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Abstract The COVID-19 pandemic has introduced
unparalleled challenges worldwide, highlighting the
need for sophisticated models to understand its dynam-
ics. In this study, we present a comprehensive analy-
sis of a stochastic model incorporating dual doses of
vaccine and the logarithmic mean-reverting Ornstein-
Uhlenbeck process to analyze the dynamics of SARS-
CoV-2 (the virus responsible for COVID-19) infection
in India. The study begins with constructing a deter-
ministic model and then it is extended to a stochastic
framework. Firstly, we perform a thorough analysis of
the deterministic model to confirm the existence and
uniqueness of a globally positive solution, ensuring that
it remains bounded. Additionally, the basic reproduc-
tion number Rg is derived and the local asymptotic sta-
bility of the disease-free equilibrium is evaluated under
the condition Rg < 1. Next, we analyze the formu-
lated stochastic model and identify two critical thresh-
old parameters, R and Rj. Specifically, Rj < 1 indi-
cates exponential extinction of the infection, whereas
R > 1 suggests the potential persistence of the infec-
tion due to the existence of at least one stationary distri-
bution. Finally, the model is fitted to the actual COVID-
19 case data from India during the peak of the second
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epidemic wave. The insights derived from these pro-
jections, particularly regarding the timing of extinction
and the magnitude of the infection peak under various
scenarios are crucial for public health policymakers for
future outbreaks similar to COVID-19.
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1 Introduction

COVID-19, a disease resulting from the SARS-CoV-
2 virus, was initially identified in Wuhan, China, in
December 2019 and has subsequently escalated into a
global health crisis [1]. The virus spreads mainly via
respiratory droplets and can lead to a variety of symp-
toms, ranging from discomfort in the respiratory sys-
tem in a mild manner to illnesses that are threatening
like acute respiratory distress syndrome (ARDS) and
pneumonia [2]. Beyond the lungs, the impact of SARS-
CoV-2 can be on multiple organ systems, leading to car-
diovascular, neurological, gastrointestinal issues, and
in severe cases, can result in multi-organ failure [3].
Its rapid spread was facilitated by high transmissibility
and the presence of asymptomatic carriers, resulting in
widespread infections across continents [4].

The pandemic has led to a staggering global impact,
with approximately 676 million confirmed infections
and 6 million deaths by the end of 2023, severely
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impacting healthcare systems and economies world-
wide [5]. The economic fallout has included disruptions
to global supply chains, widespread job losses and eco-
nomic contractions [6]. Additionally, the phenomenon
known as “long COVID”, where individuals continue
to experience health issues long after the initial infec-
tion has resolved, poses significant challenges for ongo-
ing public health management and recovery efforts [7].
This complex situation underscores the importance of
continued research, vaccination campaigns and health
intervention plans to manage and reduce the impact of
infection.

Due to COVID-19 pandemic, India - like most coun-
tries in the world and also has a large, heterogeneous
population - also hit in different ways. This has led to
extreme health consequences and the healthcare infras-
tructure and resources had crumpled under the bur-
den of nearly 4.5 million confirmed cases with more
than half a million deaths to date [8]. This increase in
cases has overwhelmed the health care system, caus-
ing extreme shortages of beds, oxygen and essential
medications [9]. The pandemic has had a profound
impact economically, having severely disrupted hospi-
tality, tourism and manufacturing sectors - the list goes
on. Enforced restrictions and lockdowns led to massive
joblosses, decreased incomes and rising poverty levels,
further widening the pre-existing economic divides.
Indian government has made some extra efforts in their
plan to reduce the effect of the pandemic and to control
the spread of virus by launching massive vaccination
campaigns. That being said, challenges remain in the
form of new variants of the virus and the call for equal
access to health and the vaccines.

The COVID-19 vaccination in India was one of the
largest and most aspirational COVID-19 vaccination
campaign ever seen by the world to vaccinate enor-
mous number of people in different geographical areas.
Covishield, a domestic version of AstraZeneca’s (a
global pharmaceutical industry company) AZD1222
vaccine and Covaxin, an inactivated virus vaccine from
Bharat Biotech (a biotechnological firm) have been the
mainstays of the campaign. Efficacy of Covishield is
about 70%, but can increase with an extended interval
between first and second doses, so the dual-dose regi-
men is critical to strengthen the immunity [10]. On the
other hand, Covaxin has about 78% efficacy in phase
3 trials [11], further underscoring the importance of
the second dose in augmenting immune response, con-
ferring longer-lasting protection as well as protection
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against the virus. It is the two-dose vaccination strategy
that ensures that people attain protective immunity to
prevent or at least alleviate infection and transmission.
The Sputnik V vaccine, which has an efficacy of 91.6%
after 2 doses, has also been included in India’s vac-
cination drive [12]. The vaccination campaign, how-
ever, has done wonders in bringing down the number
of severe cases of COVID-19 and deaths, despite some
hiccups such as supply chain issues, vaccine hesitancy
and new variants coming up. As India continues to navi-
gate the pandemic, the focus remains on increasing vac-
cine coverage and ensuring that the population receives
both doses for maximum protection.

Mathematical modeling plays a crucial role in the
effective control of epidemic outbreaks by providing a
systematic approach to understanding disease dynam-
ics, predicting potential outbreak scenarios and assess-
ing the impact of various interventions such as vacci-
nation. Various deterministic models of infectious dis-
eases have made substantial contributions to the field
[13—19]. These models empower researchers to simu-
late the spread of diseases, identify critical interven-
tion thresholds and optimize public health strategies
accordingly. When it comes to COVID-19, the role
of mathematical models has been particularly evident.
For instance, Nastasi et al. [20] utilized a time-delayed
SIRD and SIRDV model to illustrate how vaccination
campaigns in Great Britain and Israel were instrumen-
tal in significantly reducing both mortality and infec-
tion rates. Similarly, Yang et al. [21] underscored the
importance of enhancing vaccine efficacy and combin-
ing it with non-pharmaceutical interventions to more
effectively control the virus spread. In another study,
Diagne et al. [22] emphasized the necessity of achiev-
ing a critical vaccination threshold to fully eradicate
COVID-19. Moreover, Paul et al. [23] proposed a deter-
ministic model highlighting vaccination as the primary
tool for managing the COVID-19 impact. Addition-
ally, Angeli et al. [24] proposed an SAIVR model,
which includes asymptomatic and vaccinated com-
partments to better predict the evolution of the epi-
demic. Furthermore, Zhai et al. [25] illustrated through
an SEIR-type model the critical role of vaccination
control in preventing the persistence of the disease.
Numerous deterministic studies have examined vari-
ous aspects of COVID-19 and its repercussions from
different perspectives [26-28]. In addition to general
analyses, numerous modeling studies have specifically
focused on understanding COVID-19 infection dynam-
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ics and associated interventions within the Indian con-
text. For instance, Foy et al. [29] demonstrated that
prioritizing vaccination for older populations in India
resulted in the most significantreduction in COVID-19-
related deaths. Similarly, Biswas et al. [30] developed a
model to study COVID-19 dynamics and predict trends
in India. Their analysis, based on data from two distinct
periods-1 March to 24 April 2020 and 25 March to
24 April 2020-estimated the average basic reproduc-
tion number and emphasized that implementing safe
distancing measures and isolating asymptomatic cases
could significantly reduce the outbreak size and peak
prevalence. In another study, Samui et al. [31] proposed
a novel SAIU model to examine COVID-19 transmis-
sion dynamics in India from January to April 2020.
This study highlighted the importance of accurate data
for reliable predictions and stressed the necessity of
developing effective therapeutics or vaccines to combat
the pandemic. Furthermore, Ambikapathy and Krish-
namurthy [32] forecasted COVID-19 cases across 14
countries, including India, showing that 14 to 21 day
and 42 day lockdowns significantly reduced case num-
bers. However, extending lockdown durations beyond
42 days did not yield additional benefits. Their study
also revealed that panic shopping scenarios could lead
to exponential transmission, demonstrating the failure
of intervention measures under such conditions. Taken
together, these studies, along with many others focus
on the important role of mathematical modeling in for-
mulating effective public health responses and control-
ling epidemics, particularly through strategic vaccina-
tion efforts, as evidenced by the literature.

The studies on SARS-CoV-2 infection mentioned
above have primarily employed deterministic mod-
els. Nevertheless, a critical aspect often missed by
these models is randomness, which can play a cru-
cial role in shaping the infection dynamics. A range
of environmental factors can impact epidemic models,
such as relative humidity, precipitation and tempera-
ture. For example, the following factors contribute to
the stochastic complexity of SARS-CoV-2 epidemic
dynamics:

(i) The pervasive uncertainty and variability in public
health responses and individual behaviors intro-
duce significant unpredictability. Many individ-
uals, influenced by varying levels of awareness,
fear, or misinformation, may not adhere consis-
tently to preventive measures or seek timely test-

(ii)

(iii)

(v)

(iii)

ing and treatment. This variability affects the over-
all count and dynamics of COVID-19 cases within
the population on a level that is hard to analyze
deterministically.

The presence of SARS-CoV-2 infection shows
notable correlations with environmental condi-
tions, such as rainfall and temperature. Research
has demonstrated that viral transmission rates and
survival can be influenced by temperature fluctua-
tions. For instance, higher temperatures may affect
the stability of the virus and its transmission poten-
tial. Studies have found that SARS-CoV-2 survival
rates on surfaces and in aerosols can vary with tem-
perature, impacting how the virus spreads in differ-
ent climates. Hence, when analyzing the COVID-
19 spread, it is essential to consider the unpre-
dictable aspect of environmental factors [33].
Asymptomatic carriers play a significant role in
the stochastic nature of COVID-19 transmission.
These individuals, although infected, do not show
symptoms but actively interact within the commu-
nity, unknowingly spreading the virus on a large
scale. Research has demonstrated that the viral
load in asymptomatic individuals is comparable
to that of symptomatic cases. This is particularly
impactful in large populations like India, where it
can contribute to a high degree of stochasticity in
the spread of the disease [34].

Mutations in the virus, particularly in regions
like the spike protein, can lead to new variants
with changed transmissibility, immune evasion,
or increased virulence. Such mutations introduce
variability into the spread and severity of the
disease, making the trajectory of the epidemic
unpredictable [35]. Similarly, differences in anti-
body response between individuals can affect the
response of the immune system, while some indi-
viduals may produce smaller or less effective anti-
bodies, making them more susceptible to reinfec-
tion or longer viral shedding. The variability in the
response of the immune system makes the infec-
tion dynamics random due to the fact that a few
individuals may remain susceptible to reinfection
or have severe disease outcomes [36]. Together,
these factors contribute to a highly dynamic and
uncertain environment, making it difficult to accu-
rately predict the course of the epidemic.

The growth and transmission patterns of COVID-
19 are inherently unpredictable due to the stochas-

@ Springer



T. A. Midhun et al.

tic nature of human interactions. This unpre-
dictability complicates efforts to forecast the speed
and direction of the progression of the epidemic,
making it challenging to develop precise predic-
tions.

Tackling the intrinsic randomness in disease dynam-
ics poses a considerable challenge. In order to achieve
a more precise illustration of the uncertain characteris-
tics of infectious interactions at different phases of an
epidemic, stochastic differential equation (SDE) mod-
els can be effectively used [37—41]. By incorporating
stochastic elements, these models can better capture
the variability in disease spread and improve our under-
standing of epidemic dynamics. There are several SDE
models that demonstrate various dynamical behaviors
of the SARS-CoV-2 infection dynamics [42—46]. It is
evident that most of these models are linearly influ-
enced by standard Gaussian white noise. For instance,
consider an approach where the transmission rate f is
influenced linearly by standard Gaussian white noise.
Specifically, B(¢) is perturbed as

- aw
Bt) =B+ K
where W (t) represents the standard Brownian motion
defined on (2, F, {F;}:>0, P), a complete probability
space equipped with a filtration {F;},;>¢ that satisfies
the usual conditions. Here, « denotes the intensity of
the stochastic white noise. However, this approach is
often impractical in real-world applications. The pri-
mary issue from a biological perspective can be out-
lined as follows: for any time interval [0, 7], by defining
the time average of B(¢) as (B(¢)), we can compute:

1 t
(B1) = —/ B(r)dr
t Jo
2
=B+KWZ(T) NN(,B_,KT),

where N(-, -) denotes the one-dimensional Gaussian
distribution. Evidently, the variance of the average state

(B(1)) over [0, t] is given by KT which diverges to

infinity as t — 0T. This implies that the fluctuations
in B(t) become excessively large over very small time
intervals, a result that is biologically implausible.

