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1. Introduction

Over the past few years, a lot of research activities have been devoted to the study of a variety of electric motors.
Some of these motors are hybrid step motor drives [1], induction motor drive [2], permanent magnet synchronous
motor (PMSM) drive [3,4], voltage and current mode direct current motor drives [5], switched resistance motor drive [6],
synchronous reluctance motor drive [7], and brushless direct current motor (BLDCM) drive [8]. Among the most studied
motors, there is one called the permanent magnet synchronous motor (PMSM) [9]. Because of their simple form, high
efficiency, high power density, and low production cost, the PMSM is extensively utilized in industrial applications such
as motor drives, various servo systems, and household appliances. Because of its nonlinear mathematical model, this motor
is able to exhibit very rich and complex dynamics, among which is the well-known phenomenon of chaos. Therefore, a
huge amount of research effort has been devoted to the study and control of that phenomenon in the PMSM. In fact,
in [3], a deep investigation of the bifurcation as chaos for a wide range of parameters has been addressed in a PMSM
model with a smooth air gap. The effect of the smooth and the non-smooth air gap has been investigated on the behavior
of the studied motor in [9]. In that work, the analysis of the stability of the equilibrium point revealed pitchfork and Hopf
bifurcations. More interestingly, numerical simulations highlighted phenomena such as period-doubling bifurcation, cyclic
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fold bifurcation, single-scroll, and double-scroll chaotic attractors. In [10], the authors introduced a fractional model of
the PMSM and followed the bifurcation analysis of that model, which revealed phenomena such as bursting and hidden
oscillations. The dynamics of a simplified model of the PMSM have been addressed in [11]. Furthermore, the authors used
a simple controller to suppress chaos in the model considered. Additionally, they presented a simple way to synchronize
two identical models, and the results have been validated based on an electronic model of the considered motor. Hidden
dynamics and multistability of the PMSM have been addressed in [12]. The findings of the authors have been validated
on the basis of both theoretical and numerical approaches.

Furthermore, analyzing and understanding nonlinear models using present mathematical methods is substantially
more difficult owing to their variations with regard to nonlinearities. As a result, the Takagi-Sugeno (TS) method is
used in the literature to illustrate the nonlinearity that can occur with respect to the IF-THEN rules for linear submodels
based on fuzzy membership-based rules and has been thoroughly investigated by various scientists over the last several
decades [13-17]. For example, adaptive fractional fuzzy integral sliding mode control for the PMSM model has been
analyzed in [18]. In [19], we discuss non-fragile distributed filtering for fuzzy T-S systems in sensor networks. Authors
in [20], researched quantized sampled-data control for extended dissipative analysis of the T-S fuzzy system. Recently,
the Lyapunov-Krasovkii functional (LKF) combined with LMI has become a popular approach for stability analysis and
stabilization of the system. Less conservative stability criteria and the controller can be developed by constructing a
suitable LKF with more system information [15-17]. Therefore, designing a suitable controller is crucial because studying
the PMSM model with input disturbances is a very worthwhile subject.

Numerous control methods, including adaptive control, finite-time H,, control, proportional integral derivative control,
sliding mode control, and others have been utilized to study the stability behavior of the PMSM model in light of
the outstanding results obtained with the T-S fuzzy model. The sampled-data control (SDC), on the other hand, runs
continuously while sampling discrete-time signals at certain instants in time. Therefore, continuous and discrete-time
signals are both used in digital control systems, which are hybrid systems [15-17,21-24]. SDC provides simple and
dependable control in many real-world plants with minor disturbances because it can be easily adjusted to achieve
the desired performance. It is utilized in the robust control of many PMSM systems since it also ensures performance
and stability, even in the face of uncertainty. Therefore appropriate SDC has been very compatible with PMSM. Several
extensive and profitable results have been made about the SDC system [25-29]. On the other hand, a reachable set of
dynamic systems is the set that bounds all system state trajectories in the presence of external disturbances. Reachable
set estimation (RSE) is a significant issue not only in robust control theory but also in practice, where secured operations
are executed through controllers to mitigate insecure regions [30,31]. These characteristics led a few researchers to
recently acknowledge the control problems in RSE. Numerous outstanding theoretical results on RSE [32-34] have been
developed in recent years. To name a few, [32]. suggested a solution to the RSE and aperiodic sampled-data controller
design problems for Markovian jump systems. In [33], the problem of RSE for T-S fuzzy systems against unknown output
delays with application to tracking control of AUVs was presented. RSE and controller design for discrete-time singularly
perturbed systems with time-varying delays were explored by the authors in [35]. It should be noted that the RSE synthesis
and PMSM model-based T-S fuzzy method with non-fragile sampled-data control (NFSDC) have received relatively little
attention up to this point.

Inspired by the above facts, the stabilization PMSM model is examined in this study via NFSDC. The principle
contribution of the study is summarized as follows:

e The proposed PMSM system was established by considering the influence of the T-S fuzzy approach and has been
enforced in approximating the nonlinearities into linear models.

e Furthermore, NFSDC has been introduced in the intended PMSM and can be fully suppressed or driven into a
predictable and adjustable bound.

e Utilizing a novel integral inequality and several new suitable conditions, suitable LKF are built for the stability
analysis of the proposed system model, and an acceptable RSE synthesis technique is derived to take PMSM into
consideration in terms of linear matrix inequalities (LMIs).

e In order to demonstrate the effectiveness and applicability of the given theories, numerical simulations and
comparison results are suggested as a final step.

