
Case Studies in Thermal Engineering 42 (2023) 102709

Available online 7 January 2023
2214-157X/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Galerkin computational work on thermally enhancement process 
in complex rheological generalized theory due to 3D-partially 
ionized rotational flow 

Nattakan Boonsatit a, Muhammad Sohail b,*, Kanit Mukdasai c, Umar Nazir c, 
Manoj Singh d, Abha Singh e, Chandika Rama Mohan f, Anuwat Jirawattanapanit g, 
Ahmed M. Galal h,i, Mohamed R. Ali j,** 

a Faculty of Science and Technology, Rajamangala University of Technology Suvarnabhumi, Thailand 
b Department of Mathematics, Khwaja Fareed University of Engineering & Information Technology, Rahim Yar Khan, 64200, Pakistan 
c Department of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen, 40002, Thailand 
d Department of Mathematics, Faculty of Science, Jazan University, Jazan, Saudi Arabia 
e Department of Basic Sciences, College of Sciences and Theoretical Studies, Dammam-branch, Saudi Electronic University, Riyad, Saudi Arabia 
f Clinical Nutrition Department Applied Medical Science College Jazan University, Saudi Arabia 
g Department of Mathematics, Faculty of Science, Phuket Rajabhat University (PKRU), Thailand 
h Mechanical Engineering Department, College of Engineering, Prince Sattam Bin Abdulaziz University, Wadi addawaser, 11991, Saudi Arabia 
i Production Engineering and Mechanical Design Department, Faculty of Engineering, Mansoura University, P.O 35516, Mansoura, Egypt 
j Faculty of Engineering and Technology, Future University, Cario, Egypt   

A R T I C L E  I N F O   

Keywords: 
3D-modeling 
Power law model 
Thermal enhancement 
Partially flow 
Non-Fourier’s theory 
Computational study 

A B S T R A C T   

In this development, utilization of hybrid nanoparticles to investigate heat transfer enhancement 
in partially ionized liquid and generalized heat flux model. The phenomenon of momentum and 
thermal transport is discussed in a rotating frame and the features of hybrid nanoparticles have 
been monitored. The conservation laws are derived in Cartesian coordinates in a rotating frame 
for momentum and heat transfer laws. Current developing model is widely utilized dental 
products, automotive parts, electrical insulators, fuel cells, solar energy, optical chemical sensors, 
hair care products, engineering process, solar cells, green tires and electrical insulators etc. The 
concept of BL (boundary layer) is engaged to simplify the developing problem in terms of PD- 
equations. The derived PD-equations are changed into OD-equations by using transformations. 
Transformed problem is coupled nonlinear whereas the solution in terms of exactness does not 
exist. For the approximate solution, finite element procedure is chosen and the convergence has 
been shown through grid independent analysis. Several plots are developed to capture the 
contribution of several parameters to the solution. Velocity gradient (skin friction coefficient) 
declines with inclination in Hall currents, ion slip number but opposite trend was addressed 
against inclination of Lorentz force and power law index . It is recorded that for nonlinear 
problems a finite element scheme is a better tool.  
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Nomenclature: 

W,U,V Velocity components (ms− 1) 
K1 Consistency coefficient 
ω Rotating velocity (ms− 1) 
G Gravitational acceleration (ms− 2) 
σ Electrical conductivity (Sm− 1) 
T∞,T Ambient temperature and temperature (K) 
Cp Specific heat capacity (ms− 1) 
λ1 Thermal relaxation number 
a Stretching number along x-axis 
ε1 Temperature dependent parameter 
ODEs Ordinary differential equations 
Cg,Cf Skin friction coefficients 
Nu Nussselt number 
τij Stress tensor 
Dij Stream rate tensor 
y,x, z Space coordinates (m) 
m Power law index number 
ρ Fluidic density (Kgm− 3) 
β2,β1 Coefficients of thermal expansion 
B0 Magnetic induction (NsC− 1m− 1) 
βe, βi Ion slip and Hall parameters 
k Thermal conductivity (Wm− 1) 
Tw Wall temperature (K) 
∞ Infinity 
φ1,φ2 Volume fractions of nanoparticles 
BCs Boundary conditions 
Re Reynolds number 
ν Kinematic viscosity (m2s− 1) 
w1,w3,w2 Weight functions 
τyz, τxz Stress tensors  