Alternatively, natural processes in social and biolog-
ical systems often display an initial phase of fluctua-
tion before stabilizing around a specific point, a state
referred to as homeostasis [47]. For instance, the fol-
lowing examples illustrate this concept:
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(i) The immune system adapts to the presence of a
pathogen during an epidemic, often producing an
initial response followed by immunological mem-
ory. Immune responses typically exhibit home-
ostasis, balancing the need for a strong defense
with the risk of overreaction (such as cytokine
storms). Lipsitch et al. [48] analyzed the response
of the immune system to infectious agents, par-
ticularly during epidemics. They demonstrate the
homeostatic nature of immune system dynam-
ics by modeling the development of immune
responses and their stabilizing effects, focus-
ing on how immunological memory and adap-
tive responses maintain equilibrium and protect
against reinfection.

(i1) Korber et al. [49] studied the D614G mutation in
the spike protein of SARS-CoV-2. The authors
show that this mutation enhanced the ability of
the virus to infect human cells and spread more
effectively. They examine the homeostasis-like
behavior of viral evolution, where the virus main-
tains its capacity to spread and infect others while
adapting to selective pressures such as immune
responses and treatment interventions. The ability
of the virus to preserve these characteristics as it
evolves suggests a balance between the virus and
the immune responses of the host.

Similar behavior can be observed at various stages
of infection dynamics beyond the examples provided.
In infectious disease modeling, transmission rates and
infection levels fluctuate due to stochastic factors like
contact patterns and environmental conditions, as pre-
viously mentioned. However, these rates often stabi-
lize over time due to factors such as herd immunity or
seasonal variations. Allen [50] explores the integration
of Ornstein-Uhlenbeck (O-U) processes into epidemi-
ological models to capture the variability in infection
rates while accounting for stabilizing factors like vac-
cination and natural immunity. The author emphasizes
how this approach helps model the inherent random-
ness in epidemic dynamics. Unlike the Gaussian white
noise model, which lacks inherent stability [51], the O-
U process uniquely combines Gaussian, Markov and
stationary characteristics, as first demonstrated by Orn-
stein and Uhlenbeck in 1930 [52]. Allen [53] further
highlighted that the O-U process better accounts for
environmental variability compared to linear models
driven by white noise, offering characteristics such as
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non-negativity, continuity and easier fitting of parame-
ters. Additionally, Gaussian white noise can be viewed
as a special case of the O-U process, making the incor-
poration of the O-U process into models a significant
improvement over relying solely on Gaussian white
noise. The existing literature contains numerous mod-
els that employ the mean-reverting logarithmic O-U
process [54-58]. For those interested in further explo-
ration, these references and the studies they cite provide
valuable insights into the applications and dynamics of
this process.

1.1 Model formulation

In this section, a model is developed that specifically
accounts for the dual-dose vaccination strategy, suit-
able to the epidemiological context of India both in
deterministic and stochastic environments. The role of
vaccination in dual doses in controlling the COVID-19
spread cannot be overstated, as it has been proven to
significantly enhance immunity and reduce the sever-
ity of the disease. In India, the dual-dose vaccination
strategy was a cornerstone of the national COVID-19
vaccination campaign, starting in January 2021 with
the introduction of vaccines like Covishield and Cov-
axin [59]. This approach aimed to provide broad and
sustained immunity across the population, particularly
given the large and diverse demographics of the coun-
try. Several studies have demonstrated that two doses of
COVID-19 vaccines provide greater protection than a
single dose, highlighting the critical role of completing
the vaccination schedule. In the context of modeling
SARS-CoV-2 infection dynamics, incorporating dual
doses into compartmental models allows for a more
accurate representation of the immunity landscape of
the population.

1.1.1 Deterministic model

Assuming homogeneous mixing within the popula-
tion, where each individual has an equal probability of
contact with others, we can use a deterministic com-
partmental modeling approach to describe the trans-
mission dynamics of the infection. The total popula-
tion N (¢) is categorized based on the disease status of
the individual: COVID-19 Susceptible S(¢), COVID-
19 first dose vaccinated V(;) (¢), COVID-19 second dose

vaccinated V(;;(t), COVID-19 exposed E(t), COVID-
19 infected I (t) and COVID-19 recovered R(¢). The
overall population size is expressed as

N(@)=5@) + Vi (O+Vin(@O+E@)+I(t)+R(1).

Since the availability of COVID-19 vaccination is an
important factor, our model includes specific compart-
ments for individuals who have received one or both
doses of the vaccine. The transition dynamics between
compartments are as follows:

(i) A represents the rate at which individuals enter
the total population, such as through births or
immigration. Among the recruited individuals, a
portion will be already vaccinated with the first
dose of the COVID-19 vaccine. This fraction is
denoted by €1 A, and these individuals will be
assigned to the first-dose vaccinated class. Sim-
ilarly, another portion of the newly recruited indi-
viduals would have received both doses of the
COVID-19 vaccine already, represented by the
fraction €7 A. The remaining newly recruited indi-
viduals, who are not vaccinated with any doses
of the COVID-19 vaccine, are represented by the
fraction (1 — €] — e2) A. These individuals will be
directly recruited into the susceptible class.

(i1) All individuals have a common natural mortality
rate /.

(>iii) Since the COVID-19 vaccine is assumed to be
imperfect (i.e., it does not provide complete immu-
nity against infection), vaccinated individuals can
still acquire the infection through contact with
infected individuals. To account for this, the effec-
tive contact rate 8 (bilinear incidence) is adjusted
by ascaling factor (1 —n1) and (1 —n,) for the first
dose vaccinated and second dose vaccinated indi-
viduals respectively where the parameter 11 and 1
(with 0 < ny, n2 < 1) represents the efficacy of
the corresponding doses of vaccine. Specifically:

e Ifn; = 1orny = 1, the vaccine provides 100%
protection, meaning vaccinated individuals are
fully immune to infection, and the effective con-
tact rate for these individuals is reduced to zero.

e Conversely, if n1 = 0 or np = 0, the vac-
cine offers no protection at all, and vaccinated
individuals are just as susceptible to infection
as unvaccinated individuals, with the effective
contact rate remaining unchanged at .

@ Springer



T. A. Midhun et al.

This scaling factor (1 — n1) and (1 — n) thus
captures the reduction in susceptibility of vacci-
nated individuals relative to unvaccinated individ-
uals. As a result, the infection dynamics reflect
the imperfect nature of vaccine-induced immu-
nity, ensuring that vaccinated individuals are still
considered within the transmission process, albeit
with a reduced likelihood of acquiring the infec-
tion.

(iv) The susceptible individuals are vaccinated with
the first dose at the rate ) and are further vac-
cinated with the second dose at the rate 0,.

(v) Exposed individuals transition to the infected class
at arate ¢. Also, at a rate t, some of the exposed
individuals can naturally build immunity against
the infection and become recovered.

(vi) X isassumed to be the rate of recovery of infected
individuals. Also, infected individuals die due to
COVID-19 at arate w. Individuals who have com-
pleted the two-dose regime of the vaccination gain
immunity and move to the recovered class at the
rate p.

This model framework integrates vaccination effects,
disease progression and vital dynamics, offering a
detailed approach to analyzing the spread of SARS-
CoV-2 within the population. Based on these assump-
tions, we derive the following non-linear system of
ordinary differential equations (ODE) to describe the
SARS-CoV-2 infection dynamics:

ds
i (1 —€e1 —e)A—BSI — (61 +w)S,
dV;
EadU] =€e1A+615
dt
— A =n)BViHI — (02 + W) Vi),
& =€2A+92V(1.)
dt
— (I =m)BVinI — (o + 1) Vi, e9)
dE
yri BSI+ (1 —n)BVil
+A=m)BVind — (@ +1+WE,
dl
L gE—(n 1,
o (] A+o+up
dR
T =pVi)+TE+ A — uR,

with initial conditions S(0) > 0, V(;y(0) > 0, V;;)(0)
>0, E(0) >0, 1(0) > 0and R(0) > 0. The compart-
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mental flow diagram of the model (1) is demonstrated
in Fig. 1. The parameters along with their description
is demonstrated in Table 1.

1.1.2 Stochastic model

In this section, the deterministic model is extended by
integrating a stochastic framework using the mean-
reverting O-U process. As mentioned earlier, the O-
U process is particularly well-suited for capturing the
stochastic elements influencing disease dynamics. This
approach is especially relevant in the context of diverse
demographic and climatic conditions of India. The
mean-reverting O-U process allows us to model fluc-
tuations around a long-term average, which is crucial
for accurately reflecting the variability and uncertainty
inherent in real-world disease transmission. By incor-
porating this stochastic component, we aim to provide
a more robust and realistic representation of how ran-
dom factors impact the spread of infectious diseases,
addressing the complex and unpredictable nature of the
epidemic in varying environmental and population set-
tings.

Building on the work of Allen [53], this study intro-
duces a stochastic component to the SARS-CoV-2
transmission rate § by modeling it with the O-U pro-
cess. Specifically, we consider the logarithm of §(¢) to
evolve according to the following SDE:
dlog B(t) = k1 (log B — log B(1))dt + kadW (1), (2)
where x| denotes the speed of mean reversion, k>
represents the volatility of the noise, log 8 is the
long-term mean value of log 8(¢). Furthermore, let
(2, F, {Ft};>0,P) be a complete probability space
with a filtration {;},> satisfying the usual conditions
and W (¢) is the standard Brownian motion defined on
it. Here, the logarithm of () is used to ensure that
the transmission rate remains non-negative, even in the
presence of stochastic noise. Now, we can easily verify
that the system (2) has a unique exact solution given
by:
log (1) = log  + (log B(0) — log B)

t
exp(—/qt)—i—lczf exp(—x1(t — 5)dW(s).
0
Additionally, we observe the following:
log (1) ~ N( log § + (log A(0) — log f)

K5 (1 — exp(—21<1t)))
2K ’

exp(—xit),



Stochastic modeling of COVID-19 spread in India

Fig. 1 Flow diagram (1-€1-€)A UE
illustrating the
epidemiological model (1),
depicting the interactions
between the compartments us BSI ¢E (u+w)
along with key model § : E
parameters and their
influence on disease
TE \!
dynamics - (1=m)BVinl
(I-m)BVpl
0:S =
uR
D\ PV y
V >{ VD—)
NS 0V O wva
€1 €A

Table 1 Overview of model parameters influencing the dynamics of the disease
Parameters Description
A Rate of recruitment into the population
B COVID-19 transmission rate
" Rate of natural mortality
) COVID-19 induced death rate
01 Rate of COVID-19 first dose vaccination
(73 Rate of COVID-19 second dose vaccination
N1 COVID-19 first dose vaccine efficacy
2 COVID-19 second dose vaccine efficacy
¢ Rate of progression from exposed to infected
A Rate of recovery of infected individuals
T Rate of recovery of of exposed individuals
P Rate of developing immunity through vaccination
€] Proportion of individuals newly recruited and receiving their first vaccine dose
€ Proportion of individuals newly recruited and receiving their second vaccine dose

lim E (log (1)) = log (0).
lim Var (log B(t)) =0,
t—0t

lim E (log (1)) = log B,
11— 00
2
. )
lim Var (log (1)) = —.
f— 00 2K

Moreover, if we denote (log S(¢)) as the time average
of log B(t) over the interval [0, ¢], then we have:

_ S o
Var ((log (1)) = 3 t+0(@9).

This implies that the variations in log 8(¢) will remain
small over short time intervals, which aligns with the
typical behavior observed in most epidemic systems,
thereby addressing one of the main limitations of the
linear Gaussian white noise modeling. Therefore, this
process is a valid way to model the random effects of
key parameters, both biologically and mathematically.
Now, for the ease of writing, let us denote

b(t) = log (1) — log B.