Notations. The issue formulation and primary outcome notations will now be defined. A n-dimensional real matrix is
represented by R™™ and a n-dimensional Euclidean space by R". The identity matrix with the necessary dimensions
is denoted by I. It indicates that P is a symmetric, semi-positive-definite matrix (respectively, positive definite matrix)
when it is represented as P > 0 (or P > 0). Use MT and M~ to represent the transpose and inverse of M, respectively. In
symmetrical places, the sign % denotes the transposed element. Additionally, Sym{X} is defined as Sym{X} = X + X. The
symbols diag is used to indicate a block-diagonal matrix. || - || stands for the spectral norm for matrices and the Euclidean
norm for vector space.
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2. Presentation of the PMSM
2.1. Model description

The mathematical expression of the PMSM can be provided based on the d-q axis [3] as presented in (1)

% — (ug — Ryig + wlgig)/La

dig

L = (ug — Riig — wlgia + w¥rr) /L (1)
Y = [nyyriq +np (Lo — Lq) idiq — T, — Bo)/J

where the motor’s currents and angular frequency are denoted by ig, ig, and w, respectively. The direct and quadrature-axis

stator voltage components are denoted by u4 and ug, the polar moment of inertia is denoted by J, and the external torque

is denoted by T;. The viscous damping coefficient is denoted by B, the stator winding resistance is denoted by Ry, L4
and L, have respectively stated the direct and quadrature-axis stator inductors, v, the permanent magnet flux and the

number of pole-pairs. By applying the variable change x = ¢x;, and the time change v = ¢t, here x = [ g g o ]T,

G 0 0 bk 0 0
xiz[xl Xy x3]T,§= 0 ¢ O = 0 kK O
0 0 ¢ 0 0 1/t
With b = E—Z k= npf% and ¢ = %’ we obtain a system of equations in a dimensionless form as:
‘%‘ = —bx1 +X2x3 + 14
dstz = —X2 —X1X3 + YX3 + U2 (2)
% =0 (Xz —X3) + £X1Xy — U3.
_ v _ LB _ LB (la-lg) _ Mpirlg _ Mpirlg _ 4n
Where y = RE O = RS T e V1= I Ua, v2 = =0 g, and vz = TR The parameters of the PMSM

studied in this work are given as: n, = 1, ¥, = 1.8 Nm/A, Ry = 0.91.(2, B = 0.0162N1/rad/s, Ly = 11mH, Ly = 15mH,
J = 4.7 x 1073Kgm?.

To address the dynamics of this PMSM two assumptions are made: Ly # Lg, and ug = uqg =T, = 0.

Then the previous mathematical model Eq. (2) becomes.

% = —le + X2X3

dx

T =X — X1X3 + X3 (3)
dx3

i@ =0 (Xz — X3) + £X1X3.

Using the parameters of the motor, the dimensionless parameters are given as:
b=0.733, y =222.222, 0 =42.127, ¢ = 0.0505.

2.2. Dissipation property and stability of the model

The dissipation property of the considered PMSM can be evaluated after the estimation of the volume contraction rate
of the considered machine as provided by Eq. (4).

That contraction rate enables us to have an idea of the nature of the behavior generated by the considered machine
model. In that way, three types of behaviors can be identified, among which, the dissipative one with divV < 0, the
conservative one with divV = 0, and the repelled one with divV > 0.

d

e —bx1 + X2x3
divV = % . —Xy — X1X3 + VX3 . (4)
% 0 (X3 — X3) + ex1X2
Which gives
divW=-b—1—-o0. (5)

From Eq. (5), it is obvious that the volume contraction rate of the PMSM depends on the value of some key parameters of
the motor. Therefore, the PMSM model will be dissipative if and only if —b — 1 — o < 0. Since all the parameters of the
dimensionless model of the PMSM are positive, the volume contraction will be negative. Consequently, the considered
model is dissipative. The Jacobian matrix of the considered model is given as :

—b X3 X5
Jv=1| —X3 -1 y—X |. (6)
£Xy X1+ o —0
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Fig. 1. Two-parameter diagrams showing the general behavior of the considered PMSM with no smooth air gap. The plane (o, y) for b =0.733,¢ =
0.0505, the plane (o, €) for b = 0.733, y = 300, the plane (o, b) for y = 300, ¢ = 0.0505 and the plane (¢, b) for y = 300, o0 = 40. These diagrams
are obtained with the initial conditions (0.1744, 0., 0.221).

Where (x1, X3, X3) are the equilibrium points of the PMSM the characteristic equation around the trivial equilibrium point
Ey (0, 0, 0) is given by :

PO)=2>+(©@+1+b)A*+(bo —yo +b+o0)A
— byo +0ob=0. (7)

From the last coefficient of the characteristic equation, it is obvious that the considered model of the PMSM is always
unstable around the trivial equilibrium point.

3. Global behavior of the PMSM

The fourth-order Runge-Kutta algorithm is employed in this part to construct the nonlinear analysis tools that are used
to describe the overall behavior of the PMSM taken into consideration in this study. The variables and parameters of the
motor are chosen in extended precision mode to ensure the accuracy of our computation. A fixed time step of 5 x 1073
is employed for each iteration.