1. Introduction 

Thermal features are an interesting field of research due to their wider applications. Influence of nanoparticles is essential to in-
crease the thermal transport. So far, an extensive research work has been carried out on nanoparticles having applications utilized in 
applied science and engineering processes. For instance, Nazir et al. [1] investigated comparing thermal features among hybrid 
nanomaterial and tri-hybrid nanomaterial in the rheology of Sisko martial involving thermal properties. Sohail et al. [2] modeled 
numerical aspects of viscoelastic fluid in heat energy phenomena involving variable thermal properties. Nazir et al. [3] discussed 
thermal features of Prandtl liquid including non-Fourier’s under action of variable thermal characteristics over a surface. Nazir et al. 
[4] used an exact solution approach to visualize thermal aspects of Casson liquid past the stretchable surface. Sohail et al. [5] derived 
consequences of Casson liquid involving Joule heating as well as viscous dissipation using 3D surface. Waqas et al. [6] bio-convective 
flow of modified viscoelastic second grade and handled the complex equations numerically. They found that higher values of Peckelt 
number reduce the density profile of microorganisms. Nazir et al. [7] investigated thermal performance of tri-hybrid nanomaterial in 
Sisko martial involving variable thermal properties. They implemented a numerical approach to obtain numerical results. Algehyne 
et al. [8] examined the effects of thermal transport on a pseudo-plastic material by heating and stretching a porous sheet. To stimulate 
energy conservation, heat generation and absorption are used. Prandtl’s boundary-layer approach was used to model the phenomenon 
in Cartesian coordinates to make the problem easier to understand. The rheology is modeled using nonlinear coupled PDEs. Similarity 
transformation is used to convert these derived PDEs to ODEs. The converted ODEs with their new parameters were numerically 
approximated using the finite element method. In this study’s limiting case, it was discovered that the obtained solution was consistent 
with previously published findings. FEM is an excellent approach for solving nonlinear problems in mathematical modeling, among 
other things. Hafeez et al. [9] created it to use a system of PDEs to simulate the thermal and solute properties of the Casson liquid in a 
Darcy porous medium. Convective boundary conditions determine how models behave in these situations. Mahbood [10] developed a 
system for performing his calculations. MHD couple stress fluid was studied in greater depth employing a numerical approach. 
Mahbood [11] investigated the heat and mass transfer properties of a Brinkmann-type nanofluid flow composed of sodium alginate and 
Fe3O4 in a vertical rotating frame. The Runge-Kutta Fehlberg method (RKF-45) solves dimensionless nonlinear partial differential 
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equations. Ayub [12] investigated the second-order slip phenomenon and the flow of cross nanofluids that comes to a halt at a certain 
point using a spectral relaxation method. Brownian motion, joules, viscous heating, thermophoresis, and mixed convection are all 
considered. The way MHD transferred heat was studied by Shah’s [13] interest. The velocity and activation energy of nanofluid are 
determined using perpendicular magnetic dipole field measurements. Ezaier et al. [14] discussed the morphological properties 
associated with interfaces growth in composite membranes. Ezaier et al. [15] estimated performance of diffusion retention in com-
posite membranes. Hamad et al. [16] investigated dynamics consequences of nanofluid in viscoelastic fluid considering thermal ra-
diation and Lorentz force containing gyrotactic microorganisms over a stretching surface. Algehyne et al. [17] discussed influences of 
Lorentz forces in Buongiorno’s fluid model considering multiple effects involving alumina-water nanofluid in slippery curved ge-
ometry. Rasool et al. [18] performed EMHD nanofluid considering Darcy-Forchheimera approach in a heated Riga plate using 
generalized transfer laws. Wakif et al. [19] discussed new insights regarding ethylene glycol using Buongiorno’s approach past a 
stretching surface. Studies related to nanofluid in non-Newtonian and Newtonian fluids considering multiple effects over stretching 
surface are revealed in Refs. [20–28]. Reddy et al. [29] discussed consequences of buoyant flow in hybrid nanofluid considering heated 
annulus via non-uniformly. Sankar et al. [30] investigated impacts of non-uniform heating phenomena in nanofluid-filled annulus. 
Balasundaram et al. [31] estimated hydrocephalic cerebrospinal for rotational flow of fluid within pulsatile boundaries. Dharmaiah 
et al. [32] discussed thermal aspects in tangent hyperbolic fluid utilizing nanoparticles along with activation energy under thermal 
radiations. Vedavathi et al. [33] studied mass diffusion and heat characterizations of hyperbolic tangent liquid in hyperbolic tangent 
liquid in the presence of chemical species via applications of engineering. Several important aspects are recorded in Refs. [37–40] and 
the studies mentioned therein. 

Existing literature reveals that study related to 3D power law model is studied in the presence of generalized theory past a 3-dimen-
sional vertical rotating stretching frame or plate. Further, correlations regarding hybrid and nano-fluid are added. Constant magnetic 
field is attached at walls to study configurations of Lorentz force on flow and thermal energy. Such a complex model is numerically 
handled by a finite element method. Basically, current analysis is divided into five sections which are introduction, mathematical 
procedure, numerical method, explanation of results and conclusion, respectively. 

