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Abstract: The issue of adaptive finite-time cluster synchronization corresponding to neutral-type
coupled complex-valued neural networks with mixed delays is examined in this research. A neutral-
type coupled complex-valued neural network with mixed delays is more general than that of a
traditional neural network, since it considers distributed delays, state delays and coupling delays. In
this research, a new adaptive control technique is developed to synchronize neutral-type coupled
complex-valued neural networks with mixed delays in finite time. To stabilize the resulting closed-
check for loop system, the Lyapunov stability argument is leveraged to infer the necessary requirements on the
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https:/ /doi.org/10.3390/ Due to sub-network contact and cooperation, coupled neural networks (CNNs) are
fractalfract6090515 likelier than conventional neural networks (NNs) [1] to exhibit more complicated dynami-
cal features, as explained in [2-5]. In view of the potential of CNNs in various fields such as
electrical grid, image processing, compression coding, and medical science, there has been
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iations. example, an orthogonal decision boundary and complex signal in a neuron offer effective
solutions to tackle the XOR and symmetry detection challenges, as presented in [14,15]. As
presented in [16], CCVNNSs can accurately represent optical wave fields of phase-conjugate
2 resonators, since their complex-valued signals with respect to the underlying phase and
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In the control field, synchronization has recently attracted a lot of attention, and its
application areas, which include biology, medicine, chemistry, electronics, secure communi-
cation and information science, have overgrown. Until now, synchronization of dynamical
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networks has been a significant source of concern, with numerous valuable results reported.
For instance, the authors of [5] investigated the global exponential synchronization problem
of quaternion-valued coupled neural networks with impulses. An array of memristive
neural networks with the inertial term, linear coupling and time-varying delay are consid-
ered for the synchronization problem in [9]. The finite-time synchronization problem for
delayed neutral-type and uncertain neural networks was investigated in [17] and [18], re-
spectively. A review of the literature reveals a variety of synchronization studies, including
lag synchronization, complete synchronization, anti-synchronization, and more; see [17-19].
Due to many uses in image encryption, image protection and secure communication, the
synchronization issue in CNNs has drawn the most attention. The phenomenon of cluster
synchronization (CS) describes how all elements in a network are separated into various
clusters. While the elements in the same cluster are completely synchronized, those from
separate clusters are desynchronized. Because CS is a widespread phenomenon that can be
discovered in a wide range of natural and man-made systems, and it has wide applications
in different complex networks, including cellular and metabolic networks, social networks,
electrical power grid networks, food webs, biological NNs, telephone cell graphs and the
World Wide Web, to name a few, many related research studies have been conducted [20-
22]. Liu et al. [23] considered a fractional-order linearly coupled system consisting of
N NNs. They derived different adequate conditions to determine the synchronization
issue of the addressed model. Yang et al. [24] discussed the CS issue of fractional-order
networks with complex variables, along with nonlinear coupling in finite time based on the
decomposition method. They computed the settling time efficiently using certain important
aspects of the Mittag-Leffler functions and fractional Caputo derivatives. Zhang et al. [20]
explored the CS issue of delayed CNNs with fixed and switching coupling topology by
employing Lyapunov theory and differential inequalities method. While CS of complex
networks has been studied widely, the investigation of CS with complex values in complex
networks is yet to attract attention, despite its potential use. In [24], CS of complex variable
dynamical complex network was examined, but on complex variable networks without
time delays. Therefore, CS of complex variables in complex networks in finite time requires
further investigation.

Recently the dynamical study of neural networks attracted a lot of attention; see [25-31].
The work mentioned above [5,9] focuses on the infinite-time synchronization of the drive-
response system. Finite-time stability has entered the field of vision of researchers [17,18,23]
to make the error between systems tend to zero quickly. Contrarily, from an engineering
and application perspective, the convergence rate is critical in determining how well the
suggested control algorithm performs and how successful it is. Therefore, the finite-time
control approach has received a lot of attention [23,24,32,33]. Practically speaking, the
finite-time CS of CCVNNSs is trackable. With the aid of suitable controllers, finite-time
CS refers to the capability of the controlled systems to establish synchronization in a
predetermined amount of time. Compared with asymptotic synchronization, finite time
synchronization in some cases not only accelerates synchronization, which happens when
time approaches infinity, but also offers the benefit of low interruption and tenacity in the
presence of uncertainty. Therefore, it is beneficial to look into CS of CCVNN:Ss in finite
time. To this end, Yu et al. [32] studied the finite-time CS problem for a coupled dynamical
system without delays. He et al. [34] investigated adaptive CS in finite time for neutral-type
CNNs with mixed delays. The finite-time CS problem for a coupled fuzzy cellular NNs was
investigated in [35]. To the authors’ knowledge, no many results on CS of CCVNNSs in finite
time exist, and the conclusions are based on the assumption that the parameters of complex
networks are available in the actual world. Furthermore, it is well understood that time
delays are unavoidable in NNs, which can cause oscillation or asynchronization. As a result,
it is essential to study how time delays affect CNNs. Motivated by the aforementioned
aspects, the key objective of this article is to study improved finite-time CS of CCVNNs
with mixed time delays. To address adaptive CS of CCVNNSs, some useful criteria are
derived. Specifically, the the important contributions of this article can be summarized as
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follows: (1) some adequate conditions are obtained to determining CCVNNs with systems
adaptive finite-time CS. The major benefit of the adequate conditions such as linear matrix
inequalities (LMIs) is that they are non-singular. (2) Unlike recent CS results work on
CVNNs s in finite time with nonlinear coupling and no time delay [24], the techniques
presented here are applicable to CVNNs with both mixed and time-variable delays.