Subsequently, the stochastic counterpart of the deter-
ministc model (1) incorporating logarithmic mean-
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reverting O-U process is formulated as follows:

db(t) = —Kk1b(t) + kpdW (1),
dst)=[(1—e —e)A—B
exp(b(1))SI — (61 + p)S]dt,
dViy(t) = [e1A + 615 — (1 —n)B
exp(b(1) Vil — (02 + ) Vi ] dt,
dViii (1) = [e2A + 62V — (1 —m)B
exp(b()) Vi — (p + 1) Vi | dt,
dE(1) = [Bexp(b(1)SI + (1 —m)p
exp(b()) Vi + (1 — n2)B
exp(b()) Vil — (¢ + T + pE] dt,
dl(t) =[¢pFE — (A + o+ wildt,
dR(t) = [pViiy + TE + Al — uR] dt.

3)

This stochastic framework enables a more realistic
representation of dynamic interactions in the system
by accounting for random fluctuations in transmission
rates. To our knowledge, no existing stochastic model
for SARS-CoV-2 infection with dual vaccine doses
using Indian data incorporates the logarithmic mean-
reverting O-U process. This gap highlights the novelty
and importance of our research, which introduces a new
approach to understanding the stochastic dynamics of
SARS-CoV-2 transmission by integrating environmen-
tal variability and vaccine effects. This study presents
the following key contributions and innovations:

(1) This study begins with the construction of a
deterministic model and subsequently incorpo-
rates the logarithmic mean-reverting O-U process
to develop a stochastic counterpart. This model
examines the transmission dynamics of SARS-
CoV-2, accounting for the effects of dual vaccine
doses. The approach captures random fluctuations
more accurately than linear white noise perturba-
tions, leading to a model that better represents real-
world dynamics.

(i) We thoroughly analyze the deterministic model,
establishing the existence and uniqueness of a
global positive solution that remains bounded.
Additionally, we derive the basic reproduction
number Rg and assess the local asymptotic sta-
bility of the disease-free equilibrium, particularly
when Rg < 1.

(iii) An extensive analysis of the stochastic model
yields two crucial threshold parameters, R and
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R;. These parameters are key to determining
whether the infection will decline or persist in the
population. Specifically, the infection will expo-
nentially decrease when Rj < 1, while the pres-
ence of at least one stationary distribution 7 (-) for
Ry > 1 indicates that the infection is likely to
persist in the long term.

(iv) We calibrate the stochastic model using actual
COVID-19 case data from India during the emer-
gence till the peak of the second wave, from Febru-
ary 28 to May 02, 2021. This calibration enables
the derivation of parameter values suited to the
specific context. By conducting numerical simu-
lations with these parameters, we validate our the-
oretical findings and project potential outcomes
under various scenarios.

(v) The sensitivity analysis of the model parame-
ters was conducted using a combined approach
of Latin Hypercube Sampling (LHS) and Partial
Rank Correlation Coefficient (PRCC) methods.
This analysis enabled various projections of the
model, with a particular focus on the extinction
time and the peak size of the COVID-19 epidemic
wave. These projections provide valuable insights
for public health policymakers, supporting more
effective strategies for controlling and managing
future COVID-19 outbreaks.

The rest of the article is structured as follows: Sect.2
lays the groundwork by presenting fundamental con-
cepts and key lemmas to aid comprehension. Mov-
ing forward, Sect. 3 examines the uniqueness and exis-
tence of a global positive solution for the deterministic
model (1) which is bounded, including the derivation
of the basic reproduction number Rg . Also, in this sec-
tion we derive the criteria for local asymptotic stabil-
ity. In Sect. 4, we explore the criteria for the existence
of a stationary distribution of the stochastic model (3)
through the introduction of the threshold parameter R}
and determine the conditions for exponential extinction
of the infection using another threshold parameter Rg.
Section 5 then applies our stochastic model to empirical
data from India, validates the theoretical findings with
numerical simulations, and provides insights based on
model projections. Lastly, Sect. 6 summarizes the main
findings and offers concluding remarks.
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2 Preliminaries

In this section, we establish key results that are essen-
tial for analyzing the complex dynamic behaviors of
the system given in model (3). To facilitate our discus-
sion throughout this paper, we introduce the following
notations:

° R’; denotes the set of vectors v = (v, v, ..., Uk)
€ R* where v; > 0foreachi =1,2,3,...,k.
° le_ represents the setof vectors v = (v, v2, ..., Uk)

e RFwithv; > 0foralli =1,2,3,...,k

o C>I(R¥ x Ry :Ry) is the class of non-negative
functions U (Z, t) defined on R¥ x R thatare twice
continuously differentiable with respect to Z and
once with respect to 7.

e [ denotes the indicator function for the set G.

e B! denotes the inverse of an invertible matrix B.
For a square matrix B, | B| represents its determi-
nant.

e For any real numbers b; (i = 1,2,3,...,n),
diag(by, ba, ..., b,) denotes an n-order diagonal
matrix.

We now introduce some fundamental concepts
related to stochastic differential equations (for a detailed
understanding, refer to [60]). Consider a k-dimensional
stochastic process Z(t) for t > 0, governed by the fol-
lowing stochastic differential equation:

dZ(t) =g(Z(@t),t)dt + h(Z(t),t)dW (1), 4)

where g € L'(Ry; R, h e L2(Ry; RF™), and
W) = (W,l, Wtz, R Wtk) represents a k-dimensional
Brownian motion defined on the complete probabil-
ity space (2, F, {F:}:>0, P) with the filtration {F; };>0
satisfying the usual conditions. Define the following
operator of differentiation L:

3 & 9
L=+ Zg,'(zo),na—zl

2
41 XZ: [hT(Z(t) Hh(Z (D), t)] azaaz

l\)

When £ acts on a function U € C>'(RF x Ry; Ry),
we get

LUZ(t),t) = U (Z(t),t) + Uz(Z(t),1)g(Z(1), 1)
+%trace [hT(Z(t), DUz 7h(Z(D), r)] ,

where U; = alzj’ Uz = <B—U 3—U), and Uzz =

EVAN > 072k
32
0Z;3Z; ke

further analysis of the model (3).

. The following lemmas will support the

Lemma 1 (Young’s Inequality) For any sufficiently
small € > 0, the following inequality holds:

et~
- 4e

Lemma 2 For the stochastic differential equation
db(t) = —k1b(t)dt + ko dW (1),

where k1 and ky are positive constants and W(t)
denotes standard Brownian motion, the following
results hold:

()
11m —/ lexp(b(s)) — 1| ds

1

P EANE
<|l4+exp|—]—2exp v
K1 K1

(i1) Forr > 0,
t

lim —
t—o0 t

FZK%
exp(rb(s)) ds = exp ”
K1

Lemma 3 [61] Consider a bounded closed domain
D c R* with a regular boundary 9. For any initial
value Y (0) € R¥, if the following condition holds:

lim inf —
—>00

1 13
/ P@s,Y(s),D)ds >0 a.s.,

where P(s, Y (s), ) denotes the transition probability
of Y(t), then the system described by (4) will have a
solution with the Feller property. Moreover, the system
(4) will have at least one invariant probability measure
7(-) defined on R¥, indicating the existence of at least
one stationary distribution 7 (-) on R¥.

3 Deterministic model analysis

In this section, we rigorously validate the determinis-
tic model by proving existence, uniqueness, positivity
and boundedness of the solution. We also derive the
basic reproduction number and analyze the stability of
the disease-free equilibrium, offering insights into the
conditions for potential eradication. These results lay
the groundwork for incorporating stochastic elements
into the model.
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3.1 Existence and uniqueness of global positive
solution

It is crucial to ensure that the model (1) is both math-
ematically sound and biologically accurate under all
relevant conditions, aligning its predictions with real-
world dynamics. In this direction, the existence and
uniqueness of the global positive solution of the model
(1) is proved. To accomplish this, we define the function
g as follows:

S
Vi
Viiiy
E
1
R
(I —e€ —e)A—BSI— (01 +1)S,
aA+6S— A =n)BVil — 02+ 1)V,
A+ hViy — (1 =n2)BVinl — (o + 1) Vi,
BSI+(1—n)BVi I+ —n2)BVinl—(p+T+)E,
OE —(A+ o+ i,
pViiy +TE+ Al — uR

The function g is continuously differentiable on RS,
and it is locally Lipschitz on any bounded subset of
Ri. These properties ensure the existence and unique-
ness of a maximal solution for the system (1). However,
the positivity and boundedness of the solution, which
are critical for the practical relevance of any epidemi-
ological model, are not yet guaranteed. The following
theorem will address this aspect:

Theorem 3.1 Let S(0) > 0, V(,')(O) > 0, V(,',')(O) >
0, E(O) > 0, 1(0) > and R(0) > 0 be the initial
values for the model (1). Then the domain Rg’r is an
invariant domain for the model (1).

Proof The goal is to prove that the tangent vector of
the system points towards the positive orthant at the
boundary of ]Rﬁ_. We can observe that

ds
— =1 —€ —e)A >0,
dt |59
dV
R0} =€ A+65 >0,
dt Viiy=0
AV
A} =eaA+6V; >0,
dt Viiin=0

@ Springer

dE
— =BSI+ (1 —n)BVuyl
dt [g=o

+ (I =m)BVinl >0,
dI S = 0
_ — > 0,
dt |1
dR
— =pVih +TE+ Al > 0.
dt {r—o

Then by applying Lemma 2 in [62], it can be stated
that Rg is an invariant domain for the model (1) with
positive initial conditions. This concludes the proof. O

Remark 3.2 Consider the total population as N (t) =
S@)+ V(@) + V(@) + E(t) + 1(t) + R(t). Then
dN

— =A—uN —wl, Vt=>0,
dt

which implies
d—N<A—;LN, vt > 0.
dt — -
This leads to the inequality

N < exp(-unNO)+22 (1= exp(—pr) . ¥t = .
and further we have

N (f) < max {N(O), %} , Vt>0.

Thus, the solution is globally defined and bounded on

[0, 00).

3.2 Basic reproduction number

In order to derive the basic reproduction number for
the model (1), we utilize the popular next-generation
matrix method. For that, the disease free equilibrium

point »0 = (SO, V(?), V(?l.), EY, 10, RO> of the model
is computed as
§0 — (I—€1 —e)A
01+ un '
Vo _ erA +60,5°
D7 O+
0
Vo, — w
W7 ot
EY =0,
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1°=0,
0
Rozpnm
"

Next, at this disease-free equilibrium point £°, we
compute the jacobian matrix F for the new infections

F=<gﬁW+wl—nnm§y+ﬂ—nﬁﬁW%>,

Similarly, for the remaining transfer terms also we com-
pute the jacobian matrix V as

V_(¢+t+u 0 >
o - Arto+u/)’

Now, we find out the spectral radius of the matrix
FV~L, which is the basic reproduction number. This
is denoted as Rg and it can be seen that

& (BS°+ (1 —mnBVY + (1 —mpVY,)
Cto+w@+t+p

R =

3.3 Local stability of the disease-free equilibrium
point

In this subsection, we demonstrate the local asymptotic
stability of the disease-free equilibrium. This result is
crucial for identifying the conditions that allow for the
potential eradication of the virus from the population.

Theorem 3.3 The disease-free equilibrium point X is
locally asymptotically stable when Rg < 1 and unsta-
ble when Rg > 1.

Proof The Jacobian matrix of the model (1) at the
disease-free equilibrium point X is given by

The characteristic roots x; (i = 1,2, ..., 6) are found
to be

x| = —[,

x2 =—(n+061),

x3 = —(0+ ),

x4 =—(p+ ),

while x5 and xg are the solutions to the quadratic equa-
tion x2 + a1 x + ap = 0, where

a=Ato+u)(@+t+upn >0,
a=Gto+w(d+r+p

— B (SO + A =nVE + = m)VE,),
:(A+w+ux¢+r+uwﬁ—R@.