2. Mathematical procedure 

Consider a 3D-power law model developed under the occurrence of partial flow past a vertical surface. The acceleration into hybrid 
nanoparticles is induced using movement of the wall along horizontal direction. Further, a constant magnetic region is used in vertical 

Table 1 
Thermal properties for MoS2 and SiO2 in base liquid [36].  

ρ Cp k σ 

C2H6O2(= 1113.5) C2H6O2(= 1113.5) C2H6O2( = 0.253) C2H6O2( = 4.3 × 10− 5)

MoS2(= 2650) MoS2(= 2650) MoS2( = 1.5) MoS2( = 0.0005)
MoS2 and SiO2(= 5060) MoS2 and SiO2(= 5060) MoS2 and SiO2(= 34.5) MoS2 and SiO2(= 1 × 10− 18)

Fig. 1. Physical diagram of current model.  
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direction. CCM (Cattaneo-Christov model) is considered in the presence of thermal energy dependent thermal conductivity. The ve-
locities of the wall produce the motion into fluidic particles. Properties based on thermal characteristics are mentioned in Table 1. Flow 
configuration is carried out by Fig. 1. PDEs are reduced using the concept of BLAs (boundary layer analysis). Fig. 1 shows the 
geometrical trend of the developed model. 

Stress tensor of Power law model is defined [34] as 

τij = 2K1[2DKIDKI ]
n− 1

2 Dij,Dij =

(
∂Ui

∂xj
+

∂Uj

∂xi

)

. (1) 

Using BLAs (boundary layer approximations) on Eq. (1) and Eq. (1) is reduced as 

τyz =K1

⃒
⃒
⃒
⃒
∂U
∂z

⃒
⃒
⃒
⃒

n− 1∂V
∂z

, τxz =K1

⃒
⃒
⃒
⃒
∂U
∂z

⃒
⃒
⃒
⃒

n− 1∂U
∂z

. (2) 

Hence, PDEs [34,35] are 

∂U
∂x

+
∂V
∂y

+
∂W
∂z

= 0, (3)  

U
∂U
∂x

+V
∂U
∂y

+W
∂U
∂z

= 2ωv+
K1

ρhnf

∂
∂Z

(⃒
⃒
⃒
⃒
∂U
∂z

⃒
⃒
⃒
⃒

n− 1∂U
∂z

)

+Gβ1(T − T∞) +
σhnf (B0)

2

ρhnf

[
(βe)

2
+ (1 + βeβi)

2] [βeV − (1+ βeβi)U], (4)  

U
∂V
∂x

+V
∂V
∂y

+W
∂V
∂z

= − 2ωu+
K1

ρhnf

∂
∂Z

(⃒
⃒
⃒
⃒
∂U
∂z

⃒
⃒
⃒
⃒

n− 1∂V
∂z

)

−
σhnf (B0)

2

ρhnf

[
(βe)

2
+ (1 + βeβi)

2] [βeU +(1+ βeβi)V] + Gβ2(T − T∞), (5)  

U
∂T
∂x

+V
∂T
∂y

+W
∂T
∂z

=
1

(
ρCp

)

hnf

∂
∂y

(

khnf
∂T
∂y

+ khnf
∂T
∂x

+ khnf
∂T
∂z

)

λ1

(

U2∂2T
∂x2 +V2∂2T

∂y2 +W2∂2T
∂y2

)

+ λ1

(

U
∂U
∂x

+V
∂U
∂y

+W
∂U
∂z

)
∂T
∂x

2λ1

(

UV
∂2T
∂x∂z

+WV
∂2T
∂y∂z

+UW
∂2T
∂x∂z

)

+ λ1

(

U
∂V
∂x

+V
∂V
∂y

+W
∂V
∂z

)
∂T
∂y

+ λ1

(

U
∂W
∂x

+V
∂W
∂y

+W
∂W
∂z

)
∂T
∂z

.

(6) 

The required boundary conditions [34,35] are mentiioned as 

U = a(x+ y), T =Tw,V = a(x+ y),w= 0 at z= 0, T → T∞,V → 0,U → 0,when z → ∞. (7) 

Variables transformations [34] are 

U = a(x+ y)F′

,V = a(x+ y)G, θ=
T − T∞

Tw − T∞
, khnf = khnf

[

1+ ε1

(
T − T∞

Tw − T∞

)]

,

η=
(

ban− 2

ρf

) 1
n+1

zx1− n
1+n,W = − a

(
ban− 2

ρf

) 1
n+1
[

2n
n + 1

F +
1 − n
1 + n

ηF′

+G
]

(x + y)
1− n
1+n. (8) 