3.1. Two-dimensional dynamical maps

Using two-parameter Lyapunov diagrams, this section assesses the overall behavior of the PMSM under study. To
generate the figure, two important dimensionless model parameters were concurrently changed, and the maximal
Lyapunov exponent was noted after each iteration. These diagrams will be created in our example by modifying four
important parameters of the investigated PMSM, namely b, ¢, ¥, and o. When varying those parameters in the planes
(o,y), (0,¢€), (0,b), and (e, b) Fig. 1 is obtained. These graphs are produced when both parameters are increased.
It is evident from the diagrams in Fig. 2 that, depending on the sign of the highest Lyapunov exponent, the model

4
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Fig. 2. (a) Bifurcation diagram showing the local maxima of the state variable x3,4 When the control parameter o is varied. (b) is the graph of the
maximum Lyapunov exponent associated with (a). These diagrams are obtained for b = 0.733, ¢ = 0.0505, and y = 350.

under investigation is capable of exhibiting several types of dynamical behavior. For instance, Periodic behaviors are
distinguished by A, = 0 whereas chaotic behaviors are distinguished by Ane > 0. In addition, the absence of the
negative Lyapunov exponent A, < 0 excludes the possibility of having resting behavior characterized by a stable state.

3.2, Coexistence of the bifurcations

The symmetric nature of the model is evident from the mathematical equation of the PMSM provided in Eq. (3).
Consequently, (x1, x2, X3) is also a solution for the identical set of parameters if (—x;, —x2, —x3) is a solution of system
(3) for a given set of parameters. The bifurcation diagram of Fig. 2(a) shows how the considered model can move from
periodic to periodic behavior through a wide range of chaotic behavior. Those transitions observed in the bifurcation
diagram are well supported based on the graph of the maximum Lyapunov exponent in Fig. 2(b). Figs. 3(a) and (b) show
enlargements of the bifurcation diagram of Fig. 2(a) on both sides. From those bifurcation diagrams, two sets of data
are superimposed. Those superimposed data support the hysteretic dynamics of the considered PMSM. The graph of the
Lyapunov exponent and the bifurcation diagrams in Fig. 4(a) and (b), respectively, have been calculated along the same
lines. The figures in those diagrams have been computed by increasing or decreasing the control parameters. From those
diagrams, the coexistence of periodic behavior and chaotic behavior for a large range of parameters has been observed.
Those hysteretic dynamics are distinguished by the coexistence of several behaviors for the same set of parameters have
been supported further by using the coexisting attractors of Fig. 5(a) and their basin of attraction of Fig. 5(b).

4. T-S fuzzy approach

Note that the arrangement alternates sporadically between negative and positive qualities. Despite the fact that
the Lorenz conditions are completely predictable and the arrangement is entirely under the control of the underlying

5
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Fig. 3. Enlargement of the bifurcation diagram of Fig. 2. The red colors are obtained by decreasing the control parameters while the green color is
obtained by increasing the control parameter.
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Fig. 4. (a) Bifurcation diagram showing the local maxima of the state variable x3,,,x when the control parameter b is varied. (b) is the graph of the
maximum Lyapunov exponent associated with (a). These diagrams are obtained for o = 40, ¢ = 0.1, and y = 300. These diagrams are obtained with
the initial conditions (0.1, 0, 4). The red colors are obtained by decreasing the control parameters while the blue color is obtained by increasing the
control parameter.
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Fig. 5. (a) Phase trajectory showing the coexistence of the chaotic attractors. They are obtained with the parameter of Fig. 2. The attractor in red is
obtained with the initials conditions (0, 0, 4), while the one in green is obtained with the initial conditions (0, 0, —4). (b) represents the cross-section
of the basin of attraction of the coexisting trajectories in the plane (x;(0), x3(0)) for x,(0) = 0.

circumstances, the chart of x vs t clearly resembles a random vibration. All things considered, the arrangement also
exhibits particular normality in that the timing of the motion’s recurrence and sufficiency is constant. The transformation
X = [ig ig ®]" is now applied to the entire matrix form of the examined model (1) for simulation purposes. The modified
model is shown as

dig

a — _id+wiq+u1»
% = —ig — wig + coig + 1, 8)
% = a(iy — w) + bigig — Ty
with
_ o A
e Lqﬂe’ b n,bk6?(Ly Lq)’ P ,3 ,
Ry J 0y,
A~ L o~ L 1 62
b="20="u=—u, Ty =—T, C=—1'//r,
Ld R] R]k J qu

N 2% AqT 1
X =ig, iqg w] ,up = —5uq.
Rk
For convenience, we denote iy = ?d iqg = §q o = @, and x = X. The approximate linear subsystems of the studied nonlinear
system might be depicted by a T-S fuzzy model defined by the following IF — THEN rules: Plant Rule i : IF z((t) is Fy, za(t)
is Fip, and ... and zy(t) is Fy,, THEN

x(t) = Aix(t) + Biu(t) + Eqw(t). 9
In this case, the fuzzy sets are Fj(i = 1,2,...,r,j = 1,2,...,p), the premise variables are z;(t), zo(t), ..., z(t)(j =
1,2,...,p), and the number of IF-THEN rules is r. The state, control input, and bounded peak disturbance are denoted

by x(t) € R", u(t) € R™, and w(t) € R/, respectively. Real constant matrices with compatible dimensions are A;, B;, and E;.
Additionally, the disturbance w(t) meets the condition

wl(Ow(t) < @2 (10)