It can be observed that x1, x2, x3 and x4 are all negative,
as all parameters are positive. Additionally, a > 0
when Rg < 1, which means that the quadratic poly-
nomial satisfies the Routh-Hurwitz criterion, ensuring
the local asymptotic stability of the disease-free equi-
librium when Rg < 1. Conversely, if Rg > 1, the
disease-free equilibrium is unstable. This completes the
proof. O

4 Stochastic model analysis

Transitioning to the stochastic model from the deter-
ministic environment is essential, as it introduces ran-
domness to capture the inherent uncertainties and fluc-
tuations present in real-world SARS-CoV-2 dynam-
ics. By incorporating the O-U process, we can ana-
lyze how these stochastic variations influence disease

B —e1—e)A

—(601 + 0 0 0 0
o 01+ 1 .
1— 1A + 6,8
61 — (62 + ) 0 0 (A =nDB(er 159 0
O+ u .
- (1 —m)Bleh +6:V2)
M 0 b —(p+mw 0 _ = ®
0 0 0 —@Ht+w B+ AV +A -Vl 0
X 0 0 ¢ —O 4o+ ) 0

@ Springer



T. A. Midhun et al.

spread and the effectiveness of intervention strategies.
This analysis offers a richer, more nuanced understand-
ing of potential scenarios, allowing us to account for
the unpredictable nature of the virus. Ultimately, this
deeper insight aids in refining public health strate-
gies, enhancing our ability to manage and mitigate the
impact of the virus more effectively. The framework
utilized in this section for the analysis of the model (3)
is inspired by the research conducted by Shi and Jiang,
as presented in their work [63].

4.1 Existence and uniqueness of a global positive
solution

This subsection establishes the existence and unique-
ness of a global positive solution for the stochastic
model (3). This proof is crucial in demonstrating that
the system behaves consistently over time, ensuring
that the solution remains biologically meaningful by
preventing negative or unbounded values. For that, we
present the following theorem:

Theorem 4.1 For any initial value X (0) = (S(0), V(;
(0), Viiiy(0), E(0), 1(0), b(0)) € Ri X R, there exists
a unique solution X (t) = (S(), Vi (), Vin (1), E(t),
1(t), b(t)) fort > 0, and the solution remains in Ri X
R a.s.

Proof The local Lipschitz continuity of the system (3)
can be very easily verified. Therefore, for any ini-
tial value (5(0), V(;)(0), V;i)(0), E(0), 1(0), b(0)) €
Ri x R, on the interval [0, .) the existence of a unique
maximal local solution (S(t), V(;)(t), Vi (1), E(1),
I(t), b(t)) can be guaranteed. Here, 7, is known as
the explosion time. Now, we prove that this solu-
tion is global, i.e., T, = oo a.s. To this end, let
ng > 1 be a sufficiently large integer such that

(S(0), V(i) (0), Viii(0), E(0), 1(0), b(0)) will lie within

the interval | —, ng |. Now, the following sequence of
n

stopping times can be defined for every integer n > ny:

Throughout this article, we establish that inf¢ =
oo a.s. (usually, ¢ denotes the empty set). It is
evident that as n approaches oo, 7, is monoton-
ically increasing. Let 7o, = lim,_ 7,. Conse-
quently, Too < 71, as. If 1o = o0 a.s. holds
true, then it follows that 7, = oo a.s. Additionally,
(S(1), Vi (1), Viin (1), E@), I(t), exp(b(1))) € R, x
R as Vi > 0. To complete the proof, we aim to
establish that oo = oo a.s. To do so, let us assume
the opposite. This implies that P{toc < T} > ¢,
for some constants 7 > 0 and € € (0,1). Con-
sequently, there exists an integer n; > ng such
that P{r, < T} > € for all n > n;. For any
(S(1), Vioy(®), Vi (1), E(1), 1 (1), exp(b(1))) € R, x
R, we define a non-negative C2-function U; as follows:

Ui (S, Vi), Vi, E. 1, b)
=(exp(b) =b—1)+(S—1—1og¥s)
+ (V(i) —1—1log V(i))
+ (Vi) — 1 — log Vi)
+(E—-1—1logE)+({ —1—logl).

The non-negativity of U; can be obtained through the

inequality y — 1 —logy > 0 for y > 0. Now, by
utilizing the Itd’s formula, we get

/<22 exp(b)
2
+ <1 - l) (1 —€1—e)A
S
—Bexp(b())ST — (61 + 1))

1

+ <l — Wz_)) (e1A + 018

—(1 = n)Bexpb®)Viyl — (624 1) Vi)
1

+ (1 — m) (621\ + 02V

—(1 = m)Bexp(b(t)Vinl — (o + 1) Viiiy)

LU; = —k1b(exp(b) — 1) +

min (S(1), Vi) (1), Viiiy (1), E(t), 1 (1), exp(b(1))) < *

T, =131t€]0,1): (or)

max (S(1), Viiy (1), Vi (1), E(1), 1(1), exp(b(1))) = n
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- _
+ (1 — E) (,3 exp(b())SI + (1 —n)p

exp(b()) Vi I + (1 —n2)B
exp(b)) Vil — (@ + T+ WE)

+<1—%)(¢E—(A+w+u)1),

k2 exp(b _
< 1 (exp(b) — 1) + sz() + 5
exp)(I—m —m)+A+01+6+¢

+t14+A+wo+p+50.

Now, let us take A(t) = S(t) + Vi (1) + Vi (1) +
E(t) + I1(¢). Then, we can note that

A< A — A,

which implies

A . A
—, if A(0) = —

Alt) < A =

> &

A0), if A@) > =
"

Also let us denote

K2 exp(b)

8(b) = —i1b (exp(b) — 1) + —

+Bexp(b)(1 —ni — m2).

It can be noted that g(b) — —o0 as |b| — oo. There-
fore, g(b) always has an upper bound. Now, let

sup{g(b)} = C; < oo.
beR

Then, we have

LW <Ci1+A+01+6+¢
+t4+A4+ow+p+ 50 <C,,

where a well-defined positive constant C, can be easily
established. This completes the proof. O

Remark 4.2 From the model (3), it follows that

dA < A — 1A.

— 2 2
) {SO exp (12—2“> + (1 =)V exp (12—2“)
RS =

Moreover,

A A
A1) < = + exp(—put) [A(O) - —} .
0 0

Thus, if A(0) < é, then A(r) < é almost surely.
Further, we can oblsérve a

dS < (1 —e—e)A— (01 + w)S.

Therefore,

S(t) < S° +exp (=01 + W) (SO) — ).

We further observe that if S(0) < S°, then S(r) < S°.
Additionally

dViy < el + 0,5° — (6, + W Vay,

implies

Vi) (1) < V) +exp (= (62 + 1)1) (Viiy (0) — V).
Furthermore, if V(;)(0) < V(?), then V(1) < V((i))
almost surely. Similarly, considering

dVii < A + 92V8) — (o + Vi,

we obtain

Vi () < Vi +exp (=(p + 1) (Viiy (0) = V).

Also, if Viiy(0) < V. then V(1) < V) almost
surely. Hence, we can define the following positive
invariant region:

O = {(b, S. Vi Vi, E. 1) € RS x R :

0 0 0 A
S <8, Vi < V(i)? Viiy < V(ii)’ A< ; .
Hereafter, we take X (0) € ® always. |

4.2 Existence of stationary distribution of the model

3

In this subsection, we establish the existence of a sta-
tionary solution for the stochastic model (3). The sta-
tionary solution represents a stable long-term behavior
of the system, where the effects of random fluctuations
are balanced over time. To explore this, we introduce a
stochastic threshold RS, defined as:

2
+ (1 =)V exp <ﬁ)}

A to+w(@+t+p
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This expression quantifies the average transmission
potential of the virus within the stochastic framework,
considering the natural randomness. Now, consider the
following theorem:

Theorem 4.3 If R} > 1, the solution of the stochastic
model (3) admits atleast one stationary distribution.

Proof The proof outline can be segmented into three
main steps. Initially, we construct a non-negative C-
function denoted as Ux(S, Vi, Vi, E, I, b). Subse-
quently, we select a compact set D C ® such that
LU, < —1 forall (S, V(,'), V(,','), E,.I,b) € @\D. The
final step is to establish the existence of a stationary
distribution.

Step 1 (Construction of a non-negative C2-function):
Let us first consider the function Y| defined as

Y1 = —cilog$ —log Vs + c2Viiy,

where ¢ and ¢, will be defined on a subsequent stage
of this proof. Now, we apply the 1t6’s formula

ci(l —ep —e)A
S

+c1Bexp (b)) I +c101 +c1pn

+ (et A+ 018) — c2(02 + W) Vi),

exp (b)) +62+un —

e A 018
Viy Vi
ci(l —e1 —e)A
B —— c2(62 + ) Vi

+ (1 — ) BI exp(b(1))
+ 60 4+ c1(BLexp(b(1)) + 01 + w)
+ca(el A+ 6,59,
1A 1
< v 3{01c1ca(1 — €1 — €2)(02 + )A}3
(i)
+ (1 =) BIexp(b(t)) + 0> + 1

+ c1(BI exp(b(t))+61+m)+ca(e1 A6 S0).

Now, we can choose ¢ and ¢; to be

161 + ) = ca(er A +6,5%)
01 —e1 —e)A B2+ 1)
01 + W (erA + 6,59

@ Springer

Then

e1A _
LY < — 4+ (c1+1=n)p
Vi
618%(60 + )

b(t)I + 6 -
exp(b(t))] + 60, + u A0S0

€1A _ €A
=92 (e — nBexpbn] + S
Vi Yo

Further, we define

Y2 = —log Viiiy + c3Y1 + caVipy,

where c3 and ¢4 will be defined in a subsequent stage
of the proof. Let us now apply the Itd’s formula

el 6V

Vi Vi

+ (1= m)Bexp(b(t)N] + p +
czel A

Vo
czelA

Vi
+ caer A + 4 V()
—ca(1 —m)Bexp(b()) Vil — ealp + 1) Vi

+ c3(14+c1 — n)Bexpb(t)]

_aeh Ve
Viy — Vi
C3€1A
—calp+wVip +p+n+
Viiiy

+ cu(eA +6,V)

+ Bexp(b(NI((1 —m) + c3(1 + ¢ —m1)),

e

Viiiy

1

—3{c3c402(p + 1A} + o+ 1

c3€1 A
+ 22

Vi)
+ 6V + (1= n2) +e3(1+ ¢ — 1)

X Bexp(b(t))l.

+ ca(e2A

Subsequently, c3 and c4 can be chosen from the follow-
ing equation:

02(p + 1) V((,?)

e\ + 0, V((l.)) '

czel A
0
@)

=c4(e2A + 92V8)) =
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Then

€2A (o + w1V, (,)
V(ii) e +60V (l)
+ (1 = m2) + c3(1 + 1 — ) Bexpb(t)I,

LY, < —

p+u

% V(l)
V(” €2A + QZV(I)
+4+((1 = m) +c3(1 +c1 —n))Bexpb()1,

A +( ) E2A
= -1 P+ ——————¢
V(ll) 62A + 02 (l)

+ (1 =m) +c3(1 +c1 —n))Bexpb())],
e e

=——0—+—5 +{1-m)
Viiiy V(”)

+c3(1+ ¢ —m))Bexpb()I.