2. Model Description and Preliminaries
2.1. Preliminaries
Graph Theory: Let G = (V, £, G) be a graph with a set of nodes V = {1,..., V}(V >
2), £ C V x V, and coupling matrix J = []if]VxV € RV with j; = — Z]“/:l,j;éi Jij for
i=1,...,V,where Jij > 0 if there is an interaction between nodes i and j, or else Jij = 0.
Denote {C1,Cy,...,Cp} with Cx = {ly_1 + 1,lx_1 +2,..., I} as a set of partitions of nodes
V with non-empty subset M, such that (2 < M < V). In addition, several notations of
graph partition are introduced. F = {Fj, ..., F;} is the partition of the given vertex set V,
if the following conditions are satisfied for p # m,p,n =1,2,...m
(i F',F,=F.
(i) F,#O.
(iii) F, UF, = Q.
Then, F, ={1,2,.... 1}, h={q1+1L,....;1 +q2},...,. Ba = {1+ X" 1 qi-1, ..., L1
git,oo s En={pn+...+qua+L....1+.. .+ qmt. g1+ +...+qgu=N,1<m < N.
The following are some useful lemmas:

Lemma 1. For any two n-dimensional vectors A1, Ay and any matrix H > 0 € R"*", and any
scalar @ > 0, the following inequality always holds:

2AT Ay < OATHA; + 07T AJH A,

Lemma 2. Suppose that a continuous (t) is a positive-definite function, and it satisfies
B(t) < —aBP(t),Vt > to, B(ty) > 0.

Here, ,a € RT,0 < B < 1. Then, the following inequality is satisfied for G (t):

UP(t) < BV P (k) —a(1— B)(t —to), tg <t < T.

T (k)

where T denotes the settling time. It follows from B(t) = 0,Vt > T, T =ty + 5=y -

Lemma 3. For any chosen matrix D € R"*" > 0 that is positive—definite, scalar 6 € R, and
any function ¢ : [0,6] — R", the following inequality exists:

([ otsras)

Lemma 4. For any N-dimensional type vectors c1,cy, . . ., cn and positive real numbers x,y, such
that x >y > 0, then the following condition is true

T

D</05 (p(S)dS) < 5/05 ¢T (s)De(s)ds. 1)

X
Y

N N y
Yol = { X leill™)
i=1 i=1

Remark 1. Recently, there has been an increase in the number of studies concerning the NN
synchronization problem. The analyzed NN models are classified into two types: with time de-
lays [36,37] and without time delays [38—40]. Note that the evaluation of model states in delayed
NN is dependent on both the current and prior states, compared with that in NNs without time
delays. This makes the investigation on delayed NNs more practical in real-world applications, but
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with more complex theoretical analyses. One of the most important and complex areas is the analysis
of NNs with mixed delays. They include the mixture of state delays, coupling delays and distributed
delays [41-43]. Furthermore, as a subset of delayed NNs, neutral-type CNNs have been employed
in mechatronics and communication areas.

2.2. Model Formulation
Consider the CCVNNSs with mixed delays consisting of N nodes, as follows:

= Edi(t — o(t)) = D&i(t) + Af(¢i(t)) + BR(¢i(t — (1)) + C [ h(9:(2))dg

+ XN LTt — T(h) + ui(t),t >0, )

¢i(s) =0i(s),s € [-71,0,i =1,2,...,N,

where ¢;(t) = (i1 (t), pia(t), ..., ¢in(t))T and u;(t) are the state and the controller input of
the i subnetwork with 1 neurons, respectively; f(¢;(t)) = (f1(&i1(t)), f2(¢a (), ...,

Fa@in ()T R(@i(t = 7(6))) =kt (B (E — T(6))), Ka (@it —T(8)), -k (in (— T(D)))T,
h($i(2) = (h(¢i1(D)), ha(92(2)), - - -, in(¢:in(2)))T, are the complex-valued neuron acti-
vation functions; D = diag(dy, dy, ... ,d)T € R" withdp > 0(k = 1,2,...,n) is the
self-feedback connection between neurons of the i subnetwork; A = (apg) € CP",B =
(bpg) € C™",C = (cpg) € C"*" denote the connection, delayed connection and distributed
delayed connection weight matrices, respectively, p,q = 1,2...,n; o(t),7(t), T are the
neutral-type time delay, coupling delay and distributed delay, respectively, and they satisfy