Thermal correlations [36] for mono and hybrid fluids are 

ρhnf =
[
(1 − φ2)

{
(1 − φ1)ρf + φ1ρs1

}]
+ φ2ρs2

(
ρCp

)

hnf =

⎡

⎣(1 − φ2)

⎧
⎨

⎩

(1 − φ1)
(
ρCp

)

f

+φ1
(
ρCp

)

s1

⎫
⎬

⎭

⎤

⎦ +φ1
(
ρCp

)

s2

{
ks1 + (n − 1)kf − (n − 1)φ1

(
kf − ks2

)

ks1 + (n − 1)kf − φ1
(
ks2 − kf

)

}

=
kbf

kf

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (9)  

μhnf =
(1 − φ2)

2.5μf

(1 − φ1)
2.5 ,

knf

kf
=

{
ks + (n + 1)kf − (n − 1)φ

(
kf − ks

)

ks + (n − 1)kf + φ
(
kf − ks

)

}

khnf

kbf
=

{
ks2 + (n − 1)kbf − (1 − n)φ2

(
ks2 − kbf

)

ks2 + (n − 1)kbf − φ2
(
kbf − ks2

)

}

{
ks2 + (n − 1)kbf − (1 − n)φ2

(
ks2 − kbf

)

ks2 + (n − 1)kbf − φ2
(
kbf − ks2

)

}

=
khnf

kbf

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (10)  
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khnf

kbf
=

⎧
⎪⎪⎨

⎪⎪⎩

ks2

kbf
+ ω + ωφ2

(

1 −
ks2

kbf

)

ks2

kbf
+ ω + φ2

(

1 −
ks2

kbf

)

⎫
⎪⎪⎬

⎪⎪⎭

ω = 2φ2
1
5
L
D

for cylindrical particle

ω = 2φ2
1/5 for spherical particle

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

, (11)  

khnf

kbf
=

⎧
⎪⎪⎨

⎪⎪⎩

ks1

kf
+ ω + ωφ1

(

1 −
ks1

kf

)

ks1

kf
+ ω + φ1

(

1 −
ks1

kf

)

⎫
⎪⎪⎬

⎪⎪⎭

ω = 2φ2
1
5
L
D

for cylindrical particle

ω = 2φ2
1/5for spherical particles

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

. (12) 

Dimensionless form regarding ODEs [34,35] is formulated as 
(
|F′′|

n− 1F′′
)′

−
νhnf

νf

[
(F

′

)
2]
+

M2

(βe)
2
+ (1 + βeβi)

2 [βeG − (1+ βeβi)F
′

] −
νhnf

νf

(
2n

n + 1
F +G

)

F′′ +
νf

νhnf
2GΩ= 0, (13)  

(
|F′

|
n− 1G′

)′

−
νhnf

νf
(G)

2
−

M2

(βe)
2
+ (1 + βeβi)

2 [βeF
′

+ (1+ βeβi)G] −
νhnf

νf

(
2n

n + 1
F +G

)

G′

− 2
νf

νhnf
F′Ω= 0, (14)  

(1+ε1Θ)Θ′′+

(
ρCp

)

hnf kf
(
ρCp

)

f khnf

[(
2n

1+n

)

PrFΘ
′

+PrGΘ
′

]

−

(
ρCp

)

hnf kf
(
ρCp

)

f khnf
Prλa

[(
2n

1+n
F+G

)(
2n

1+n
F′

+G
)

Θ
′

+

(
2n

1+n
F+G

)2

Θ′′

]

=0. (15) 

Dimensionless parameters are derived as 

Re=
xnρf (Uw)

2− n

kf
,M2 =

2B2
0σf

ρf a
,Ω =

ω
a
, λa =

λ1a
x
,Pr =

(
Cp

)

f ax2Re 2
n+1

kf
.

Dimensionless B-conditions are 

G(∞)= 0,F′

(∞) = 0, θ(0) = 1,F
′

(0) = 1, θ(∞) = 0,G(0) = 0,F(0) = 0. (16) 

Skin friction coefficients [35] in vertical and horizontal directions is prescribed as 

Cfx =
τzy

⃒
⃒

z=0

ρf (Uw)
2, (Re)

1
n+1Cg =

1
(1 − φ2)

2.5
(1 − φ1)

2.5|F
′′(0)G’(0)|n, (17)  

Cfy =
τzx|z=0

ρf (Uw)
2, (Re)

1
n+1Cf =

1
(1 − φ2)

2.5
(1 − φ1)

2.5|F
′′(0)|n. (18) 

Nusselt number [35] is delivered as 

Nu=
qwx

(Tw − T∞)kf
, qw = − khnf

∂T
∂z
|z=0,Nu(Re)

− 1
n+1 =

khnf

kf
Θ′

(0). (19),(20)  