=——+(p+u)<

Now, we can define another function Y3 as

Y3=—logE+diY1+dY>
—d3log S — (ds +ds + dg) log I,
where di, dp, ds, d4,ds and dg will be defined in a

subsequent step of the proof. Now, let us apply the It6’s
formula again

LY3 < _Bexp(b®SDH (1 —n)Bexpb(1) Vil
£ ] E
(1-m)P e)za(b(t))Vai)I to+THnu
_ dle(;)A +di (14 c1 —n)Bexpb(t)]
dietA  deA
Ve Ve
dres A —d

0
(i)

+do((1 =) +c3(1 +c; —n)Bexpb(t)]
d3(1 — €1 —ex)A
-otmazel
+ d3Bexp (b(t)) I +d3(01 + w)
(ds +ds + ds)9E
1
X (A4 o+ p) +dr,

+ (ds + ds + de)

where d7 will also be determined later. Now

£Ys < —4 {dsdsdr B expb()(1 — €1 — ) Ap}
—3{dids(1 - n)e1 AB exp(b(1))g)

— 3 {dads(1 — m)es ApB exp(b(1))}*
diel A drer A

0 0
Vi) Vi

t+to+t+u+

+d3(0) + 1)

+ Bexp(b)I (di(1+c1 —m)
+do((1 —m2) +c3(1 +c1 — 1)) +d3)
+ (ds+ds +de) (X + o+ 1),

1

2 4
=4 {d3d4d7,3 exp (12 > (1— 61_62)A¢}

K2 %
{dlds(l —n1)erAB exp (12 ) ¢}

1
2 3
-3 {dzdé(l — m)esAgpexp (12 ) }

dietA  drea A

40 V0
Vi Viin

+o+T 4+

+d3 (6 + )
+(dy+ds+de) A+ w0+ p) +dy
+ dgexp(b())I + hy (D),

where

ds = ((14c1 — n)(d1+c3da) + do (1 — m2) + d3) B,

and

hi(b(1)) = 4 {d3dsd1B(1 — €1 — e2) A} ?
“ @)
P\ Bt _CXP< 4
{d1d5(1 - 771)611\,345}3
b(z)
exp 36/(1 3 )
+3{dods(1 — ) AR}
X €X K22 — X <@>
P\ 360, P37 )

where dy, d», d3, dy, ds, dg and d7 are chosen in the
following manner:
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d
VL—@a+w+m

(@)

2

1= n)BVY exp [ —2—

( m (,) p 1261
Ao+ pu

’

+ ¢+ T+ p+dgexp (b)) I+ hi (b))
—(Ry—1)(@+7+p
+dg exp (b(1)) I + h1(b(1)),

where

- 2
Bo {50 exp (16K1> + (1 —m)V (1) exp (12K1> +(1 - nz)V(?i) exp <%)}
Ry = )

A+o+w(@+t+nwp

d
S = ds(h + o+ )

(H)

2
1= 12)pBVO. exp [ —2—
( 12 (”) p 1261
Ao+ pn
d3(0 +p) =di(A+o+p) =d;

K2
(1—61—62)Aﬁexp(16 )
Gr+wr+o+pn

’

Now, we have

&
(I —¢ —62)A¢,36XP( )

16k
LY; < —
01+ n
2
1= n)er ABVY, exp [ —2
( n)e1 (,) p 1261
B At o+

31,0 k3
11— ApBV,.. —
(I —m)e2ApBV ;) exp 26

Ato+nu

+ ¢+ 1+ p+dgexpb()] +hi(b(1)),

50 “
®PB exp Tox,

Ao+ p

a 4
(1 =01V exp 0

B Ao+ u
2
(1= m)¢BVY, exp | =2
TIPP Vi) XP\ 1,

B Ao+
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Now, by utilizing the Young’s inequality, we can write
1
exp(b(t)) < ajexp(2b(t)) + —.
4a

Further

LY; < —(Ry—1)@+T+w
4 dy (m exp(2b(1)) + L) I+ hi(b(o)).
<—(Ry—-1)(p+7+mw

4 Darexp@bUDA | dsl Ly,
I 4ay

2
Ky
dgay exp (—) A
K1
"

dgl
+ o + hi1 (b)) + ha(b(1)),
ai

—(Ro—1)(@+t+mw+

where

2
ha(b(1)) = dSL:A (exp(2b(t)) — exp (—2>> :
Ki

Now, let us choose a; such that

2
dsap exp 9 A
K1 C(Ry-D(p+T+w

% 2
Now, it can be written that

(RE=1)(@+T+mw
2

dgl
-|-4— + h1(b(2)) 4+ ha(b(2)).
ajl

Further let us define

sl
4(11

Ao+

LY; < —

Yo=Y+
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Utilizing It6’s formula on Y4, one can obtain

(RY—1) (p+7 + 1)
2
d.
al i
4a; rAt+o+p

(RS —1) (o474 )

LYy < —

(PE — A+ o+ i),

=— 5 + h1(b(2))
d3so E
+ ha(b(t)) + m,
(Ry—1)(p+7+ )

2
+hi (b)) + ha(b(1)) + a2 E,

where

_ kP
daj(A+w+p)

Now let us define the following functions:

az

Ys = —logS —log V(;) — log V(;;y —log I
—log(s° — §) — log(V) — Vii))

0 A
—log(Vii;y — Viiiy) — log ; —A
and

Yo = exp(b(z)) — b(z) — 1.

Again by utilizing the 1t6’s formula, we get

l—€;—e— i}
ors = U020 e
1o+ eiA 018
10— —
Vi Va
+ (1= n)Bexpb() + 6,
e A 02 Vi
- 22 _
Vi Vi
+ (1 = n)Bexpb(t)I + p
OE
+u— T +At+tow+pu
1
+ g (e —eaA
—Bexp(b(1)SI — (01 + 1) S)
+ ———— (1A + 0,
Vi, = Vi

—(1 = n)Bexpb®)) Vil — (02 + w)Vii))

+ h1(b(1)) + ha(b(1))

+ (GzA + 02 V(i

Vi — Vi
—(1 = m)Bexp(b() VinI — (p + 1) Vi)

1
+ — (A —pA—tE—- A+ wl),

(i)

<_(1—61—E—2)A_ﬂ

+ G=n—m)Bexp(b(t))I+61 + 62 + p + A
A—puA—1tE—-—QA+wl

+ow+4p+
n Y
y
+ o ((9 +10)(8° — $)—B exp(b(t))SI)
g— g0 (M
+ (G + WV = Vi)
Vi = Vi ( @

—(1 = n)Bexpb() Vi)

+ (G0 + (V8 = Vi)

V(?i) = Vi
—(1 = n)Bexpb()Vinl) .
- (I1—€1—€—2)A €A

= S T Vo
er  ¢E  Bexp(b(t)SI
Vi 1 SO—8
_ (L=m)Bexp(b())Vip!
Vo = Vo
~ (L=m)Bexp(b() Vi !
Vi — Van
tE G =m—mBexpb()
A " w

+201 +20, +2p+ X+ w+ 8u.

Also, we have

K3 exp(b(1))

LYs = —k1b(1)(exp(b(1)) — 1) + >

Now let us define
Y7 =PYs+ Y5+ Y,

where P is chosen to be sufficiently large and
satisfy
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PR, — D(p+71+
B (Ry )(2¢ T M)+j1

+201+200+2p+ 2+ w+8u <=2,

where
J1 = sup {—«1b(t)(exp(b(?)) — 1)
b(t)eR
N (ﬁ L B-m- 172)51\>
2 I
exp(b(1))}.

Further, we have
LY7 < Phi(b(1)+Pha(b(1))+h3(S, Vi), Vi, E, ),
where

h3(S, Vi), Viiy. E,1,b)
_P(Ry—D@+1+w1)

2
l—€—e—=2)A A
+papp - LT —€=DA_aA
S Vi
eA  ¢E
Viiiy 1
_ Bexpb@)SI (1 —n)Bexp() Vil
s0O—5 V(?) 10
(L= m)Bexpb()) Vil
V((i)i) = Vin
tE

%—S— Viy = Vi — E—1
5 _
K 3—n; — A
<22 B—m—m)B )exp(b(t))

— k1b(@)(exp(b(1)) — 1) + 26,
+20+2p+ A+ w0+ 81

Step 2 (Construction of a compact set)
We define a compact set as follows:

%1(1 —m)logm + sup {h4(b(1))}

b(H)eR
PazA
+201+20b+2p+ A +w+ 8+ < -1,
%)
K1 1
— (— — 1) logm + sup {ha(b(2))}
2 \m b(1)eR
Pay A
+201 +200+20+ A4+ w+ 8u + ” < -1,
(6)
Pay A
<1, @)
"
Pay A o min{(1 — €1 — €2), €1 A, 2, ¢} <1
" m
(3
ParA 1 . - _ _
- min{g, (1-n)B, (1-m)B, 1}-2 < —1.
()
Here
—k1b(t)(exp(b(t)) — 1)
ha(b(n) = ===
5 _
K 3—n — A
+ (72 Bz m = m)bA ; n)p ) exp(b(1)).

To prove that h3(S, Vi), Viiy, E, I,b) < —1, V (S,
Viy, Viy, E, I, b) € ©\D, let us define the following
sub-domains:

D§ = {(S., Vi), Viiiy. E.1,b) €0 : 0 < exp(b(1)) < m},
1

DS = { (S, Viiy, Vi E.1b) €01 — < exp(b(z))} ,
m

DS = {(S. Vi), Vi, E, 1,b) €6 :0 < E <m},

= {(S, Viy. Vi, E.1,b) €0 :0 < S < m},

{(S, V(,'), V(l','), E, I,b) €0:0< V(l') < m},

{(S, Viy, Viiy, E 1, b)ebh:0< Vi) < m} N

D¢
D¢
D¢
n

(S, Viy. Vi E.1b) €0 :m <E, 0 <1 <m2},

m<exp(b(t) <L, m<S8 m<Vy, m<Vy, m<E,

0 5

Dy = 1 (S, Viiy, Viiny, E. 1,b) € © :m> < 1, S <80 —m’, Vi) < V) —m?, Vi, < V@, —m’, 1,
S+V(i)+V(ii)+E+I§%_m2

with m € (0, 1) is a small enough constant satisfying

the following inequalities:
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D§ = {(S. Vi), Viiny, E. 1.b) €0 :m < S,

m < expb(), m? < 1, V) —m’ < Vi,
DS, = {(S. Viy. Vi E.1.b) €6 :m < S,

m < exp(b(t)), m> < I, VO —m’ < V(;i)} ,
D$} = {(S. Vi), Vi, E. 1.b) €6 :

A
m<E, ﬁ—m2<S+V(,‘)+V(,',')+E+I}.

Further, it can be easily verified that
e\D = Df uD§ UD§ UDS UDS UDE UDS
c c c c

UDg UDg UDp, UDy,.
our aimis to prove that 13 (S, V), Vi, E, 1, b) < —1,
in each of these sub-domains. For that, consider the
following cases coupled with equations (5)-(9):
Case (i). For any (S, V), Vi, E, I, b) € DS, b(t) €
(—o0, log(m)). Now

h3(S, Viy, Vi, E, 1, b)
< —k1b(t)(exp(b(r)) — 1)
’ o _
. <K_2 LG nz)ﬂ/\> exp(b(1)
2 M

Pay A
+201+200+2p+ 14+ +8u+ P

_ —kibM(expb(®) — D
- 2

+ sup {h4(b(1))}
b(eR

Pay A
+201+200+2p+ 14+ +8u+ n

Then

h3(S, Vi, Viiy, E, 1, b)
< %‘(1 — m)logm

+ sup {ha(b(1))} + 2601 + 26, + 2p
b(t)eR

Pa, A
+A+o+8u+ T

< -1

Case (ii). For any (S, Vi), Viiiy, E, I, b) € DS, b(1) €
(—log(m), o0). Now

h3(S, Viy, Vi, E, 1, b)

= —k1b(@)(exp(b(1)) — 1) + sup {h4(b(1))}
b(t)eR

Pa, A
+2014+20,+2p+ A2+ w+8u+ P

1
<4 (— - 1) logm + sup {ha(b(1))}
2 \m b(r)eR

Pay A
+2014+200+2p+ A2+ w0+8u+ u

< -1

Case (iii). For any (S, V(;), Vi, E, I, b) € ]D)3C. Now

Pay A

m
—1.

h3(S, Viy, Vi, E, 1,b) <

2’

IA

Case (iv). For any (S, Vi), Vi, E, I, b) € ]D)f or ]D)SC
or Dg or ]D)7C . Now

h3(S, Vi, Viiy, E, 1, b)

- PazA_z_(l—El—E—Z)A

Par A
<222 2
n
min{(1 — €] — €2), €1 A, e2A, ¢}
p ,
< —1.

Case (v). For any (S, V(;), Vii), E, 1, b) € ]D)8C or ]D)QC
or Dfo or lD)f1 . Now

h3(S, Viy, Vi, E, 1, b)
_ Pap Bexp(b(1))SI
- SO—8
_ (L=n)Bexpb())Vi!
Vo = V)
_ (L=m)Bexpb())Vin!
Vi = Vai
TFE
S=S—Vi—Vip—E—1
- Pay A B l
" m
min{B, (1 —n)B, (1 —n)B, 1} -2,

< —1.

