig. 5. Comparison of Error plots for Example 6.2.
Table 1
Values of E EN and PEN obtained using the finite difference method for Example 6.1.
3 Number of intervals N
32 64 128 256 512 1024
le—-2 1.1286e-2 7.5950e-3 4.8498e-3 2.9269e-3 1.7058e-3 9.6913e-4
0.5714 0.6471 0.7285 0.7789 0.8156
le-3 1.1347e-2 7.6253e-3 4.8503e-3 2.9229e-3 1.7028e-3 9.6714e-4
0.5734 0.6527 0.7306 0.7794 0.8161
le—4 1.1356e-2 7.6312e-3 4.8523e-3 2.9237e-3 1.7033e-3 9.6742e-4
0.5734 0.6532 0.7308 0.7795 0.8160
le—6 1.1357e-2 7.6319e-3 4.8525e-3 2.9238e-3 1.7033e-3 9.6746e-4
0.5734 0.6533 0.7308 0.7794 0.8160
le—8 1.1357e-2 7.6319e-3 4.8525e-3 2.9238e-3 1.7033e-3 9.6746e-4
0.5734 0.6533 0.7308 0.7794 0.8160
Ey 1.1357e-2 7.6319e-3 4.8525e-3 2.9269e-3 1.7058e-3 9.6913e-4
Py 0.5735 0.6533 0.7294 0.7789 0.8157

Remark. The present order of convergence is not optimal. In addition, it requires a prior derivative bounds which are hardly available
in the literature. But if one considers aposteriori approaches given in [18,40,58] for equidistribution-based measure generations, then

optimal order accuracy can be obtained.
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Values of E jv and PéN obtained using proposed method (M2) for Example 6.1.

&€

Number of intervals N

32 64 128 256 512 1024
le—2  1.1004e-3  4.4740e-4  1.6689e-4  5.8072e-5 1.9138e-5  6.0604e-6
1.2984 1.4227 1.5230 1.6014 1.6590
le-3 1.0722e-3 4.5039e-4 1.7143e-4 6.0029e-5 1.9627e-5 6.1342e-6
1.2513 1.3936 1.5139 1.6128 1.6779
le—4  1.0365e-3  4.3418e-4  1.6518e-4  5.8294e-5  1.9457e-5  6.2408e-6
1.2554 1.3942 1.5027 1.5831 1.6405
le—6 1.0314e-3 4.3129e-4 1.6353e-4 5.7346e-5 1.8964e-5 6.0154e-6
1.2578 1.3991 1.5118 1.5964 1.6565
le—8 1.0313e-3  4.3126e-4  1.635le-4  5.7335e-5  1.8957e-5  6.0111le-6
1.2579 1.3992 1.5119 1.5967 1.6570
Ey 1.0313e-3 4.3126e-4 1.6351e-4 5.7335e-5 1.8957e-5 6.0111e-6
Py 1.2579 1.3992 1.5119 1.5967 1.6570
Table 3
Values of EEN and PEN obtained using proposed method (M3) for Example 6.1.
€ Number of intervals N
32 64 128 256 512 1024
le-2 4.1541e-2 1.5074e-2 4.3665e-3 1.3415e-3 3.3609e-4 8.3768e-5
1.4625 1.7875 1.7027 1.9969 2.0044
le—3  4.2479e-2  1.5320e-2  4.4278e-3  1.4456e-3  4.6327e-4  1.4656e-4
1.4714 1.7907 1.6150 1.6417 1.6603
le—4 4.2556e-2 1.5350e-2 4.4401e-3 1.4580e-3 4.7016e-4 1.5013e-4
1.4711 1.7896 1.6066 1.6328 1.6469
le—6  1.0702e-2  7.3810e-3  4.5308e-3  2.6399e-3  1.4968e-3  8.3546e-4
1.4710 1.7895 1.6056 1.6316 1.6452
le—38 4.2564e-2 1.5354e-2 4.4416e-3 1.4596e-3 4.7103e-4 1.5059e-4
1.4710 1.7895 1.6055 1.6316 1.6452
Ey 4.2564e-2  1.5354e-2  4.4416e-3  1.4596e-3  4.7103e-4  1.5059e-4
Py 1.4710 1.7895 1.6055 1.6316 1.6452
Table 4
Values of ESN and PSN obtained using proposed method (M1) for Example 6.2.
€ Number of intervals N
32 64 128 256 512 1024
le—2  1.4569e-2  9.3638e-3  5.3313e-3  2.9033e-3  1.5721e-3  8.5531e-4
0.6377 0.8125 8.768 8.849 8.782
le-3 1.1637e-2 8.3140e-3 5.3785e-3 3.2958e-3 1.9087e-3 1.0388e-3
0.4851 0.6283 0.7065 0.7880 0.8777
le—4  1.080le-2  7.4943e-3  4.656le-3  2.7715e-3  1.6303e-3  9.6078e-4
0.5272 0.6866 0.7484 0.7655 0.7628
le—6  1.0702e-2  7.3810e-3  4.5308e-3  2.6399%e-3  1.4968e-3  8.3546e-4
5.359 7.040 7.792 8.186 8.412
le—8 1.0701e-2  7.3798e-3  4.5295e-3  2.6385e-3  1.4952e-3  8.3371e-4
0.5360 0.7042 0.7796 0.8193 0.8427
Ey 1.0701e-2  7.3798e-3  4.5295e-3  2.6385e-3  1.4952e-3  8.3371e-4
Py 0.5360 0.7042 0.7796 0.8193 0.8427