3. Finite element method 

A system of dimensionless non-linear ODEs is tackled with help of finite element method (FEM) [36]. Eqs. 13–15 are numerically 
handled by finite element analysis. Governing equations in view of ODEs are known as residual forms. Residuals form equations are 
changed into weak form. Galerkin approximations are utilized to estimate weak forms inserting linear type shape functions. Devel-
opment of stiffness matrices are derived over elements. Analysis of the assembly process is implemented for derivation of algebraic 
equations and these equations are changed into linear equations using Picard linearization scheme. Process regarding iteration of 
equations is solved. Compute code (FEM) is developed on MAPLE 18 and accuracy of code is verified with already published work [34]. 
The procedure regarding computational is discussed below. 

Obtained residuals of current OD-equations are 
∫ ηe+1

ηe

w1(F
′

− H)dη= 0, (21)  
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∫ ηe+1

ηe

w2

⎡

⎢
⎢
⎢
⎢
⎣

(
|H

′

|
n− 1H ′

)′

−
νhnf

νf

[
(F

′

)
2]

−
νhnf

νf

(
2n

n + 1
F + G

)

H ′

+
M2

(βe)
2
+ (1 + βeβi)

2 {βeG − (1 + βeβi)H} +
νf

νhnf
2GΩ

⎤

⎥
⎥
⎥
⎥
⎦

dη = 0, (22)  

∫ ηe+1

ηe

w3

⎡

⎢
⎢
⎢
⎢
⎣

(
|F

′

|
n− 1G′

)′

−
νhnf

νf
(G)

2
−

νhnf

νf

(
2n

n + 1
F + G

)

G′

− 2
νf

νhnf
HΩ −

M2

(βe)
2
+ (1 + βeβi)

2 {βeH + (1 + βeβi)G}

⎤

⎥
⎥
⎥
⎥
⎦

dη = 0, (23)  

∫ ηe+1

ηe

w4

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(1 + ε1Θ)Θ′′ +

(
ρCp

)

hnf kf
(
ρCp

)

f khnf

{(
2n

1 + n

)

PrFΘ
′

+ PrGΘ
′

}

−

(
ρCp

)

hnf kf
(
ρCp

)

f khnf
Pr λa

{(
2n

1 + n
F + G

)(
2n

1 + n
H + G

)

Θ
′

}

−

(
ρCp

)

hnf kf
(
ρCp

)

f khnf
Pr λa

(
2n

1 + n
F + G

)2

Θ′′

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

dη = 0, (24) 

Desired stiffness matrices are derived as 

K14
ij = 0,K11

ij
=

∫ ηe+1

ηe

(dψj

dη ψi

)

dη,K12
ij = −

∫ ηe+1

ηe

(
ψjψi

)
dη,K13

ij = 0, (25)  

K22
ij =

∫ ηe+1

ηe

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− (n − 1)(H′
)

n− 2dψi

dη
dψj

dη +
M2

(βe)
2
+ (1 + βeβi)

2βeψi
dψj

dη

−
M2

(βe)
2
+ (1 + βeβi)

2 (1 + βeβi)ψiψj −
νThnf

νf
Hψiψj

−
νThnf

νf

(
2n

n + 1
F + G

)

ψi
dψj

dη

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

dη, (26)  

K24
ij = 0,K23

ij =

∫ ηe+1

ηe

νf

νTh
2Ω

(
ψjψi

)
dη,B1

i = 0,B2
i = 0,B3

i = 0, (27)  

K33
ij =

∫ ηe+1

ηe

⎡

⎢
⎢
⎢
⎢
⎣

− (n − 1)(H′
)

n− 2dψi

dη
dψj

dη −
νThnf

νf
G′ψi

dψj

dη −
M2βeψiψj

(βe)
2
+ (1 + βeβi)

2

−
νThnf

νf
G

dψi

dη
dψj

dη −
νThnf

νf

2nF
n + 1

dψi

dη
dψj

dη −
(1 + βeβi)M

2ψiψj

(βe)
2
+ (1 + βeβi)

2

⎤

⎥
⎥
⎥
⎥
⎦

dη, (28)  

K32
ij =

∫ ηe+1

ηe

νf

νTh
2Ω

(
ψjψi

)
dη,K31

ij = 0,K34
ij = 0,B3

i = 0, (29)  

K44
ij =

∫ ηe+1

ηe

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− (1 + ε1Θ)
dψi

dη
dψj

dη −

(
2n

1 + n
F + G

)2dψi

dη
dψj

dη

+

(
ρCp

)

Thnf kf
(
ρCp

)

f kThnf

2n
1 + n

PrFψi
dψj

dη +

(
ρCp

)