’
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Now, from the cases (i)-(v), it can be stated that
h3(S, Viy, Vi, E, 1, b)
<-1,V (S, V(,'), V(,'i), E, I, b) € @\D.
Step 3 (Existence of stationary distribution) : Since
the function Y7 tends to oo as S, V), Vi), E, I, b and
S + Viy + Vi + E + I approaches the boundary
of ®. Thus there exists a point (S’, V;i), V(_ii), E, I_) in
the interior of & which makes Y7(§, VEi), V(_H), E, 1 )
takes the minimum value. Now, take U; as U, =
Y7(S, Viy, Viny, E,1,b) — Y7(S, Viy, Viiy, E, 1, B),
which is a non-negative C2-function. Now, by apply-
ing It6’s formula
£U2 < h3(S, V(,'), V(,','), E, I, b)
+Pha(b(t)) + Phi(b(1)).
Now, for any initial value (S(0), V(;y(0), V(;;)(0), E(0),
1(0), b(0)) € ® and an interval [0, ¢], applying math-
ematical induction will give

t
0

E (U (0 1 !
= #—F?/ E(h3(S, Viy, Viiy, E, 1, b)) ds
0

+ 4P {dsdsdrB(1 — €1 — 62)A¢}%

2 t
<exp <6’;2/q) —E <;/0 exp (@) ds))
+3P ((idser Ao (1 — 1)’

+(dadger A (1 —12)" )

2 t

9 1 bs)
<exp<36K1>—E<t/0 exp( 3 )ds))
n Pdgai A

1 t
(IE (O—/ exp(2b(s))ds>
2 tJo
2
Cexp (_))
K1
By utilizing the Lemma 2, we have
1 [ b ;
lim—/exp & ds = exp 2 ,
=00t Jo 4 64/(1
.1 b(s) K22
ll;n;o;/o exp (T) ds = exp 36, |

t

2
exp (2b(s)) ds = exp (—2> .
0 K1

(10)

o1
lim —
t—oo

Now, by allowing t — oo in (10), we get

E (Us(0
0 < lim inf 2O

t—00 t

1 1
+ liminf — / E (h3(S, Vi), Viiy, E, 1, b)) ds,
0

t—>oo t

t—oo t

1 t
=liminf—/ E (h3(S, Vi), Vi, E, 1, b)) ds, as.
0

Also, we can write

h3(S, Viy, Vi, E,1,b) < Q,
v(S, Vi, Viiy, E, I,b) €0

where

pap- LT =€=DA ah e ¢E

_ S Ve Van 1

Bexp(b(t)SI (1 —n1)Bexpb(t) Vil

0= sup - 0 _ B 0 _y. < 00
(S, Viiy, Viiiy, E 1,b)e® § :9 V(i) Vi
(A =m)Bexpb)Vin! TE
V(?,') — Vi % - S—-Viy—-"Vin—E—-1
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Then, we have

1 t
lim inf —/ E (h3(S, Viy, Vi, E, 1, b)) ds,
0

t—oo t

t—o00

] t
= liminf —/ E (h3(S, V(,'), V(l','), E, I, b))
0
L5,V Viiiy. E.1.b)eD}ds
Lt
L5,y Viiy . E.1.p)e@\D}AS,

t
= thlnf _/ ]I{(S,V(i),V(,','),E,I,b)G]D)}dS
0

t—o0 t

B B
—lltrglogf;/(; Lies Vi Vi . E.1.0)c0\DY S,
1
<(Q + 1) liminf —
t—>o0 t

t
times/ H{(S,V(;),V(ii),E,I,b)e]I))}dS — 1.
0

Further, it can be shown that

' 1
o] o b
lim inf t/o lies. vV B.10)epyds 2 5=y
> 0, a.s.

Now, let P{z, (S, Vi), Viiiy. E, 1, b), ©} is the tran-
sition probability of (S, V(;, Vi), E, I, b) belongs to
the set ®. Further, on the utilization of the Fatou’s
lemma, we can write

S

hgggf?/o P {s, (S, Vi), Viiiy. E. 1,b), D} ds

1

0+1
This establishes the existence of a stationary distribu-
tion on ®. It can also be stated that this stationary distri-
bution carries the Feller property also. This concludes
the proof. O

>

> 0, a.s.

4.3 Extinction of the infection from the stochastic
model (3)

In this subsection, we derive the conditions that must
be satisfied for the SARS-CoV-2 infection to be erad-
icated from the population. To achieve this, we intro-
duce the stochastic threshold parameter for extinction
R{, defined as:

R = /R

Be(S® + (1 =)V + A —m)V)

+
‘/R(‘f(¢+r+u)min{¢>+r+/x,)\+w+u}

3 3
1 +exp ol 2exp o
1 1

This expression represents the threshold that combines
both deterministic and stochastic effects, quantifying
the conditions under which the infection will fade out
over time. Satisfying these conditions is crucial for
determining when public health interventions will suc-
cessfully eliminate the virus from the population. For
this, we establish the following theorem:

Theorem 4.4 If R§ < 1, the extinction of the exposed
and infected individuals occur exponentially. Mathe-
matically,

1
lim sup — log ¢ E(t)
oo b [ RE@HT 0+ 0+ )
+———1(); <O0a.s..
Ato+p ()}

Proof Theorem 1.4 from [64] establishes the existence
of a left positive eigenvector for the following two-
dimensional matrix:

B(SO +0 - TII)V(?) +d- rIZ)V((,‘),‘))
A= p+t+u
_ ¢ 0
Ao+

This eigenvector corresponds to ,/Rg and satisfies the
equation:

\/RT{(w, 1) = (@, DA.

Now, define a C2-function Us as folllows:

w 1
o+Tt+pu0 Ato+pu

Now, by applying the Itd’s formula, we get

1 i
LllogUs) = - {(Hi%“ (B exp(b(1))SI

+(1 - 771):8_ exp(b(1)) Vil
+(1 = 1) B expb()) Van )

1 1
+—{ (¢>E—()L—|—w+,u)1)},

Us | Ao+pur
] {w,B_Iexp(b(t))
—Us o+Tt+p
(4 =m0Vl + 1 =m)Ve,)
E E
__Z + ¢ —I},
d+t+pu Ato+pu
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1 { wpl
U |lotT+n
(O+a=mv) + 1 —m)ve,)
o E
o+Tt+pu0
E
+"’—_1}
A+T4+ 1
I { o p
Us |op+T+ 1
(4 =m0Vl + 1 =mV,)
lexp(b(1)) — 1]},
_ @l to+w
o+T+nu1

{SO + =)V + (1 - ”2)"&)}
lexp(b(t)) — 1|

1 T T
+ g [AE DT = @7

_ @O to+w
o+t +nu1

[8°4 = nvd +a - mpv, |
lexp(b(1)) — 1|
-+ U%Rg(w, D(E, D" = (@, )(E, DT},

@B+ o+ )
o+T+pu

{SO + - Ul)v(?) + (1 - ﬂZ)V(?i)}
lexp(b(1)) — 1]

1
+ 5 {(\/RT‘{— 1)(wE+I)},

B
J§%+t+u
[s0+a—mve +a-mve,)

lexp(b(1)) — 1|
—min{¢ + 7+ u, A + o+ u}

« (1 - Rg>. (an

Now, we integrate (11) from O to ¢ on both the sides
and get

@ Springer

log Uz — log U3(0)

t

- B
J%¢+r+u

[sO+a =l +a-mve,)

t
(1 f | exp(b(s)) — 1|ds>
t Jo

—min{d)—i—r—l—u,k—i—m—i—u}(l— Rg).

12)

Subsequently, on both the sides of (12), we take the
limit supremum and use Lemma 2

: log U3 (1)
lim sup ————
—00

- B¢
\/R>g¢+r+u

[sO+a =l +a-mve,

1

P PANE
1 + exp . —2exp v
1 1

—min{¢+r+u,x+w+u}(1— Rg),

=—min{¢+t+u,k+w+u}(l—,/R(‘;),

where
R — JRi+ Bo(S° + (1 — n)Viy + (1 — m) Vi)
0 — 0
VRO@ + T+ pmin{ + 7+ p ko + )

3 o
1 +exp ol 2exp w ]
1 1

That is the infection will extinct exponentially with
probability one, when R{ < 1. This concludes the
proof. O

5 Numerical simulations and discussion

In this section, numerical simulations of the stochas-
tic model are presented, highlighting their crucial role
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in disease control and prevention. These simulations
provide an understanding of the complex dynamics of
SARS-CoV-2 transmission and progression, allowing
researchers to explore various scenarios and interven-
tions without the limitations of real-world constraints.
By simulating the stochastic behavior of the epidemic,
we gain insights into prevention strategies, treatment
effectiveness and future trends. This information aids
public health officials and policymakers in designing
effective measures, optimizing resources and reducing
the impact of the disease, thereby supporting evidence-
based decision-making for future outbreaks. For the
model (3), we write the following discretized scheme
by applying Milstein’s higher-order method [65] which
is widely used for the numerical simulations of SDEs:

p*D = p® i pO AL 4 11 x O/ A,
SED = §® 411 — 61 —e)A
—Bexp (b(k)) s©O1® (g, + ,u)S(k)] At,

Vé.’;*“ = V((l.’? T [elA +618® — (1 —np

k
exp (b(k)) vEI® — 0y + ) v((,.’g)] At

(k+1) _ v, (k) (k)
V(ii) == V(ii) + I:EZA + 92V(ii) - (1 - 7]2)

B
n k
o) 0 ]
(S(k) + A=V +a - ’72)"((1‘13>
—(p+1+ M)E(k)] Az,

194D = 1 4 [9E® — G+ 0+ 01 W ] Ar.

Here (S(k), V((l.li), V(E.lf.;, E® &) b(k)) represents the
values at the k-th iteration of the discretization equa-
tion. Also, independent random variables following a
standard normal distribution are represented as x®.
Further, the time increment is denoted as At which is

always positive.

5.1 Model calibration and parameter estimation
through data fitting

We gathered weekly data of COVID-19 confirmed
cases in India from the official website of the World
Health Organization [66], covering the period from

February 28, 2021 to May 02, 2021. This time-frame
corresponds to the second wave of the epidemic in
India, specifically when the number of cases was
increasing and reaching the peak of infection. We
applied a non-linear least squares fitting routine using
the Isqcurvefit function in MATLAB R2023b to fit the
model (3) to the data. By focusing on this critical period
of rising cases, we aimed to understand the impact
of the control measures and preventive actions imple-
mented by public health agencies. This approach allows
us to evaluate how these interventions influenced the
duration and severity of the second wave under various
conditions.

Firstly, the average life expectancy of an individ-
ual in India in 2021 was 67.24 years [67]. Using
this, the natural mortality rate can be calculated as

1
——— = 0.0002 ks~!. Additionally, th
724 % 52 0.000286 weeks dditionally, the

total population of India in 2021 was estimated to be
1,400 million [67]. This allows us to determine the
recruitment rate as A = Ny = 0.4 million. All other
parameters, along with their descriptions, values and
sources, are provided in Table 2. Also, the estimated
initial conditions are presented in Table 3. The fitting
of the model with the real data is plotted in Fig. 2.