T =sup{c(t), T(t)},t > to, T € RT; L = (I;j) nxn denotes the configuration coupling terms
>ty

of the outer coupling, which satisfies l;j = —g;, l; = — Zjlil,j;éi qi; T = diag{é1,02,...,0n}
is the positive diagonal inner coupling matrix; u;(t) = (u;1, s, . .., uiy)" denotes the control
input to be designed later, forall t > 0,7,j =1,2,...,N.

The following assumption is necessary throughout this study:

Assumption 1. We can decompose the nonlinear continuous activation functions f(¢), h(¢) and
k(¢(t — t(t))) into real and imaginary parts, namely:

@) =R (e%0") +if' (9% "), kig) =K% (9", ¢") +ik (9%,¢")

where fR, f1,kR, k" and iR, h' are real and imaginary parts of f(¢), h(¢) and k(¢p(t — T(t))), and
all are real-valued continuous functions.

Assumption 2. For any vectors ¢1(t), ¢2(t) € R, it is assumed that the real and imaginary parts

A

of the complex-valued activation function f,(-) are able to satisfy

f (@) <L 1fg (9n(D)] < L,
F(@a(8)) = f (@2(D)] <KFla (1) = g2(8)], 1 /g (91.() = fy (92(1)] < Kyl (1) — g2 (8)],

where qu(),qu() are the real and imaginary parts of fo(-), and LY, Lé, Kff,Kg are positive con-
stants.

Remark 2. A complex number’s real and imaginary components also exhibit some statistical
correlation. It makes more sense to use a complex-valued model rather than a real-valued model
when we are aware of how crucial phase and magnitude are to our learning purpose. Complex
numbers are used in neural networks for two fundamental reasons.

(a)  In many applications, such as wireless communications or audio processing, where complex
numbers occur naturally or intentionally, there is a correlation between the real and imaginary
parts of the complex signal. For instance, the Fourier transform is a linear transformation that
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multiplies the magnitude of the signal in the frequency domain by multiplying the signal’s
magnitude by a scalar in the time domain. The circular rotation of a signal in the time domain
corresponds to a phase change in the frequency domain. This means a complex number’s real
and imaginary parts are statistically correlated during the phase change.

(b)  Suppose the relevance of the magnitude and phase to the learning objective is known a priori.
In that case, it makes more sense to use a complex-valued model because it imposes more
constraints on the complex-valued model than a real-valued model would.

Assumption 3. There exists any positive constant o that satisfies the following condition:

t(t) <6 < 1,Vt > 0.

lTIl)C

Assumption 4. Assume that elements of the outer coupling matrix L. = (I;;) N« satisfy ). lij =

]_ mi

h h
Ozlmi:1+zrifl/lmx: Zri/iljzllzl"’/N‘
i=1 i=1

By assuming that system (2) is the response system, we can provide the accompanying
driving system as follows:

W0 — Egy (£ — o (t)) — D(t) + AF (1)) + BR(pu(t — (1))
+C [ Ay (2))dZ, t > 0, )
Pu(s) =@u(s),s € [-1,0,h=1,2,...,g,

where Pg(t) = (Yq1(t), Pea(t), ..., Pgu(t))T denotes the state vector of the drive system
(3), and D, A, B, C and E are the feedback, interconnection, delayed interconnection and
neutral delayed interconnection matrices, respectively. In addition, o (t), T(t), respectively,
denote the neutral time delay and time varying delay. There is no consensus in between
two clusters of distinct dimensions. Therefore, the delays considered in (2) and (3) are
identical.

Definition 1. The neutral-type CVCNNSs with cluster partition Q) can realize finite-time CS, if
there exists a settling time t° > 0, such that

}Lr%||¢i(t) - =0t>F,ieQh=12...,8

Remark 3. Finite-time control has received a lot of attention from an engineering application
perspective. The convergence rate is a crucial variable to consider when evaluating the effectiveness
and performance of the proposed control method [33,35]. For instance, the finite-time CS problem
in complex dynamical networks’” has been addressed in [33]. However, not many studies focus on
adaptive finite-time control methods for tackling the CS problem of neutral type CVCNNs with
mixed delays. In the following section, a new finite-time adaptive control scheme is presented to
address the this issue.