Thnf kf
(
ρCp

)

f kThnf
PrGψiψj

−

(
ρCp

)

Thnf kf
(
ρCp

)

f kThnf
Pr λa

(
2n

1 + n
F + G

)(
2n

1 + n
H + H

′

)

ψi
dψj

dη

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

dη. (30) 

An error analysis is delivered as 

Err =
⃒
⃒Ωi− 1 − Ωi

⃒
⃒, (31)  

and criteria for error analysis is defined as 

max
⃒
⃒Ωi− 1 − Ωi

⃒
⃒ < 10− 8. (32) 

It is noticed that MAPLE 18 is utilized to generate code of FEM. The solution of algebraic equations is simulated carried out by 300 
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elements and grid independent survey is presented in Table 3. Table 3 reveals comparative study for temperature gradient with 
published work and comparative investigation is listed in Table 2. 

4. Discussion and results 

Comparative thermal features among two kinds of hybrid nanofluid models with YO (Yamada Ota) and HC (Hamilton Crosser) 
models in power law fluid are visualized past the 3D vertical frame. It is noticed that suspension of nanoparticles named as aluminum 
oxide and silicon oxide in ethylene glycol are addressed. Ion slip, non-Fourier’s and Hall forces are considered involving heat ab-
sorption/heat generation. Such considerations are addressed to develop a complex model which is simulated using a finite element 
approach. Graphical results regarding temperature and velocity are discussed below. 

4.1. Features of parameters on velocity profile 

Fig. 2a, b, 3a, 3b, 4a, 4b and 5a, 5b are plotted for velocity distribution versus several parameters (Ω,βe, n and βe). Impact of Ω on 
velocity curves is noticed on Fig. 2a and b. It is experienced that occurrence of Ω is modeled via rotating surface. Flow becomes 
gradually slow down when sheet is started rotate. Further, Behavior of fluid becomes thinning when Ω is enhanced. Therefore, motion 
is reduced against growing values of Ω. An increasing role of Ω on velocity region is noticed from Fig. 2a and b. Comparative flow 
features are measured among YO- and HC-models in term of hybrid nanofluid. The parameter related to Ω is dimensionless parameter 
and appearance of Ω is generated using rotational motion into particles. Frictional force is generated into particles due to rotational 
flow. Therefore, less acceleration (for both directions) is produced using enhancement in Ω. Motion for Ω = 0 is higher than motion for 
Ω ∕= 0. Thickness and width for momentum layers can be distributed utilizing change in Ω. Fig. 3a, b, 4a and 4b are addressed to sketch 
estimation of Hall parameter and ion slip number on velocity distribution. It is included that acceleration into fluidic particles is 
inclined versus βe and βi. Generalized Ohm’s theory is used in current analysis which is reason for development of βe and βi. Flow is 
enhanced because directly relation is observed among partially ionized particles and velocity distribution. Moreover, thickness in term 
of momentum boundary layers is inclined when Hall parameter and ion slip number are inclined. Performance of flow behavior for YO- 
model is greater than flow performance of HC-hybrid model. Flow distribution in y- and x-directions is performed against distribution 
in bouncy parameter. The occurrence of βi and βe in momentum is occurred due to Generalized Ohm’s law. It is noticed that appearance 
of βi and βe is against applied magnetic field. Because magnetic field is occurred due to role of Lorentz force in fluidic particles and 
Lorentz force are opposite to βe and βi. Lorentz force is enhanced when βi and βe are increased. Therefore, Flow is enhanced versus βi 
and βe. The occurrence regarding βi and βe are occurred in denominator of Lorentz force. Alternatively, an inverse proportional 
relationship was observed among Lorentz force and Hall currents. Lorentz force enhances within different values for βi and βe. Hence, 
effects of βi and βe are estimated as favorable for obtaining maximum motion into particles. Physically, an inclination in βi and βe 
corresponds collisions among ionizations and electronic particles. Rate regarding collision is based on impacts of βi and βe. Therefore, a 
remarkable declination is studied in magnetic force within increasing values of βi and βe. Hence Role of n on flow distribution is 
addressed by Fig. 5a and b. Declination into motion related to fluidic particles is estimated against distribution in power law index 
parameter. It is captured that appearance of n is occurred considering concept of power law model in momentum equations. Further, 
inverse relation of thermal energy is noticed is noticed versus positive values of n. Therefore, a decreasing function of velocity profile is 
noticed when n is enhanced. Appearance of n is revealed as shear thinning behavior. It is observed that acceleration into fluidic 
particles is declined when power law index number is increased. Characterizations of fluids is based numerical values of n. Current 
problem becomes Newtonian fluid for n = 1 and behavior of fluid is treated as a pseudo-plastic for n < 1 while flow is known as a 
dilatant fluid for n > 1. Flow for n = 1 is greater than flow for n > 1. Thickness in view of momentum layers is magnified against 
change in n. Consequently, inverse proportional relation was addressed within numerical values of n.