7. Conclusion

In this article, singularly Fredholm integro-differential equations (convection-diffusion) with integral boundary conditions are
solved numerically. We solved this problem numerically using three methods on Shishkin mesh. We prove that the proposed numerical
schemes converge uniformly with respect to the small parameter ¢, providing a first-order accuracy. Then to increase the rate of
convergence, we use the post-processing technique and hybrid scheme. Hence, both methods provide a second-order convergence

rate. The numerical scheme has been tested in two examples, confirming the theoretical bounds.
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Table 5
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Values of E éN and PéN obtained using proposed method (M2) for Example 6.2.

&€

Number of intervals N

32 64 128 256 512 1024
le—-2 2.1872e-3 8.2559%¢-4 2.9546e-4 1.0037e-4 3.2731e-5 1.0302e-5
1.4056 1.4825 1.5576 1.6166 1.6678
le-3 2.1624e-3 9.0124e-4 3.4234e-4 1.1829%e-4 3.7226e-5 1.1056e-5
1.2627 1.3965 1.5331 1.6679 1.7515
le—4 1.9840e-3 7.9381e-4 3.0006e-4 1.0765e-4 3.7575e-5 1.2844e-5
1.3215 1.4035 1.4789 1.5185 1.5486
le—6 1.9566e-3 7.7208e-4 2.8664e-4 9.8835e-5 3.2431e-5 1.0715e-5
1.3415 1.4295 1.5362 1.6076 1.6611
le—38 1.9563e-3 7.7185e-4 2.8649e-4 9.8730e-5 3.2356e-5 1.0200e-5
1.3417 1.4298 1.5369 1.6095 1.6654
Ey 1.9563e-3 7.7185e-4 2.8649e-4 9.8730e-5 3.2356e-5 1.0200e-5
Py 1.3417 1.4298 1.5369 1.6095 1.6654
Table 6
Values of E :V and PéN obtained using proposed method (M3) for Example 6.2.
I3 Number of intervals N
32 64 128 256 512 1024
le—-2 4.4617e-2 1.4413e-2 4.6012e-3 1.4519e-3 4.3662e-4 1.0686e-4
1.6302 1.6473 1.6641 1.7335 2.0306
le-3 4.4222e-2 1.3960e-2 4.3341e-3 1.3122e-3 3.8445e-4 1.0410e-4
1.6635 1.6875 1.7238 1.7711 1.8848
le—4 4.4172e-2 1.3887e-2 4.2810e-3 1.2814e-3 3.6532e-4 9.4270e-5
1.6694 1.6977 1.7402 1.8105 1.9543
le—6 4.4166e-2 1.3879e-2 4.2746e-3 1.2777e-3 3.6299¢-4 9.3077e-5
1.6701 1.6990 1.7423 1.8155 1.9634
le—38 4.4166e-2 1.3878e-2 4.2746e-3 1.2776e-3 3.6296e-4 9.3065e-5
1.6701 1.6990 1.7423 1.8155 1.9634
Ey 4.4166e-2 1.3878e-2 4.2746e-3 1.2776e-3 3.6296e-4 9.3065e-5
Py 1.6701 1.6990 1.7423 1.8155 1.9634
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