3. Main Results

The main outcome of this article is discussed in this section. To begin with, the coupling
term Zjl\il I;iTx; (t— Tl-]-(t)) meets Assumption 4 Moreover, the set QO = {0, 0,...,Q}
is a partition of the edge set A = {1,2,..., N}, if Q‘Z:1Qq =0,0,#0,and ), N =0
for u 75 v,uh = 1,2,.,g. Then, () = {1,2,. ..,91},02 = {91 +1,...,01 —|—92},..., Oy =
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{1+0 6, T 0} Qg = {01 4... +0; 1
+1,...,00+...4+0:},0+60+...+0,=N,1<g<N.

N g
Z%lijr‘i’j(t —T(t) =) Y LiTei(t—(t))
=

h=1 jth

8 8
=3 ) TGt =)+ ) Y, LiTyn(t—(t))
h=1jeQy, h=1jeqy,
8
= ; Y LiTE(t— ()

h=1jeqy,

Thus, we consider the following error dynamics for systems (2) and (3)

&i(t) =E&(t — T(t)) — D&(t) + Af(&i(t)) + BR(&i(t — (1)) + C [ h(&i(2))d
+ 2N LTE (= T(8) + ui), (4)

Ei(s) = 0;(s) — pu(s),s € [-1,0],i=1,2,...,N,

where f(Gi(t)) = f(¢i(t)) — f(n (), k(Ei(t = T(£))) = k(ei(t — T(£))) = k(u(t = T(1))),
It h(E(©)dag = f). [fz(@(g)) - fz(lph(g))}d@t > 0,i € A. Complex-valued system (4)
can be divided into its real and imaginary parts by utilizing Assumption 1, as follows:
R(H) =ERER(t—7(1)) + E'E](t — (1)) — DRER (1) + ARFR(Gi(1)) — ATFH(Ei(1))
+BRRR(&i(t = v(t))) — BIR(&i(t — (1)) + CR [ R (2:(0))dg
—Cl [ RN@E(0))dE + TN I TER (k= T(t) + uR (1),
GH(t) =E'ER(t— (1)) + ERG(t = 7(t)) — DRE[ (1) + ARFI(Gi(1)) + ATFR(Zi(1)) ®)
+BRRI(G(t = (t))) + BIRR(G(t —(t))) + CR [ B (&:(0))dg
+CT [ RR(E(2))dg + XN LGTEl (¢ — () +ul (1),
ER(s) = 0R(s) — gR(3), E1(s) = 01(5) — ph(s),s € [~T,0Li =12, N,
where, & (f) = (G3(8),E5(8), - S ()T, (1) = (Eh(0),¢p(1), .-, &y ()T E = EX +
iE! = (eléq)nxn + l(equ)nxn/A = AR + iAl (ﬂgq)nxn + l(a;gq)nxn/B = BR + iB! =
(b )nxn + i(bpg)uxn, C = CR+iCH = (cf)uxn + i(chg)nxn, u(t) = uR(t) + iu'(t). The
finite-time CS problem of (2) and (3) is solved when the states of system (5) is finite-
time stable.

To design an improved finite-time adaptive controller for CS, the error system (5) can
be used, as follows:




Fractal Fract. 2022, 6, 515 7 of 19

uf (1) =rf (DEf (1), ul (1) = 7l (&L 1),
Al (5) == 07 (e, 7R (1) (X ERE (1 — (1) + 7R (0™ (DR () + ¥ (e eR (1)

+Z¢R ACRt—T(t))>—l§R(C,l9R(€, 1)) (116R (1)11 - & v/Gsign(xR (1)

' Uttf(” CR(G)PgR(Q)dQ) L </0 /; o ek )déds) O'5>,

(1) = — 0!, wl (1) (& E'El e — (1) + (0" (e (1) + & (De'el (1)
N
+y & (Igag (e - r(t))) = 8(5,0'(c, 7/ (1) (11} (D] = ¢ /Gsign (] (1))
j=1

([ domctoam) vet( [ [ @) 0'5>, ©

where ¢, P and P; are positive-definite matrices, ¢ and ¢ are positive constants. 98 (¢, 7R (t))
= n—Rg(t) T () < 08(c, 0(e, 7 (1)) = ¢8R, (1) i, ] € V U&7 (1) = 71 7 (1) <
08(c, 8(c, /(1)) = ¢8' (¢, 7/ (1)), i,j € V.

Remark 4. Complex-valued neural networks have proven useful in domains where the representa-
tion of data is complex by nature or design. Most CVNN research has focused on shallow designs
and specific signal processing tasks, such as channel equalization. One reason for this is the diffi-
culties associated with training. This is due to the limitation that the complex-valued activation is
not complex differentiable and bounded at the same time [44,45]. Several studies have suggested
that the condition that a complex-valued activation must be simultaneously bounded and complex
differentiable need not be satisfied, and propose activations that are differentiable independently of
the real and imaginary components. This remains an open area of research.