Further, the residual errors are computed to evalu-
ate how well the model fits the actual data, with each
residual error defined as:

Residual; = lgata(fi) — Imodel (%),

where Iga2(f;) represents the observed number of
COVID-19 cases at time #; and Imode1(f;) denotes the
predicted number of the model at the same time point.
The residuals, illustrated in Fig. 3a, show a high degree
of fit. To further assess the accuracy of the model,
we calculated two error metrics: Mean Absolute Per-
centage Error (MAPE) and Root Mean Squared Error
(RMSE). These metrics provide a comprehensive eval-
uation of predictive performance and are defined as
follows:

Lgata (ti ) — Imodel (ti )
Idata(li)

3

1 n
MapE = 1% 3~
n
i=l1

1 n
RMSE = |~ " (lgata (1) — Imodel (1))”.
n i=1

These error metrics, given in Fig.2, indicate a strong
model fit. Additionally, a bar diagram comparing the
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Table 2 Values of model parameters

Parameters Value Source

A 0.4 [67]

B 0.8977 Fitted

w 0.000286 [67]

® 0.0635 Fitted

0 0.1524 Fitted

(22 0.1935 Fitted

N 0.7 [68]

2 0.75 [68]

¢ 0.1818 Assumed

A 0.6276 Fitted
0.2450 Fitted

P 0.8 Assumed

€1 0.2872 Fitted

€ 0.1635 Fitted

K1 0.6 Assumed

%) 0.2 Assumed

Table 3 Initial conditions for the model variables

S (millions) V(i) (millions) V(i) (millions) E (millions) I (millions)
Initial value 447 688 241 0.21 0.105
Fig. 2 Fitting of the model 3.5 T T T T T T T T
(3) to real data of total " = b
weekly number of § s 3r ¢ Real:atg i
COVID-19 cases in India =, Stochastic model fit
- 2E251 T
;eported tofWHQ using B c RMSE=0.089
sqcurvefit function in S 5 o MAPE= 7.7719% _
MATLAB R2023b (o
o
> =51 .
x O
x 2
o T 1k .
=2
58
Lo s *
0< 1 1 1 1 1 1
N o o o o A A A o o
LY L o S X2 ™ % L s L
IL%\Q'L Q"\“% A\k\d}’ rL‘\\db 1%\0'5 th\s \\\Q \%\Q& lf)\ob‘ Q'\Q%
Time
actual data with model predictions, as shown in Fig. 3b, the observed data, confirming the effectiveness of the
highlights the close alignment between the model and model in capturing real-world dynamics and trends.
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T T T T T T T T T T @ —~35
015 1 g 4
g2 3} 1
0.1f E o = I Real data
% 0.05 | ) 5 22-5 | Stochastic model prediction 1
'g 8 o 2 ]
® 0 * J(_ o
4 S 15¢ ]
-0.05 E x O
o > 1F 4
03T
0.1} . s 2
s 505 :
-0.15 L L L L L L L L L L |2 g,- 0
AP AIIUA g’l« AP AT AT ASSRCASIRU AY A
0% 420 0% \"I« A A W \"I« 2 o Q‘?« Q’L Q’L A Q’L Q‘Z Q'L Q‘L oF
L NIl N 0% A% (a0 La0% e (00F g0 Bk (g% S
7«%\ 1\ b‘\ ‘L‘\\ Q« D‘\ »\\ %\ ,f) f),\ o \Q'L\ 1\Q'5\ \Dc\db\ » \Q'b\ g \0'5\ Q&\Qb‘\ \QD‘\ \0&\ 'L"\Q o\ 6\
Time Time

(a) Residuals of the fitting of the model (3) to
real data of total weekly reported COVID-19 cases
reported to WHO in India

Fig. 3 Goodness of fit for model (3) compared to real data

Bo

(b) Bar diagram of the fitting of the model (3)
with real data from India

2
{SO exXp (16/(1) + A =m)V (,) exp <12K1> + {0 —=m)V, (”) (28Y (1;_?(1)}
=1.1555 > 1.

RS =
0 Oo+o+n@+1t+wp

5.2 Validation of theoretical results through
numerical simulations

Validating theoretical findings through numerical sim-
ulations is crucial for ensuring the robustness and prac-
ticality of theoretical models. Numerical simulations
offer a tangible method to test and confirm theoretical
predictions across various conditions and scenarios that
might be challenging to examine analytically. This val-
idation process not only verifies the accuracy of theo-

Bp (SO + (1 —n)Viy + (1 — 02) Viiry) (1

According to the Theorem 4.3, we can assert that a sta-
tionary distribution exists for the solution of the model
(3). This is illustrated in Fig.4. Further, from Fig.5,
it can be observed that the solution for each compart-
ment of the system approximately follows a normal
distribution, with the mean located at the correspond-
ing endemic equilibrium points.

Next, we change the value of 61 to 0.25 while keep-
ing all other parameters as specified in Table 2. It can
then be calculated that

2 2
ORNE)

R§=\/R§ +

\/R>g(¢+r+u)min{¢+r

=0.9691 < 1.
+u, A+ o+ p}

retical results but also identifies potential limitations or
assumptions, refining models for enhanced real-world
applicability. In this context, we validate our theoretical
findings through appropriate numerical simulations.

Firstly, we set all parameter values as specified in
Table 2. Then, it can be calculated that

Hence, according to Theorem 4.4, we can conclude that
the infected compartment /(¢) and the exposed com-
partment E (¢) will become extinct from the population
exponentially. The extinction behavior of the model (3)
under these circumstances is demonstrated in Fig. 6.
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Fig. 4 Stationary behavior
of the solution of the model
(3) when Rj = 1.1555 > 1
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We also examined the variations in the values of 5.3 Influence of key parameters on the dynamics of
Ry and R{ with respect to the stochastic parameters the COVID-19s wave in India
k1 and xp from the O-U process, as illustrated in
Fig.7. Notably, it can be observed that as the mean Historically, the outbreak of a contagious disease in a
reversion speed increases, the values of the threshold population often follows a similar trajectory. Initially,
parameters decrease. Conversely, as the noise volatil- the infection spreads slowly, affecting a small portion
ity increases, the values of the stochastic threshold of the population without causing widespread alarm.
parameters also increase. This highlights the significant However, as it continues to propagate, the number of
impact of the stochastic parameters on the infection cases rises exponentially, eventually reaching a tipping
thresholds, demonstrating their potential to influence point where the outbreak starts to disrupt everyday
the progression of the infection within the population. life. At this stage, the disease impacts public health,
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Fig. 5 Histograms of the 10 x10° x10°
solution of the model (3) 15
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the economy and social stability, significantly affect-
ing the ease of living of people. With increasing pres-
sure from the public and growing strain on healthcare
systems, government agencies are compelled to inter-
vene. As the outbreak escalates, authorities implement
various control measures, such as lockdowns, travel
restrictions, mass testing and public health campaigns
to promote preventive behaviors like hand hygiene,
mask-wearing and social distancing. Vaccination pro-
grams, when available, are rolled out to boost popula-
tion immunity. These interventions collectively aim to

2 4 6 0
I (in millions)

reduce the rate of transmission and slow the spread of
the infection.

Over time, these control measures take effect, lead-
ing to a stagnation in the growth of new cases. The
speed at which the infection spreads diminishes, and
the reproduction rate drops below the critical thresh-
old needed to sustain the outbreak. Eventually, one of
two outcomes occurs: either the infection is completely
eradicated, and the outbreak dies out, or the disease
is brought under manageable control, allowing for a
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Fig. 6 Extinction dynamics 500 700
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return to near-normal conditions, albeit with ongoing
surveillance and occasional interventions.

The primary focus of this section is to explore how
altering parameter values in the stochastic model can
help further reduce and control the infection after reach-
ing the peak of an epidemic wave. By varying these
parameters within specified ranges, we aim to under-
stand their impact on the number of affected individ-
uals over time. This analysis seeks to identify how
different scenarios influence the trajectory of the epi-
demic, revealing critical thresholds and ranges that can
significantly modify the progression of the disease.
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Insights gained from this study are crucial for develop-
ing effective public health strategies and interventions,
enabling policymakers and healthcare professionals to
make informed, data-driven decisions to manage and
mitigate future waves of COVID-19 and similar infec-
tion outbreaks.

We utilized the Partial Rank Correlation Coefficient
(PRCC) method in combination with Latin Hypercube
Sampling (LHS) [69] to conduct a thorough global sen-
sitivity and uncertainty analysis of the key parameters
in the model (3), namely ,3, 01,6, A, k1 and k». These
parameters were selected because they are considered
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controllable through various government programs,
while x1 and k» are stochastic parameters. PRCC val-
ues were computed at different time points for each
parameter, which allowed us to examine their vary-
ing influence throughout the simulation. This time-
dependent analysis facilitates understanding how the
impact of each parameter changes over time. The cho-
sen response function in this analysis was the compart-
ment /, representing the number of individuals infected
with COVID-19. The PRCC values provide valuable
information about the direction and strength of the cor-
relation between each parameter and the response func-
tion /. Specifically, positive PRCC values indicate a
direct positive correlation, while negative values sug-
gest an inverse relationship with /. The magnitude of
the PRCC values further quantifies the strength of these
correlations, categorized as follows:

(i) Absolute PRCC values below 0.2 suggest that the
parameter has a minimal impact on 1.

(i) Values between 0.2 and 0.4 indicate a moderate but
meaningful correlation.

k2 while k1 = 0.6

(iii) Values greater than 0.4 represent a strong correla-
tion, highlighting parameters that have a significant
influence on 1.

This classification allows for a clear understanding of
the relative importance of each parameter, facilitating
their prioritization in the context of model behavior
and predictions. Figure8 represents the time-varying
effects of the PRCC values of the key parameters of
the stochastic model where the response function is
I1(1).

Initially, we analyzed data from India during a criti-
cal period when a surge in COVID-19 cases was occur-
ring. Starting on February 28, 2021, the number of
infections began to rise steadily, moving from negli-
gible levels to approximately 3 million cases by May
2, 2021, in a relatively short span. At this point, the
impact of the virus became undeniable, straining pub-
lic health systems and prompting authorities to imple-
ment various interventions to curb the spread. In our
study, we fit our model to this specific period of the out-
break, capturing the data from the initial emergence of
cases up until they reached approximately the 3 million
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mark. This allowed us to reflect the natural progres-
sion of the infection before significant public health
measures were enforced. Our assumption is that once
the infection reached a critical threshold, policymakers
began introducing interventions, which led to changes
in the parameter values of the model. Our study aims
to identify the most effective control measures by ana-
lyzing how changes in key parameters influence the
course of the pandemic. We evaluate the impact of these
variations on COVID-19 case numbers, focusing on
how adjustments to specific parameters can reduce the
spread and inform targeted public health strategies.

In this subsection, we focus on how changes in crit-
ical factors such as the long-term mean value of the
transmission rate, vaccination rates (first and second
doses) and recovery rate affect both the extinction time
of the infection and the size of the infection peak dur-
ing a wave. By exploring various combinations of these
parameters, we assess how quickly the virus could be
eradicated and the potential severity of the outbreak,
providing valuable insights for mitigating future waves.

5.3.1 Impact of varying long-term mean value of the
transmission rate

Reducing the long-term mean value of the transmission
rate significantly impacts both the peak number of cases
and the extinction time of the epidemic. For instance,
a modest 11% reduction in S results in a decrease in
peak cases to 9.5452 million, but the epidemic does not
reach extinction and remains endemic. A more substan-
tial reduction of 22% lowers the peak to 7.2046 mil-
lion cases and reduces the extinction time to approxi-
mately 304 weeks. Further reductions to 33%, 44% and
56% progressively decrease the peak and shorten the
extinction time, highlighting a non-linear relationship
between B and epidemic dynamics. At a 67% reduc-
tion, the peak number of cases drops to 3.4936 million,
and the extinction time is significantly reduced to 34.82
weeks. This demonstrates that substantial decreases in
B are crucial for controlling and potentially eradicating
the epidemic.

5.3.2 Impact of varying first dose vaccination rate

Increasing the first dose vaccination rate markedly
influences the trajectory of the epidemic. A 65.6%
increase in ¢ leads to a peak reduction to 9.1509 mil-
lion cases and an extinction time of 123 weeks. Larger

increases in 01 continue to lower both the peak number
of cases and the extinction time, with a 393.5% increase
resulting in peak of 5.2140 million cases and an extinc-
tion time of 39.35 weeks. These results emphasize that
higher vaccination rates can effectively reduce both
the severity of the epidemic and the time required for
extinction, though the rate of reduction diminishes with
further increases in 0.

5.3.3 Impact of varying second dose vaccination rate

The second dose vaccination rate also affects epidemic
outcomes, but its impact on extinction time is less pro-
nounced compared to 61 . Increasing 8> by 51.6% lowers
the peak number of cases to 10.3526 million, but the
extinction time remains high at 1074.4 weeks. Even
with substantial increases up to 393.5%, the extinc-
tion time remains lengthy, though the peak continues to
decrease. For example, at a 393.5% increase, the peak
reduces to 7.1817 million cases. This indicates that
while increasing 6, can reduce peak cases, achieving
a significant reduction in extinction time may require
combining vaccination efforts with other public health
measures.

5.3.4 Impact of varying recovery rate

Variations in the recovery rate have a notable effect
on both the peak number of cases and the extinction
time. Increasing A by 16% results in a peak reduction
to 8.6880 million cases and an extinction time of 331.32
weeks. Larger increases in A lead to more significant
reductions in both peak cases and extinction time, with
a 55.7% increase resulting in a peak of 4.1523 mil-
lion cases and an extinction time of 60.5 weeks. The
diminishing returns at higher recovery rates suggest
that while increasing A is beneficial for reducing epi-
demic duration, additional measures may be necessary
to achieve further reductions in peak cases and to man-
age the epidemic effectively.