The following is a description of (9) with center-average defuzzier, product inference, and singleton fuzzifier:

4
X(6) = > ()| Ax(O) + Bu(e) + Eu()}. (11)
i=1

with
—a 0 a—+ bw;
A= 0o -3 W, ,
c W, -1
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M —a 0 a-—bW; ]
A= 0 - —w, |,
L € W, -1 i
M —a 0 a-+bW; ]
Ay=| 0 - -w, |,
L € W, -1 i
[ —a 0 a— bw;
Ay = 0 —% W, s
Cc —W, -1

Bi=[110]", E=[00T;]".

The membership functions are

hi(z(t)) = Hu1(ia(t)).-Ha((t)),
ha(z(t)) = Hia(ia(t)).Haa(w(t)),
hs(z(t)) = Hu1(ia(t)).Ha( (1)),
hy(z(t)) = Hia(ia(t)).Ha1((t)).
Here
Hyy(ig(t)) = 0 5(1 + M) Hoy(eo(t)) = o.5<1 + @)
Wi W,
Hiolia(t)) = 0 5(1 - %) Haa(o(t)) = 0 5(1 - %)

I 0) o TT e
W) = oy ) = [ ] Fitaio),

where the grade memberships of z(t) in Fy are represented by Fj(z;(t)). It is clear that for every t, u;(z(t)) > 0. As a result,
it can be proven that for every t > 0, Z{zl hi(z(t)) = 1 and h;(z(t)) > 0. Additionally, 1 and 12 are selected as the values
of W; and W5, respectively.

5. Sampled-data controller

The measurement x(t;), which is a discrete-time control of x(t) at the sampling instant t, is presumed to be the only
one that can be obtained for control purposes. A zero-order holder (ZOH) with a sequence of hold times provides the
control signal.

O=ty<t;j<---<tg---< lim t = +oo0.
k—+00

Based on parallel distributed compensation (PDC), we use the fuzzy SDC for (9). Its fuzzy sets match the fuzzy model’s
premise components. The schematic of fuzzy NFSDC is shown in Fig. 6.
Controller Rule j:
IF z4(t) is Fj1, z(t) is Fjp, and ... and z,(t) is Fjp,
THEN

u(t) = (K + AK(O)x(ty), t € [ty, tisr) (12)

where X; € R™"(j = 1,2,...,4) is the gain matrix of the controller, and AX;(t) is the unknown matrix representing
gain disturbances and satisfies
AKG(t) = HqjGqi(E)My;,
where Hy; and My; denote known matrices, and §yj(t) denotes the unknown matrix function and fulfills 9]Tj(t)91,-(t) <l
Consequently, fuzzy SDC is defined by
4

u(t) = Z hi(z(6))(K; + AIG(E)x(t).- (13)

j=1
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Nonlinear system
w(t) PMSM

—_— 5
: X(t) = Ax()+ Bu(t) + Ew(t) :
o 0

T-S fuzzy | model

(1) = Zlh,.(:(r)) {4x@)+Bu(t)+Exv(t)}

Non-fragile f%zw controller

5%

() u(e) = 3 by oINS, + AK, (O)x(e;)

Fig. 6. Block diagram for fuzzy NFSDC (14).

Given that ty < t < tgy1 and hy = tyy1 — ty, indicate the sampling interval as n(t) = t — t. It is obvious that
0 < n(t) < hi < h, where h > 0 is a given scalar and denotes the maximum upper bound of sampling instant. Additionally,
the derivative of 5(t) is piecewise linear and has the value 7(t) = 1,t # t;. Substituting (13) into (11), the closed-loop
uncertain T-S fuzzy system is obtained as follows

4
OEDIPPCOCNEE

i=1 j=1
+ Bi(K; + AK(E)X(t) + E,»w(t)]. (14)

The following definition and lemmas, which are required in the derivations of our key conclusions, are introduced
before this section is concluded.

Definition 5.1 ([34]). The reachable set of system (14) is shown as follows for Vt > 0,
Ry = {x(t) | x(t) and w(t) satisfy (14) with (10)}, (15)
and an ellipsoid used to bound the reachable set system (14) and describing €(P) = {x(t) € R" | x(t)TPx(t) < 1, P > 0}.

Lemma 5.2 ([34]). Let V(x(t)) be a differentiable Lyapunov function with V(x(0)) = 0 and w(t) satisfying (10). If there exists
a scalar o > 0 such that V(x(t)) + 2aV(t) — %wr(t)w(t) <0, then V(x(t)) < 1.

Lemma 5.3 ([36]). For every matrix R > 0, any vector &, and any continuously differentiable function x : [—t, 0] — R", and
slack matrices M, N, it holds

-t /[ X7 (s)RX(s)ds

t—1
<ET(O(EM 'R M +h,NTRT'N]
h, 2
ey r(tz)
T T
+ vT(t —T,t— r(t))FaTN]‘;‘(t)

Sym[vT(t — z(t), )[,'M

+

- {hfvT(t — 7(t), ), MRI,v(t — (t), t)

7(t)?