4.2. Features of parameters on temperature profile 

In this subsection, Fig. 6a, b and 6c are developed to estimate variation in heat energy characterizations versus the change in 
temperature dependent parameter, time relaxation number and n in the presence of two hybrid models. Fig. 6a is generated to measure 
estimation among thermal profile and (n). It is experienced that thermal transport among nanoparticles is decreased when n is 
enhanced. Moreover, thickness related to thermal energy is also decreasing function versus change in n. It is noticed that appearance of 
n is occurred using concept of power law fluidic model in momentum equations. Further, inverse relation of thermal energy is noticed 
versus positive values of n. Therefore, a decline function of thermal profile is noticed when n is enhanced. Characterizations of fluidic 
particles are based on numerical values of n. Behavior of fluid is known as a Newtonian fluid for n = 1. Temperature profile for n = 1 is 
greater than temperature profile for n ∕= 1. Here dilatant fluid is studied in presence of multiple aspects for n > 1. Thermal thickness for 
generating layers is declined for dilatant fluid in current analysis. Appearance of n is revealed as shear thinning behavior. Fig. 6b is 

Table 2 
Validation results of present work with published study considering φ1 = 0.004,φ2 = 0.0075,M = 0.001,Pr = 204,βi = βe = 0,Ω = 0.1,ε1 = 0.0.

Adil Sadiq [34] present work 

n 
− Nu(Re)

− 1
n + 1 − Nu(Re)

− 1
n + 1 

1 3.40917113 3.4609170715 
2 3.40830920 3.4087202243 
3 3.74498557 3.7442430383  
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Table 3 
The study related to mesh free analysis in view of temperature profile and velocity curves when n = 1,M = 0.001,βe = 0.2,βi = 0.2,Ω = 0.1,ε1 = 0.3,Pr = 206,λa =

0.1,φ1 = 0.004,φ2 = 0.075.

Number of elements F′ ( ηmax
2

)
G
( ηmax

2

)
θ
( ηmax

2

)

30 0.6586386817 0.0001721355025 0.6605821625 
60 0.6233792179 0.0002229082388 0.6437292447 
90 0.6116725178 0.0002319259575 0.6380761926 
120 0.6058311283 0.0002348216628 0.6352430888 
150 0.6023296966 0.0002360353595 0.6335412345 
180 0.5999974251 0.0002366270036 0.6324058465 
210 0.5983324921 0.0002369433746 0.6315945612 
240 0.5970846646 0.0002371243282 0.6309857193 
270 0.5961135026 0.0002372274024 0.6305118421 
300 0.5953382626 0.0002400319135 0.6301326200  

Fig. 2. Different values of Ω on F′

(η) and G(η) when n = 1,M = 0.003, βe = 0.3, βi = 0.2, ε1 = 0.3, Pr = 208, λa = 0.4,φ1 = 0.004, φ2 = 0.075.

Fig. 3. Different values of βe on F′

(η) and G(η) when n = 1,M = 0.001, βi = 2.0,Ω = 0.3, ε1 = 0.6, Pr = 208, λa = 0.1,φ1 = 0.004, φ2 = 0.075.
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plotted to notice the variation in thermal thickness when ε1 is changed. It is noticed that ε1 has directly proportional relation versus 
thermal thickness. From this figure, it is noticed that thermal thickness is enhanced when ε1 is increased. This is because ε1 has directly 
proportional relation versus temperature difference. It was addressed that effect of ε1 is generated using concept of thermal con-
ductivity (variable). Thermal conductivity can be distributed when ε1 is changed. Alternatively, thermal conductivity is based on ε1. 
Moreover, temperature profile for ε1 = 0 is less than temperature profile for ε1 ∕= 0. Consequently, temperature profile is increased 
versus enhancement in thermal conductivity. Thermal profile is significantly enhanced versus change in ε1. Thermal production is 
enhanced into fluidic particles versus higher impact of time thermal relaxation number (see Fig. 6c). λa is occurred using generalized 
theory. The ability of fluidic particles is enhanced to reestablish thermal energy when λa is increased. The parameter regarding λa is 
known as time relaxation number and dimensionless parameter. It is was modeled via non-Fourier’s approach. The sortation of thermal 
energy can be enhanced when λa is enhanced. From energy equation, direct proportional investigation has been studied among λa and 
thermal field. Hence, temperature has been magnified versus large values of λa. Moreover, it is noticed that thermal production for case 
of YO-model is higher than thermal production for the case of HC-model. 