Theorem 1. On the ground that Assumptions 14 are true, using adaptive control (6) for sys-
tem (2), we can prove the existence of positive—diagonal matrix ¢ and symmetric matrices P, Py,

such that
R 1 R ART 1 I AIT 1 RpRT 1 IpIT
_/\min(D ) + E/\max(A A ) - E/\min(A A ) + E)Lmax(B B ) - E/\mirl(B B )
1 T 1 T 1 Tglz
+ E/\max(cRcR ) - E/\min(clcl ) + E/\max(P) + Th < Amin(‘P)/ (7)
1 T 1 T 1 T 1 T
~Amin(D') + SAmax(ATAT) + 2 Amax (ATAT) + 2 Amax (BXB®") + 2 Amax(B'B")
1 T 1 T 1
DA€Y 4 D)+ D) + T < Ainl4), ®
1., 1 _ 1.2 1 _
68 —5(1=TP) <0, 55 — S(1-1P) <0 ©)

then CS can be obtained in finite time.

Proof. A Lyapunov functional candidate is considered, as follows:

V(t) = Vi(t) + Va(t) + V3(t) + Va(t) (10)
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where
1 N RT R 1 N
vi() =5 L eF 0@ + 5 el el e,
i=1 i=1
1t
ORS 0 ANRCLAUTES 2/ (0Pigl ()6
N
w3 1 [ L Oaa s )3 / [ odaa s,
i—1 7 —T(t) Jt+s
N1 2 N 2
V4(t):2%7th (t)‘f'ZT”II (t)
i=1 i=1

Differentiating V; (t) along the state trajectories of model (5) yields:

N
szgﬁ +2f )éL()
N
=Yy ek (1) [E%’F(t — (1)) — E'¢H(t — t(t)) — DRER(t) + ARFR(Gi(1))
i=1

— ATf1(E(0) + BRRR(&(t —7(1)) = BRI (&t — (1)) + C* | RGNS

t—1
o N
—c! [ @)+ Y TeR(e—T(t) + u%)]
T =
+ Z GH0 lE G (=) + ERgj(t —7(t)) — DRGI(H) + AN f1(2i(1))
A t ~
+ ALFRQE(0) + B (@t — (1)) + BRR @t = w(0) + €% [ R((@)ds
N
wc [ R+ Y Tel (- () + u%t)] (11)
- =
The following inequalities can be deduced from Lemma 1 and Assumption 2:
YV R AR ER(®) < 3{INa eR (HARAR R () + TN, R (DR eR () },
OV U GIO)ESE ) v ORI W IORS w5470
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e aRfi@n) < H{ el (AR el + o, o (nelel o)},
(12)
Vel malfREm) < H{eMe malaldm + ot e ek ek ],
TN, R (BRRR (Gt — () < ${EN, ek (1BRBRgR(r)
+x e (- T )eR ekt - (1) },
EN EROBIRIE( —T(1) < 3{ZN ek (BB eR(r)
+rel (- ekl — 1)},
(13)
LN el (0BRRIG (- T(n) < H{EN, & (nBRBR'E(r)
+r el - realel e — 1)},
e el BN @ - (1)) < N, ¢l ()BTBIENY)
+ N R (- T(1)eF eR(t - T(1) ],
From Lemma 3, it follows that
R Rz 1 R R ( =RT
ye et [ e -3 Y (e ot [ iR (e o)
Eoagr RT <RT
+ [ E@)decke] ()}
IV [ e [ R
“2i 5 Ut l -
+ef (nCheh gk () |
1N t ART R
<5 L N @it @@
+ef (e eR () }
ayl@ [' ok
_21':1 h bog Ot i
+ef (et ek } (14)
LN ek et [ @@endc < AN {el e el @dg + ek (nelcl ek,
eM el ek [ it @endc < de el el ©d@)de + &l (eReR el (1 ], (15)

YN et [ R@E)dg < beN

{

Therefore,

Sl Rl (9

eR@dc+el (neicel i},

N
) < L{er B el — () e B (- v(e) + & B (02— w(e)

T N T
+el ERE (1)} + e

() {—DR + %(ARART +ek —alal’
i=1
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T T T T
+BRBR" _ BIBI" 4 CRCR™ _ cIc! ) + nﬁ(t)}gf(t)

2 2 N T
+f£2:a TG —T(D) + & L& (t—T0)E(t—(1)  (6)
i=1
Then, the derivative of the Lyapunov term V;(t) and V3(t) is described as follows:
1 N 1 N A RT N R N
) =3 L WPER() — 5 (1~ H)EF ¢~ 1) Pefe— 2
i=1
N T
+22¢ OPEL(H) — 3 (- ROl (2P~ 2(0)),
i=1
1Y 1Y D aRT, A Ry =
<5 Lal (e () — 3 10 - 0a (=2 Pef (e 2(0)
i=1
N T
YT opdn - Y-t wpde-tw), @)
i=1 i=1
1.R2 $5 <RT (2R Cilfz St g R
V() <8 Y ek - - Y [ eF ek
i=1 =171
1 12 a g I i Nt 1T I
o el et -y [ d @@ (18)
i=1 i=17t=7
and
1 R LR = Ipynl
V4(t) = Z anl (t)nl (t) + Z Tt (t)nz (t),
i=1 i=1