+t2

v (t =T, t — (), MRI(t — 7.t — (1))}
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where
R = diag{R, 3R, ..., (2S + 1)R},
I'; = col[ms(0), ms(1), ..., ms(S)],
£(t) = col[x(t), x(t — (1)), x(t — T), X(t — T(t)), X(t — T),
wi(t = T(t), £), wn(t — 7, t — (1)), walt — T(t), 1),

b
wy(t — T, t — t(t))], w1(a, b) = 0 1 ) fa x(s)ds,

1 b b
w1(a,b):m/a /u x(s)dsdu.
Upr Uz Usps

Lemma 5.4 ([37]). For any semi-positive definite matrices U = u]TZ Uxp Uz | > O the subsequent integral inequality

T T
. Uz Uz Uss
satisfies:

—/ E(s)Us3E (s)ds S/ [E7(6) &7t — d(6)) ET(5)]

—d(t) t—d(t)
U Uz U3 &(t)
U Uxp U &(t—d(t) |ds.
U Uy O £(s)

Lemma 5.5. Let J(t) meet the condition that JT(t)J(t) < I, and let Y, &, and J(t) be real matrices of the proper dimensions.
Then, for every constant € > 0, the following inequality is true:

Y(6)E +ETTOYT <evyT +e7ETE.
6. Main results

The RSE and synthesis for the T-S fuzzy system (14) with a non-fragile sampled-data control (NFSDC) design and
bounded peak disturbance fulfilling w”(¢t)w(t) < @? will be shown in this part. First off, using the given X;, the RSE
problem may be resolved in terms of LMIs. We denote matrices for simplicity,

er = [Onx(t—1n In Onxio-1nl > 1=1,2,...,10, h=e "

_ 81 8 _ X(S) = r _
S L P R T

Theorem 6.1. Given the positive scalar o, h, ¥; > 0, and gain matrices K;, such that the considered reachable set of the closed-
loop system (14) is bounded by condition (15), if there exist positive definite matrices ? > 0,8; > 0,8, > 0,83 > 0,7 > 0,
matrices Y1 and Y,, semi-positive definite matrices U = [Ungl3x3 > 0, matrices Wi(I = 1, 2, 3), such that the following LMIs
hold with n(t) = {0, h}:

10

£y0) vhy; ol 0o} ]
*oTh 00y, (16)
* * —0il 0
L * * -l
[ Eith)y vhy] ol %0y ]
* —81 0 0 <0, (17)
* * —il 0
L * * * -0l
[~ + &40) Vhy; ol @0y
* —81 0 0 <0, (18)
* * —Wil 0
L * * * —@il
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where
Ey(d) = Boi(d) + Eoa(d),
- - —a
Eo1(d) = x1+ x2 + x3 + Xxa + $23 + e-{oﬁewv
A - hg d?
Ep(d) = (= + ﬁ)slfm[%xl + Y2X3]
hq d
- (ﬁx;rslxl + ﬁ[x;rsﬁcz)],
X1 = colleq — ez, e1 + 25 — 2eq, 1 — €3 + 6eg — 12eg],
X, = colle; — e3, e; + e3 — 2e7, 65 — e3 = 6e; — 12eq],
- 1 .
¢ = ,—Tzsj/m[’?hxl + Y2Xo], 81 = diag{81, 381, 581},

x1 = Sym{ae Pe] + e;Pel },
X2 = —h(2(e; — eq) " Sye4 + he] Szeq) + hr TSI + Eoy(d),
x3 = eq [MUy1 + 2Ussler + 2ef [Alyy — Uz + U s]es
+ 3 [hlUyy — Ups + Uysles,
Xa = heJ Tes + hys,
Q3 = —e] Wies + 2e] W] Aiey + e] W] BiXjeq
— 2eJ W, es + e{ Al Waes + ef X B/ Waes
— e Wies +el Al Wse, + ZeIWJB,'J{jeél
— eWiEieiq + esWEiero + ey WsEieqo,
91 = [H1jW1 0 0 HjW3 H1jWa Oqxs],
325 = [0 0 0 My 0;x6].

Then the reachable set of system (14) are bounded €(?P) such that {x(t) € R" | ||x(t)|| < T} wit
Proof. Take into consideration the LKF for the system (14) shown below:
3
V(t) =) Vi), t € [ti, tigr)
I=1

where
Va(t) = x(6)Px(t),
t
Vo(t) = (tegq — t) / eI T8pds,
t—h
t
Vs(t) = (tegr — t) / 6% T (5)TX(s)ds,
t—h
By combining the system (14) state trajectories with the time derivative of V(t), we obtain

Vi(t) + 2aVy(t) = 2x T ()PX(t) + 2ax | (£)Px(t),
=& ()&(L),
Vo(t) + 2aVa(t) = (tegr — £)F T SF —f ) e 2 Tsrds
t—h
< (tggr — OFTSF — ez"‘ﬁ{/ X7 (s)81X(s)ds
t—h

— (t — X" (t)83x(tr) — 2(x(t) — X(tk))TSZX(tk)}-

11
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(19)

(20)

(21)

(22)
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By using the inequality in Lemma 5.3, we have

t
- / KT(s)8ik(s)ds < €T (O1ayT s,
t—h
rouTe—1 Hd d?
+ hay, 8712 + (f + ﬁ)Symwm + Y225 ]
hq
< ET(O[E1(d) + Era(d)E(D). (23)

d
JCISQQ + ﬁx;rslxz)]é-r(t),

Va(t) + 2aVy(t) < e 2R(—(t — " (t)83x(t)