4.3. Features of wall stresses and thermal wall rate 

Table 4 is tabulated to visualize numerical behavior of divergent velocities and Nusselt versus distribution in magnetic number, 
Hall number and ion slip number. It is concluded that rate flow is inclined when power law number and magnetic parameter are 

Fig. 4. Different values of βi on F′

(η) and G(η) when n = 1,M = 0.005, βe = 0.4,Ω = 0.7, ε1 = 2.3, Pr = 206, λa = 0.6,φ1 = 0.004, φ2 = 0.075.

Fig. 5. Different values of n on F′

(η) and G(η) when M = 0.03, βe = 0.4, βi = 0.2,Ω = 0.3, ε1 = 0.3,Pr = 208, λa = 0.1,φ1 = 0.004, φ2 = 0.075.
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Fig. 6a. Different values of n on θ(η) when M = 0.07, βe = 0.4, βi = 0.2,Ω = 0.1, ε1 = 0.3,Pr = 206, λa = 0.8,φ1 = 0.004, φ2 = 0.075.

Fig. 6b. Different values of ε1 on θ(η) when n = 1,M = 0.003, βe = 0.2, βi = 0.6,Ω = 0.3, Pr = 206, λa = 0.1,φ1 = 0.004, φ2 = 0.075.

Fig. 6c. Different values of λa on θ(η) when n = 1,M = 0.001, βe = 0.5, βi = 0.2,Ω = 0.7, ε1 = 0.3,Pr = 208,φ1 = 0.004, φ2 = 0.075.
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increased. But thermal wall rate declines when magnetic number is inclined. Hall parameter brings declination when Hall number is 
inclined. Additionally, generalized Ohm’s law is observed to be useful to bring enhancement into heat energy. Thermal production for 
the case of YO-model is higher than thermal production for the case of HC-model. Comparative phenomena among model-I (YO-hybrid 
nanofluid model) and model-II (Hamilton Crosser hybrid model) with variation in Pr, ε1 and n on Nusselt number is addressed by 
Fig. 7a, b and 7c. It is investigated maximum performance of thermally process is gained when Pr and n are enhanced. But opposite 
trend has been observed against change in ε1. In additionally, thermally enhancement has been achieved maximum for model-II rather 
than thermally enhancement for model-I. Hence, it was experienced that model-I is most significant to gain heat transfer rate as 
compared to heat transfer rate associated with model-I. 

5. Conclusions 

Three dimensional and rotational flow in power law model for steady flow is considered on a rotating surface. Thermal features are 
analyzed employing applications of Cattaneo-Christov model. Comparative simulations among model-I and model-II on temperature 
profile and velocity field within different parameters. Such complex analysis is numerically tackled by finite element approach. Main 
findings of development are listed below.  

➢ Velocity fields (in y- and x-directions) increase with enhancement in Hall currents and ion slip while width and thickness decline for 
momentum layers within enhancement in Hall currents and ion slip;  

➢ Convergence of developed model was ensured with finite element method;  
➢ If power law index and radial parameter are higher than zero, then velocity fields (for both directions) decline;  
➢ By increasing time relaxation, power law index and small parameters, temperature and thermal thickness for layers are magnified;  
➢ Temperature gradient enhances against with higher values of Prandtl number, small number and power law index;  
➢ Temperature gradient for mode-II is greater than model-I involving impacts of Prandtl number, n and Pr;  
➢ Velocity gradient (skin friction coefficient) declines with inclination in Hall currents, ion slip number but opposite trend was 

addressed against inclination of Lorentz force and n.
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Table 4 
Numerical consequences of several parameters on wall stresses and Nu when Ω = 2.5,ε1 = 3,Pr = 208,λa = 2.1,φ1 = 0.004,φ2 = 0.075.

Variation in parameters  
(Re)

1
n + 1Cf (Re)

1
n + 1Cg Nu(Re)

− 1
n + 1  

0.0 0.5553481139 0.1748620643 0.7829762062 
M 0.3 0.5563475983 0.1768582575 0.7839827394  

0.6 0.5583465989 0.1788506305 0.7859957332  
0.0 0.5553024843 0.1746858232 0.7835296293 

βe 0.7 0.5543309637 0.1737491363 0.7841945177  
1.4 0.5533377531 0.1727892774 0.7851092382  
1 0.3516291834 0.08492499066 1.127566389 

n 2 0.3950262851 0.1236426023 1.146765643  
3 0.4160832704 0.1352999372 1.289131115  
0.0 0.4161269876 0.1348837811 0.9894678573 

βi 0.6 0.4131312671 0.1330288588 0.9895370946  
1.2 0.4121238814 0.1311215646 0.9896847536  

Fig. 7a. Change in Nusselt number with n for model-II and model-I.  
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