N T .
<Y [-eR (DERER(t— () - mf (e (heR () — &l (E'El (t —x(1))
—rlnel (nekt) — ek (hgek () — &l (et 2; DITER (- (1)

(1) 1|

B €<~/ttf(t) glRT(S)PClR(S)dS) - g(/tt ot (S)Péf(s)ds> %
_8652(/—(1 tiegfﬂ(g)gl déd@) — &8 (/ /te d@de)ll (19)

According to Assumption 3, we have

& N T
mf ()] - Lal (igrele—(e) —e| e
j=1

|l o)

. 1
v(t) <eR (1| - DR 4 Larar" ~ Lararty Lprprt  Lpipim, Lorert
2 2 2 2 2
[~IT gh R g I, LR rT 10,07
fcc +2P+ —p[ef () +el ()| - D'+ 5ARAN 4 JalA

;BRBR +;B B + cRcR + = clcf +2P |+ gh —¢]Cl(t)
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+zc (1= ()| 34 = 30— 7P) &Rt ()
) [3eF - 20 - 7R

i=1

Gt —(t))

xe( [ e ertos) - i( JRCHCL <s>ds)

- i;s@:{fz ( [ [ @R @aca) - isc,f ( [ el @z )

el - £ o] - Lo - 1 <o) 0)
= iove = Svel ol

Then,

. 1 1 1
V() <eR (1) {—Amin(DR) + EAmaX(ARART) — iArmn(AIAIT) + E/\maX(BRBRT)

1 1 1 1
- iAmmeB") + g Aman(CCT) = 3 Ain (C1CT) 4 5 Ao (P)
T@ T 1 T
50 Aminl9)| E80) + 817 (0)| “Amin( D)+ A (AR
1 1 T 1

+ = Amax(ATAT) + 2 Amax (BRBR) + EAmx(BlBﬂ)

12
1)\max(Pl) + Tgh - Amm(¢)] gl(t)

N
NI

—_

+ = Amax (CRCRY) + 2 Apax(CICT) +

N
N[ —

N T > 1
ol [@5—1—713 ER(— (1))
)

2
(1)

+i_ﬁl§{ (t—r(t))[zéf—;(l—fpl)]éf(f—f(

_% </ &R (5)PER (s)d )%—is(/ttT(t)CET(s)Péf(s)dQ%

i=1

L ([ oo déd@) yaf(f /tieéfT(é)C{(é)dgd(a)%
€ N e
£l el £

Based on inequality conditions (7)—(9), we have

l\6;

7l (1) ]. (21)

i
i=1
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< fglzf';RT (HER(H) + = Zg” Ve + = Z/ cf (0)PeR (6)de

2 [ & PE 0o+ 5 2 [ L B @ s

1 N 0 t T T N 1 R N 1 2
+2;/_T(t) /Hs gi (@)Chéhéi(C)dCderl;ﬂni (t)+z;%ﬂi o,
— —V2eV(1)2, )

O
From Lemma 2 and (22), the error converges to zero in a finite amount of time under

1
T=ty+ w As such, using the formulated adaptive control scheme, the finite-time
CS problem of neutral-type CVCNNSs with mixed delays can be solved. This concludes
the proof.

4. Numerical Evaluation
To demonstrate the effectiveness of the aforementioned results, we consider the fol-

lowing numerical example
Case (i): A neutral-type CVCNN model with distributed delays is formed, where the

ith dynamics of the model is described as follows:

080 — Egy(t — o(t)) — D&i(t) + Af(9:(t)) + Bk(¢s(t — (1)) +C [ h(@:(2))dg
+ XN LTt — T(h) + ui(t),t >0, (23)
¢i(s) =0i(s),s € [-71,0,i =1,2,...,N,

where ¢;(t) = [¢1:(t), $2i(t)]T € C? is the state vector of the model and its parameters are

defined as
E_ [ 0.5+1i0.5 0 D_ 0.1+10.6 0
- 0 0.5+1i0.5 - 0 0.1+10.6
A 1.2+1i1.0 —-0.1+1i3.2 B 1+10.2 —0.5+10.2
o | —05+i0.1 024i0.1 |’ | =154+i1.1 03+i01 |
c_[ 22+il4  —07+i32
o | —0.6+i0.1 054i0.1 |’