— 2(x(t) — x(t)) 82x(tx) — £ T (D[En1(d) + Er2(d)I(1))

+ (tke1 — OF TSF,

< ET(Ox26(D), (24)
Vs(t) + 2aVs(t) < (fpr — DX (£)TX(E)

t
—f e 0% T (s)TX(s)ds,
t—h

t

< (tggr — X (E)TR(t) — / 7e2°"7’5cT(s)iTi<(s)ds. (25)
t—h

From V;s(t), the following equations hold
t t
—f XT(s)TX(s)ds = —/ X7 (s)Us3X(s)ds
t—h t—h

- / XT($)[T — Uss]X(s)ds. (26)
t—h

Applying Lemma 5.4 and the LeibnizNewton formula for the integral term in (26) such as — [ ; %" (s)Uss3
X(s)ds; the following equations hold for any matrix U with appropriate dimensions, respectively. Thus, we obtain the
following.

t t
- / i X7 (s)Ussk(s)ds < f i JLJlZJndS
t—h _ t—h _

< XT(O[hU1 + 2Ug3]x(8) + 2x T (0)[AUsz — Ups + U]

x X(t —h) 4+ x"(t — h)[MU — Ups + Uys1x(t — h),

< ET(0)x3(0). (27)
where

911 = [X'(0) X" (t — h) X" (s)]

U Uiz Ugs

Jp=| U, U Ujs
T T
Uz Uy O

Therefore, we get the following.

Va(t) + 2aV3(t) < (tker — O (OTX(E) + & T (£)x3E(L)

t
- / XT(S)IT — s K(s)ds,
.

h
< £7(E)xab (1), (28)

For any real matrix W(I = 1, 2, 3), we have the following inequalities:
0= Sym[xT(t)W1 L)W, + xT(rk)w3] [—)'((t)
r r
+ Z Z hi(z(t)hj(z(t ) Aix(t) + Bix(ty) + Eiw(f)]],

i=1 j=1
12
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=20 > O ESym]x (OW: + & (e,

i=1 j=1
X7 (00Ws | [(0) + A(0) + Bisi(e) + E(0)],
={$235 + Sym{D;5102i}}- (29)

From Lemma 5.5, it can be verified that
1
sym{o;G102;} < ﬁaﬂpw + 0902 (30)
Combining (20)-(30), we get

V(E) + 2aV(t) — %wT(t)w(t) <£T(O1Ey

+dy{ Sy Y1 + hay, ST 'Y21E(E) < 0. (31)

- = . ¢ t—n(t) t t
where, £T(t) = [x"(t), x" (t—d), x"(t—h), x" (t), X" (¢), ﬁfpn(t)xT(s)ds, Hfi,(r) [ xT(s)ds, n(})z ft—n(r) x [ XT(s)dsdu

, (1&—;;([))2 f:;(t) fur*"(t)xT(s)dsdu, wT(t)] and &, = Eoi(d) + %{_8%61,’,’—%0),’6%62,} where Zy;(d) is defined in Theorem 6.1.
Since T — Usz > 0 then the last terms in (26) is less than or equal to 0. Furthermore, using the Schur complement, it is

guaranteed to see Eqgs. (16)(18). Thus according to Lemma 5.2, one has V(t) < 1. It is easy to see

XT(O)PX(t) = Vi(t) < Va(t) + Va(t) + Vs(t) = V(¢).
Moreover, by using the spectral property for symmetric positive definite matrix ?, we get

Aemin(PIX(OI? < V(©). (32)

Therefore, ||x(t)| < T = m due to (32). This means that the reachable set of the system (14) is bounded by

€(P) = {x(t) € R" | x"(t)Px(t) < 1} based on Definition 5.1. The proof is completed. O

Remark 6.2. It should be worth mentioning that the design of the LKF V,(t) = (ty4q — t)ft[—ﬁ e2=0rTsrds,

Va(t) = (tig1 — t) f;h e22s=0%T(5)Tx(s)ds based on the NFSDC information t; < t < ti;1 and hy = ti41 — ti, indicate the
sampling interval as n(t) = t — t;. It is obvious that 0 < 5(t) < hy < h and utilize these sampling intervals the V,(t)
and V3(t) is similar to (1 — t)f[t e?=0FTsrds and (tgyq — t)ft; e25=0x T (s)Tx(s)ds with lim;_¢ Va(t) = Vo(tx) = 0
and limg_.,, V3(t) = V3(tx) = 0 wf(lich has been also used to prove the reachable set synthesis of the proposed LKF in
Theorem 6.1.