In summary, the analysis reveals that reducing the
long-term mean value of the transmission rate and
increasing vaccination rates are critical strategies for
controlling the epidemic. While higher recovery rates
also contribute to a shorter epidemic duration, the com-
bined effects of multiple strategies, including vaccina-
tion and public health measures, are essential for effec-
tive epidemic management (Figs. 9, 10, 11).
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Fig. 11 Extinction times of the stochastic model for varying parameters 3, 61, 6> and A

5.4 Impact of varying parameters of
Ornstein-Uhlenbeck process

In this subsection, we examine the influence of differ-
ent parameters of the O-U process on the dynamics of
COVID-19 infection peaks in India. Specifically, we
focus on two critical parameters of the O-U process:

@ Springer

the mean reversion speed «| and the noise volatility ;.
These parameters play pivotal roles in determining the
behavior of the infection dynamics, reflecting both the
rate at which the infection levels revert to their long-
term mean and the extent of randomness in the infection
process.
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By examining these parameters, we aim to gain a
deeper understanding of the stochastic behavior of the
COVID-19 epidemic and derive actionable insights for
public health strategies. The results from these analyses
are intended to inform policymakers about the poten-
tial implications of stochastic parameter adjustments on
epidemic control measures and to enhance our ability
to predict and manage future outbreaks. The following
analysis provide a detailed understanding of how vary-
ing k1 and k» affects peak infection sizes, supported by
empirical data and visual representations.

5.4.1 Impact of varying mean reversion speed k1

In this subsection, we investigate the impact of vary-
ing the mean reversion speed «1 on the peak size of
COVID-19 cases in India. The parameter « is crucial in
determining how rapidly the infection dynamics revert
to their long-term mean, reflecting the effectiveness of
interventions such as vaccination and social distancing
measures.

To understand the influence of «, we evaluated the
COVID-19 peak infection size for six different values
of k1 (0.15,0.30, 0.45, 0.60, 0.75 and 0.90), with the
baseline reference value set at k; = 0.60. The peak
infection size, measured in millions of cases, is cal-
culated for all these values. The stochastic threshold
parameter R was found to be greater than 1 for all
values of k1, indicating that the infection would persist
in the population over the long term. This persistence
demonstrates the stationary behavior of the process,
which is why the extinction time of the infection is
not analyzed. On the otherhand, the dynamic hevaior
of the infection compartment for different values of
k1 1s demonstrated in Fig. 12a. Further, the size of the
COVID-19 peaks for varyig values of x1 from O to 1 is
presented in Fig. 12c.

As shown in the Table 4, there is a clear inverse rela-
tionship between «| and the peak infection size. When
k1 increases, the peak size decreases. For instance, a
low «1 of 0.15 results in a peak infection size of 19.6223
million, representing a 60.61% increase compared to
the baseline value of 12.2132 million at x; = 0.60.
Conversely, increasing «1 to 0.90 reduces the peak
size to 10.8938 million, a decrease of 10.80% from
the baseline. This inverse relationship suggests that a
higher « leads to more rapid stabilization of infection
levels following any disturbances, such as the emer-
gence of new variants or the relaxation of public health

measures. This stabilization could be due to a more
effective public health response, including faster vac-
cine distribution, more stringent adherence to preven-
tive measures, rigorous enforcement of social distanc-
ing, or other interventions that reduce the spread of the
virus more effectively. For policymakers, these insights
suggest that strategies aimed at increasing «1 could be
instrumental in controlling the severity of future epi-
demic waves. In practice, this could involve optimizing
the timing and intensity of interventions to maximize
their impact on the infection dynamics, thereby reduc-
ing the strain on healthcare systems and minimizing
the overall burden of the pandemic.

5.4.2 Impact of varying noise volatility k>

In this subsection, we explore the effect of varying noise
volatility x> on the peak size of COVID-19 cases in
India. The parameter 7 captures the randomness and
uncertainty in the infection dynamics, and its impact
on the peak infection size when an outbreak happens
in the region. This analysis provides valuable insights
into how fluctuations in infection rates might influence
the overall burden of the epidemic.

To assess the impact of k2, we analyzed the peak
infection size for eight different values of «» ranging
from 0.1 to 0.8. The baseline reference value was set
at ko = 0.2, with the corresponding peak infection
size recorded as 12.2132 million cases. The results for
different x> values are summarized below. Here also,
the stochastic threshold parameter R, was found to be
greater than 1 for all values of «,, ensuring the per-
sistence of infection over time. The dynamic behav-
ior of the infection compartment for various k» values
is depicted in Fig. 12b. Additionally, the peak sizes of
COVID-19 cases for different x» values are shown in
Fig.12d.

Asshownin Table 5, there is a distinct positive corre-
lation between k> and the peak infection size. Increas-
ing k7 results in a notable rise in the peak infection
size. For example, a lower «; value of 0.1 yields a peak
infection size of 10.0368 million, which is a 17.97%
decrease compared to the baseline peak of 12.2132
million at ko = 0.2. On the other hand, when «; is
increased to 0.8, the peak infection size escalates to
35.0272 million, reflecting a 187.7% increase from the
baseline. This positive trend demonstrates that higher
noise volatility is associated with more pronounced
peaks in infection rates. The growing randomness in
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Table 4 Effect of k1 on peak infection size

K1 Peak infection size (in millions) Percentage change from baseline (%)
0.1500 19.6223 +60.61

0.3000 15.5191 +27.01

0.4500 13.4311 +9.97

0.6000 (Baseline) 12.2132 0.00

0.7500 11.4316 —6.40

0.9000 10.8938 —10.80

infection dynamics with increasing k> leads to more
significant peaks, indicating a broader spread of the
virus during epidemic waves. This finding emphasizes
the necessity of incorporating stochastic variability
into epidemic predictions and underscores the impor-
tance of adaptable public health strategies. Policymak-
ers should focus on managing infection volatility to
control peak sizes effectively. Approaches such as opti-
mizing vaccine distribution, adjusting social distancing
protocols and bolstering surveillance systems are cru-
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cial for mitigating the effects of future epidemic waves
and better managing infection dynamics.

6 Conclusion and future direction

The COVID-19 pandemic, caused by SARS-CoV-2
virus, has profoundly affected global health, economics
and daily life. Since its emergence, multiple waves of
infection have prompted extensive research into under-
standing its transmission dynamics and developing mit-
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Table S Effect of k» on peak infection size

%) Peak infection size (in millions) Percentage change from baseline (%)
0.1000 10.0368 —17.97

0.2000 (Baseline) 12.2132 0.00

0.3000 14.8674 +21.76

0.4000 18.0205 +47.55

0.5000 21.7275 +78.27

0.6000 259184 +112.37

0.7000 30.4176 +149.6

0.8000 35.0272 +187.7

igation strategies. Vaccines have played a crucial role
in controlling the virus, yet predicting vaccination out-
comes and new outbreaks remains challenging. In this
study, we developed a stochastic model to analyze the
transmission dynamics of SARS-CoV-2 in India, incor-
porating dual vaccine doses using a logarithmic mean-
reverting O-U process. The key findings of this study
are summarized as follows:

®

(i)

(iii)

We developed a deterministic system that classifies
individuals into distinct compartments: those who
received only the first dose and those who com-
pleted both doses, along with compartments for sus-
ceptible, exposed, infected and recovered stages.
This system was rigorously analyzed mathemati-
cally by:

e Establishing the existence and uniqueness of a
global positive solution, which is bounded.

e Deriving the disease-free equilibrium points.

e Calculating the basic reproduction number
(RS).

e Demonstrating that the disease-free equilib-
rium point is locally asymptotically stable
when Rg < 1.

We extended the deterministic model into a stochas-
tic framework by incorporating perturbations to
the key parameter, 8 (the COVID-19 transmission
rate), modeled using a stochastic differential equa-
tion governed by the Ornstein-Uhlenbeck (O-U)
process.

The mathematical and biological soundness of
the stochastic model was thoroughly investigated
through the careful selection of Lyapunov func-
tions. Specifically:

(iv)

)

(vi)

(1) A positive invariant set was defined as:

0 = {(. 5. Vi, Viiy E. 1) € RS x R
0 0 0 A
S<S s V(i) < V(i)’ V(ii) < V(ii)’ A<;} .
ensuring the existence of a unique global posi-
tive and bounded solution.

(i) We derived a stochastic threshold parameter,
R(S), which ensures the persistence of the disease
over an extended period when Rj > 1.

(iii)) Another stochastic threshold parameter, R(‘;,
was calculated, indicating that the infection will
die out exponentially when Rf < 1.

The model was fitted to real-world data from
India during the second COVID-19 wave. Using
the Isqcurvefit function in MATLAB R2023b,
region-specific parameter values were estimated,
reflecting the outbreak scenario. The model demon-
strated an excellent fit to the data, with very low
error values (RMSE = 0.089, MAPE =7.7719%).
We performed a global sensitivity analysis to
identify key controllable parameters affecting the
behavior of the model. The analysis employed the
partial rank correlation coefficient (PRCC) method
and Latin hypercube sampling (LHS). Key param-
eters with significant influence on the number
of infected individuals included B (approximate
PRCC value - 0.8), 6 (approximate PRCC value
- —0.8), 6> (approximate PRCC value - —0.5), A
(approximate PRCC value - —0.6), k1 (approximate
PRCC value - —0.2) and k> (approximate PRCC
value - 0.4).

To provide actionable insights, we examined sce-
narios where government authorities might imple-
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ment control measures during the progression of
epidemic. By adjusting parameters, we explored
outcomes such as extinction time and infection
peak size. This analysis offers valuable guidance for
managing future outbreaks by demonstrating how
different intervention strategies impact the course
of the epidemic.

The analysis highlights the necessity of a compre-
hensive, multi-faceted approach to managing and mit-
igating future COVID-19 waves. Central to this strat-
egy is the reduction of the long-term mean value of the
transmission rate (), which can be achieved through
stringent public health interventions such as social dis-
tancing, mask mandates and limiting large gatherings,
coupled with robust contact tracing and isolation proto-
cols. These measures, when effectively implemented,
play a critical role in lowering the peak number of cases
and accelerating the extinction of the epidemic. Along-
side these efforts, increasing vaccination rates, particu-
larly for the first dose (61), is pivotal in altering the tra-
jectory of the epidemic. Accelerated vaccination cam-
paigns, which expand access through more sites and
targeted outreach, can significantly reduce peak cases
and shorten the time to epidemic extinction. Ensuring
that individuals complete their vaccination schedule by
receiving the second dose (6») is equally crucial for
establishing long-term immunity and preventing severe
outcomes. Moreover, enhancing the recovery rate (A)
by strengthening healthcare systems through increased
hospital capacity, timely treatment and the availabil-
ity of medical resources further reduces the duration
and severity of the epidemic. In addition to these direct
interventions, managing stochastic variability in infec-
tion dynamics, represented by mean reversion speed
(1) and noise volatility («2), is essential for control-
ling unpredictable fluctuations in infection rates. Adap-
tive public health policies that can quickly respond
to emerging variants or changes in infection patterns,
supported by enhanced surveillance systems and pre-
dictive modeling, are crucial for stabilizing infection
levels. Thus, an integrated approach that combines
reduced transmission, increased vaccination, improved
recovery rates and effective management of stochastic
variability forms a robust framework for controlling
and potentially eradicating COVID-19 waves. Further-
more, sustained public engagement and clear commu-
nication from health authorities are vital for ensuring
compliance with these measures. By fostering public

@ Springer

trust and emphasizing the collective benefits of these
strategies, authorities can achieve the necessary levels
of adherence, making this comprehensive approach not
only effective in addressing the current pandemic but
also in building resilience against future public health
crises.

Our study has some limitations that facilitates fur-
ther exploration. Epidemic model parameters often
vary over time or follow periodic patterns due to envi-
ronmental and seasonal changes. Future research could
enhance stochastic epidemic models by incorporating
more than one periodic parameter or discrete Markov
switching, driven by the mean-reverting O-U process.
Additionally, unlike deterministic models with a single
threshold parameter, our study introduces two thresh-
olds: R (indicating extinction if R < 1) and R} (indi-
cating a stationary solution if Ry > 1). However, the
scenario where Rj > 1 and R} < 1 remains unad-
dressed and is left for future work. Further, the model
could be extended to account for emerging virus vari-
ants with different transmission dynamics and vaccine
interactions. Also, incorporating heterogeneous popu-
lation structures, such as age groups, urban versus rural
settings, or regional disparities in healthcare access,
could yield more detailed insights. Future research
could explore these aspects of infection dynamics mod-
eling.
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