The time-varying delay is chosen as 7(t) = et {
tions are considered to be f(¢;(t)) = tanh((pl( ). f
Assumptions 14, f((])l(t)) = tanh(¢R(t)) + itan Lf(pi(t) = tanh((Pl (1) +i
tanh(p! (1)), let &8 = & = g} = ¢f =gk = &= 16 = 20,6 = 5 Amin(DR) —
L Amin(DD) = 1, Amax (ARAR") = 1.7190, Aax (ATAT") = 1.0181, Amax (BRBR") = 3.5327,
Amax (BB = 1.2685, Amax (CRCR") = 5.8611, Amax (CICI") = 12.2173, Amax(ERER") =
0.0100, Amax (E'ET") = 0.3600Amin(ARAR) = 0.0210, Amin(ATAI') = 0.0119,
Amin(BRBR') = 0.0573, Amin(BIB") = 0.0315, Apin (CRCR") = 0.0789, Apin (CICI") =
0.0027, Amin (ERER") = 0.0100, Apyin (EIEI" ) = 0.3600. According to Theorem 1, the condi-
tions obtained indicate the feasible solutions are 741.3839 < Anin(¢), 755.5942 < Amin (1),

+e') and T = 1, while the activa-
= tanh(¢;(t)). According to
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Amax(PPT) = 1.4872 x 103, AmaX(PlplT ) = 1.4866 x 103. The outer coupling term of the
given system is given as

2 -1 -1 0
0 1 0 0
Gpaa=1 o 21 1 o
0 O 0 1

Furthermore, the drive system is described as
U = gy (¢ — (1)) — Dyu(t) + AF(p (1)) + BR(pu (¢ — (1))
+C [1_h(pn(2))dZ, t > 0, (24)
¥in(s) =gn(s)s € [-T,0Lh=1,2,...,8

where ¥y, (t) = [t (t), P12 (£)]” is the state vector of the drive model, while the parameters
of the drive system are considered the same as those of the response system in this example.
Then, by employing Assumption 1, the error model can be obtained as follows:

GR(t) =ERGR(t—7(t)) + E'G](t — T(t)) — DRER(t) + ARfR({;’i(t)) — A& ()
FBRRR (gt — 7(1))) — BRI (&i(t - (1)) + CF Ji_ R(&(§))dg
—Cl [ (E(2))dg + TN LiTER (¢ — 7(t) + uR(8),

E(f) = ETER(E— T(t)) + EREI(t — T(£)) — DREI(E) + ARFI(E (1)) + ATFR(Ei(1))
FBRRIE( — 7(1))) + BRR(E( — () + CR [ W (&(0))d
+CT [ IR (EG(0)dE + XNy 1Te! (= (1) +ul(8),

eR(s) = 0R(s) — gR(s),&l(s) = 0!(s) — gl(s),s € [-7,0],i =1,2,...,N,

(25)

where E8(t) = (€(0),88(0) -, R ()T,E1(1) = (CEh(1)Eh(0)... ()T E = ER+
iEI = (egtJ)nxn‘i‘i(e}{J )an/A - A +1A = ( Pq>n><n+ ( I )nxn,B = BR+iBI =
(bﬁq)nxn —i—i(b’{,q)nxn,c =CR4+icl = (c pq)i’lXYl +i(c pq)nxn,u(t) =uR(t) +iul(t).

If the state of the above-mentioned system is finite-time stable, then finite-time CS of
(23) and (24) is solved.

x_[05 0 R_[01 07 ,x [12 —01] x [ 1 —05
E =1 o 0.5}”3 _{ 0o o1 M= o5 02 "B T 15 03 |
; [05 0 ; _foe 07, [10 327 ., [02 02
E=lo o5/ =0 064~ |01 01 )F7 |11 01/

R_[ 22 —077 4 [14 32

=1 206 05 ' |01 01

Figures 14 illustrate that neurons in each cluster can synchronize with their target
neurons in a finite amount of time, while under the adaptive controller, synchronization
among various clusters is not achievable. Figure 5 displays the trajectories of the CS errors.
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T T T T T T 1 T 1
[ Rl () —Re(o, () —Re(o, )] [ R, 1)—Re(o 1) —Re(o )]

Master-Slave states
Master-Slave states

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time({) Time(t)
(a) (b)

Figure 1. (a) The real parts of state trajectories of CVNNSs (23) and (24) for h = 1,i = 1. (b) The real
parts of state trajectories of CVNNSs (23) and (24) forh =1,i = 2.