Theorem 6.3. Given the positive scalar «, h, #; > 0, k(1 =1, 2,3), such that the considered reachable set of the closed-loop
system (14) is bounded by condition (15), if there exist positive definite matrices ? > 0,8; > 0,8, > 0,83 > 0,7 > 0,
matrices Yy, Y, semipositive definite matrices U = [Umnl3x3 > O, matrices Y; and W, such that the following conditions are
satisfied for any n(t) = {0, h}

13

Ey0) Vhyy 8l 0id;;
* —81 0 0 <0, (33)
* * —@il 0
| x * * =il |
[ Eithy VR 8 #dy ]
% -5 0 0 <0, (34)
* k —@il 0
L * * * -l
[ —h¢+Ey0) Vhi3 Bl 0y
* =8 00 g (35)
* * —Wil 0
L * * * —@il
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where
Eij(d) = Eoi(d) + Eoa(d),
= P N ) T %
Eoi(d) =1+ + X3+ Xa+ 235 + eloﬁlew,
. Ry @ N
En(d) = (f + E—)Sym[%x] + 9521

(hle 812 + = [DCZ 8122)1,

1 ~ ~ - - - -
¢ = ’—TZHG[%DC] + Y2X2], 81 = diag{81, 381, 581},

X1 = sym{ae,Pe] + e Ped ),
%2 = —h(2(e; — e4) 8,64 + hej 83e4) + hr T8F + Ey(d),
%3 = e [hllyy + 2Ussler + 2e] [hilyy — Uiz + Ujsles
+ 5 [hllyy — Ups + Uy, ]es,
¥a = hel Tes + %3,
Q3 = —kqe] Wes + 2kje] AWe; + kie] B;Yey
— 2kyed W'es + ke WA es + kzeIBlTYTes
— kse, W'es + kse] Al Wey + 2kse, BiYjes
+ e1k1WEie1o + eSkZWEiem + e4l<3WE,-e10,
O1ij = [k131j 0 0 kaHyj koHyj O1xs],
D2 = [0 0 0 My;Y; Oyx6].

Then the reachable set of system (14) are bounded €(P) such that {x(t) € R" | ||x(t)|| < 7} with 7 = . Furthermore,

vV mm( )

under these conditions, the NFSDC gains X; in (12) are achieved by X; = YjW‘l.

Proof Followmg the same proof procedure as in Theorem 6.1 and define W; = k1W W, = k2W W3 = k3W W =
w1 , Y = JC]W P = WTW 81 = WS1W 52 = WSzW 83 = WS3W U11 = WUHW U12 = Wu12W u13 = WUBW 'l,[zz =
Wuzzw u23 = Wu23W T = WIW, Y = WY;W, 9, = WY, W. Pre- and post-multiplying (16), (17), and (18) by
diag{W, W, W, I, W, I, I}, we get (33), (34), and (35). This completes the proof. O

9 times

Remark 6.4. It is noteworthy that, in many industrial process, the dynamic behaviors are generally complex and non-
linear, and their real mathematical models are always difficult to obtain. How to design the non-fragile sampled-data
control (NFSDC) for the PMSM model and analysis of the reachable set estimation has become one main focus of research.
More particularly, some pioneering works have been discussed in sampled-data control for the PMSM model. In [22],
bifurcation analysis and the problem of T-S fuzzy sampled-data stabilization of PMSM have been studied. Reliable fuzzy
H, control has been designed for the PMSM model against stochastic actuator faults in [4]. Nien-Tan fuzzy method has
been proposed in [25] for wind energy conversion system via SDC. Recently in [27], fuzzy SDC has been studied for PMSM-
based wind turbine system. The model considered in the present study is more practical than that proposed by [4,22,25,27]
because they consider usual sampled-data control has been studied with a fuzzy system based on stability analysis via
PMSM model, but in this paper, we consider a new reachable set estimation and bifurcation analysis with the combination
of NFSDC in the considered PMSM model. Due to the many real-life application the combined study of bifurcation analysis
and reachable set estimation for NFSDC effects on the PMSM model is more important. Inspired by the idea of [36] the
composite slack variable inequality (CSVI) was applied in this paper, as a result, the CVSI technique has provided a tighter
upper bound analysis for such LKFs, which can improve the stability performance with less conservative results rather
than these of [26,38,39], which has been shown in comparison example section (Table 3) in the revised manuscript.
Henceforth, the investigation procedure and framework model proposed in this study merit a lot of regard for filling such
demand all the more successfully.

7. Numerical simulation:

In this part of the article, the whole dynamical differential model of PMSM is solved with the assistance of the Matlab
LMI control toolbox. Additionally, the viability of the suggested approach and its superiority are validated at this point.
Table 1 provides a definition of the numerical values of the system parameters that are utilized for simulations.

14
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Table 1
Parameters of the PMSM.
Symbol Value
Lq 15
Ly 11
Ry 0.9010
J 47 x1073
Ur 18
B 0.0162
n, 1

7.1. Simulation for PMSM model (1)

The obtained necessary conditions from the previous section, which demonstrate the RSE of the closed-loop system
(14) are discussed in this part together with the dynamical behavior of the PMSM model (1) with a non-smooth-air-gap.
The steps are provided in Algorithm1.