T 1 T
[ Rl () —Re(o, () —Re(o ] R 1) —Re(o 1) —Re(o 1)

Master-Slave states
Master-Slave states

L L L L L L L L L 08
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time(t) Time(t)
(a) (b)

Figure 2. (a) The real parts of state trajectories of CVNNSs (23) and (24) for h = 2,i = 3. (b) The real
parts of state trajectories of CVNNs (23) and (24) for h = 2,i = 4.

i, ) —im(,, () m(, ] i 10—, )i,
~——" |

Master-Slave states
Master-Slave states

0 1 2 3 4 5 6 7 8 9 10 00 1 2 3 4 5 6 7 8 9 10
Time(t) Time(t)
(a) (b)

Figure 3. (a) The imaginary parts of state trajectories of CVNNSs (23) and (24) for h = 1,i = 1. (b) The
imaginary parts of state trajectories of CVNNs (23) and (24) forh = 1,i = 2.
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15 0f 19

[Fimiy, 0] [ im(,,0)—Im,5{8) —Im(o )

—imis )
i, () 02f

Master-Slave states

Master-Slave states
T T ’

Time(t) Time(t)

€Y (b)

Figure 4. (a) The imaginary parts of state trajectories of CVNNSs (23) and (24) for h = 2,i = 3. (b) The
imaginary parts of state trajectories of CVNNs (23) and (24) for h = 2,i = 4.

Synchronization Error
Synchronization Error

08

Timeft) Time(t)

(a) (b)

Figure 5. (a) The error state trajectories between CVNNSs (23) and (24) of cluster oneie. (h=1,i =
1,2). (b) The error state trajectories between CVNNSs (23) and (24) of cluster twoi.e. (h = 2,i = 3,4) .

Case (ii): We consider the state of the model (23) as in the three-dimensional complex
domain ¢;(t) € C3, thatis ¢;(t) = (¢1;(t), p2i(t), ¢3:(t))T. Then, the system parameters are
must be three-dimensional and are taken as

[ 0.54i0.5 0 0 0.1+1i0.6 0 0
E= 0 0.5+i0.5 0 ,D = 0 0.1+i0.6 0 ,
0 0 0.5+1i0.5 0 0 0.1+1i0.6

[ 1.78+1i0.1 21+1i0.02 0.1+1i0.3
A=| 01+i0.0 1.78+1i0.01 0.24i0.1 |,
| 0.2+1i0.0 0+i0.01 0.1+41i0.1

[ —1.44—-1i01 0.2+41i0.0 0.1+41i0.2
B=| 01+i0.01 -144+i0.0 0.1+41i0.02 |,
0.241i0.07 —0.1-1i0.08 0.1+1i0.01

224i1l4 —-0.741i32 0.141i0.02
C=| -06+i0.1 054i0.1 041i0.01
0.01+i0 0.02+i0.1 0+1i0.02

Therefore, according to the Assumptions 1-4 and Theorem 1, the conditions obtained
indicate the feasible solutions are 770.7230 < Amin(¢),782.8778 < Amin(¢1), Amax(PPT) =
1.0990 x 103, Amax(PlPlT ) = 1.0985 x 103, Figures 6 and 7 illustrate, that neurons in each
cluster can synchronize with their target neurons in a finite amount of time, while un-
der the adaptive controller, synchronization among various clusters is not achievable.
Figures 8 and 9 displays the trajectories of the CS errors.
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Figure 6. The real and imaginary parts of state trajectories of cluster one i.e. (h = 1,i = 1,2) of
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Figure 7. The real and imaginary parts of state trajectories of cluster two i.e. (h = 2,i = 3,4) of

CVNNS (23) and (24).
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L L L L L L L
0 1 2 3 4 5 6 7 8
Time(t)

Figure 8. The error state trajectories of cluster one i.e. (h = 1,i = 1,2) between CVNNS (23) and (24).

L L L L L
3 4 5 6 7 8
Time(t)

Figure 9. The error state trajectories of cluster two i.e. (h = 2,i = 3,4) between CVNNS (23) and (24).

Remark 5. As a result, many academics have made significant efforts to study delayed neural net-
work systems, and many excellent publications have resulted from their efforts [46—49]. For instance,
the authors of [46] investigated the stability issues of neutral-type Cohen—Grossberg neural networks
with multiple time delays. A novel sufficient stability criterion is derived for Cohen—Grossberg
neural networks of neutral type with multiple delays by utilizing a modified and enhanced version
of a previously introduced Lyapunov functional. The new stability problems for more general
models of neutral-type neural network systems were investigated in [47,48]. In this study, new
finite-time CS of CCVNN models with single neutral delay were realized under adaptive control.
The obtained results can extend further those in the existing literature [46—49]. For further research,
the dynamics of coupled delayed CVNN models with multiple neutral delays and impulsive effects
will be investigated.

5. Conclusions

In this study, we examined the issue of adaptive finite-time CS pertaining to neutral-type
CVCNNSs with mixed time delays. The relevant stability analysis is very challenging, since
it takes into account a more general dynamic model of neutral-type CVCNN with mixed
time delays. A useful adaptive control scheme has been developed to address this chal-
lenging issue. Using the Lyapunov functionals approach and linear matrix inequality, the
corresponding adequate conditions have been obtained. The simulation results positively
indicate the viability and validity of the proposed method. For further work, finite-time CS
of neutral-type delayed CVCNNs with stochastic inputs and disturbances will be studied
in detail.
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