The specified scalars are chosen as h = 0.01 and the parameter of « is chosen as « = 0.25. The LMIs (33)-(35) in
Theorem 6.3 can be solved using the aforementioned parameters together with w(t) = 0.240.01rand, B; = [110]", E; =
00T, (i=1,2,3,4), X = diag{0.1, 0.1, 0.1}, M; = diag{0.5, 0.5, 0.5}, W; =1, W, = 12, and the maximum upper
bound of the sampling interval h is obtained as h = 0.01. Additionally, the associated control gain matrices are computed
as

X1 =[—6.4051 — 0.3120 2.2334],

Ky = [—4.4322 2.1133 1.1011],

K3 =[—5.4051 — 1.3120 2.2334],

K4 = [—3.4322 2.1133 1.1011].
To stabilize the closed-loop system (14), the estimated control gains are included in the suggested control input (13), and
the state responses of PMSM with and without NFSDC-based PMSM are depicted in the figures. 7 and 8. From Fig. 7, the
non-linear model (2) revealed the unpredictable behaviors of their states with respect to different operating parameters.
Furthermore, Fig. 8 confirms that when using the NFSDC in (14), the PMSM model is effectively controlled even in the

occurrence of small uncertainties in the controller. The bounding ellipsoid are shown in Fig. 9. Thus the effectiveness of
the proposed method can be verified.

Algorithm T: Stabilization analysis of the PMSM model (14)

Step 1: Set the PMSM model parameters A;, B;, and E; uncertain parameters ¥;, My; and define the symmetric matrices
?>0,8>0,8 >08 >0,T>0,9 >0,Y > 0,U = [Unnl3,3 > 0 with set the upper bound of sampling instants
he € (0, h] .

Assure: Verify the feasibility of LMI.

Need: Find the control gain matrices.

Step 2: Use the sampling conditions and novel LKF techniques to construct the LMIs in Theorem 6.3

Step 3: Adjust the value of @ and h to calculate whether the solution of LMI exists.

Step 4: Solve: (33)-(35) in Theorem 6.3 and check the feasibility of LMI using MATLAB control toolbox.

Step 5: If the feasible solution exists, stop the calculation and obtain the maximum value of h and the controller gains
4, else go to step 3 and increase or decrease the value of h and a.

Step 6: Stop.

Therefore, based on the described simulation, the uncertainties are also effectively estimated through the proposed
NFSDC. Furthermore, to establish the effectiveness of the designed NFSDC, different sampling interval values, and its
corresponding control gains are tabulated in Table 2.

8. Comparative example (Effectiveness of NFSDC scheme)

The effectiveness and superiority of the intended NFSDC are demonstrated in this paragraph by examining and
resolving Rossler’s system, [38]. Input terms and the dynamics of Rossler’s system are described by
X(t) = —xp(t) — x3(t),
Xp(t) = x1(t) + Taxa(t) (36)
X3(t) = w3x1(t) — (74 — x1(E)x3(t) + u(t))
15
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Table 2 B

Largest sampling interval h and the corresponding control gain matrices.
h Gain matrices

0.01 #7 =[—6.4062 — 0.5120 2.4334]

Sy =[—4.4322 2.1133 1.1011]

X
|

0.05 A1 =

X
|

0.12 =

25

1.5} 1 1

0 0.5 1

t/sec

Fig. 7. State responses of the model (14).

0.2

t/sec

Fig. 8. Control response curve of the model (14).
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X, ’ 004 -02 X,

Fig. 9. Trajectories of the bounding ellipsoid.

2 . . . . . . . . .
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

t/'sec

Fig. 10. Response curve of without control input model (36).

where 13, 13, and 4 are constants and x;(t), x2(t) and x3(t) are state variables. Control input is denoted by u(t). The Rossler
system with x;(t) € [t4 — D, 74 + V] can be explain by the T-S fuzzy system with

0o -1 -1 0o -1 -1
A] = 1 T 0 s Az = 1 T 0 s
T3 0 —D 3 0 )

Bi=B,=[001],

and define the membership functions are hy(x;(t)) = %;’”m and hy(x1(t)) = 1 — hy(x4(t)). Assuming o = 0.3, 73 =
0.5, 74 = 5,0 = 10, o = 0.1, utilizing the values of the parameters listed and solving the LMIs in Theorem 6.3 with E; = 0
(ie,) without disturbance and the maximum sampling interval bound can be calculated based on Theorem 6.3, which is
listed in Table 3. As a result, we achieve the maximum sampling interval h = 0.1203. Furthermore, Table 3 indicates that
the comparison results of the conditions were derived with the largest sampling interval as in Theorem 6.3. Furthermore,
the state trajectories of the system (36) with and without control input u(t) are shown in Figs. 10 and 11 under the
proposed controller scheme. The dynamic response of the control input is shown in Fig. 12. Finally, we conclude that
non-linear systems (36) achieve the existence of the reachable set under the NFSDC scheme, and the conditions obtained
yield better results than the existing results.
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Table 3 ~
Calculated maximum sampling interval h.

Method [38] [26] [39] Theorem 6.3

h 0.0959 0.1147 0.1165 0.1203

_5 Il Il Il Il Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

t/sec

Fig. 11. State trajectories of the model (36).

Fig. 12. Control response curve of the system (36).

9. Conclusion

In order to analyze the RSE synthesis of the PMSM system, NFSDC was used in this article. By applying the standard
LKF, composite slack variable inequality, and other inequality techniques, the RSE of the closed-loop system has been
attained and is bounded by an ellipsoid as tiny as possible, which has been obtained through LMIs. The NFSDC gains
were then acquired by solving the LMIs. Furthermore, the suggested strategy reduces the conservatism of the current
results. We will focus on the real-time RSE problem for PMSM models with unknown parameterizations in future studies,
and the challenge of RSE under memory event-triggered control will be a challenging and practical topic of discussion to
investigate.
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