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Abstract: Pythagorean neutrosophic set is an extension of a neutrosophic set which represents
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neutrosophic graphs are studied, where for each element the membership (i), and non-membership
(MM) are dependent and indeterminacy (3J) is independently assigned. The new ideas of regular, full
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and their properties are investigated. A new MCDM method has been introduced using the Pythagorean
neutrosophic graphs and an illustrative example is given by applying the proposed MCDM method.
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. Introduction

Atanassov established the idea of an Intuitionistic set [1] by introducing a generalization of fuzzy

Each element in the set is assigned a membership and non-membership degree with the
constraint that the addition of these values lies between 0O to 1. Researchers have studied Intuitionistic
fuzzy sets (IFS) and have been implemented in various fields, including decision making [3,4], cluster
analysis [5], pattern recognition [6], market prediction [7], medical diagnosis [8].
[9] initiated the neutrosophic set theory in which each element is independently assigned a truth,
indeterminacy, and falsity membership degree in the non-standard interval 0=, 17].

Smarandache

Wang et al. [10] presented the concept of a single valued neutrosophic set (SVNS) as a special
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case of a neutrosophic set. These sets have been widely used in a various of fields, including
image processing [11], medical diagnosis [12], decision making [13], information fusion [14], control
theory [15], and graph theory [16, 17] among others.

To deal with complex imprecision and uncertainty Pythagorean fuzzy sets PFS was pioneered by
Yager [18-20] such that the addition of the squares of i and Y9t degrees lies in 0 and 1. Consequently,
in comparison to IFSs, PFSs account for a greater amount of uncertainty. Smarandache introduced and
developed the degree of dependence among components of fuzzy sets and neutrosophic sets. One
special case with independent indeterminacy and dependent truth and falsity is chosen out of three
membership functions of neutrosophic sets with the constraint addition of squares of I, J, and M
lies between 0 and 2, and it is known as the Pythagorean Neutrosophic set (PNS) [21].

To deal with structural information, graph representations are widely used in domains
such as networks, economics, systems analysis, image interpretation, operations research, and
pattern recognition. Based on the fuzzy relations Kauffman [22] presented the Fuzzy graphs.
Rosenfeld [23] established the structure of fuzzy graphs to derive numerous basic theoretical concepts.
Bhattacharya [24] introduced various concepts on fuzzy graphs and Radha and Kumaravel investigated
edge regular fuzzy graphs in [25]. Atanassov [26] introduced intuitionistic fuzzy graphs (IFG) with
IFS as edge sets and vertex sets, which were later developed by Akram [27].

The idea of edge regular IFGs was defined by Karunambigai et al. [28,29]. Borzooei et al. [30]
recently developed the notion of fuzzy graph regularity to vague graph regularity. Interval-valued IFGs
were first pioneered by Mishra and Pal [31]. Kandasamy et al. [32] proposed the notion of neutrosophic
graphs in which the edge weights are neutrosophic numbers. Broumi et al. [33, 34] also proved the
existence of some of the properties of SVNGs and their extensions.

In [35], the fuzzy graph was extended to Pythagorean fuzzy graphs. By combining concepts of
PNSs and fuzzy graphs, the new Pythagorean neutrosophic graph (PNG) [36] was developed. The
PNGs are a graphical representation that is the same as the structure of the graphs but the sum of the
membership grades of the vertices is less than 2 and the same goes for the edges of the graph.

Decision-making problems are complex to deal with and examining them using a single criterion
to take optimum decisions can lead to an unrealistic decision. Simultaneous consideration of all
the factors to the problem is a mere good approach. Multicriteria Decision Making (MCDM) is an
advancement of operation research which is for the development of decision methodologies to make the
decision problems simple involving multiple criteria, goals of conflicting nature [37,38]. Problems with
a finite set of alternatives and evaluated to rank them and to select the most appropriate one are called
discrete MCDM problems while problems with an infinite set of alternatives are continuous MCDM
problems. Discrete MCDM problems are addressed through the multiattribute decision making
(MADM) [39—41] methods while continuous MCDM problems are addressed through multiobjective
decision making (MODM) [42—45] methods. Fuzzy MCDM methods are used to assess the alternatives
through a single or a committee of decision-makers, where the values of alternatives, weights of criteria
can be evaluated using linguistic values which can be represented by fuzzy numbers [46—48]. Several
approaches have been developed to solve the fuzzy MCDM problems. A review and comparison of
various of these methods are presented in [49-51] and [52]. A brief review of the category in fuzzy
MCDM and some of its recent applications is presented in [53-56].

The proposed method is dealt with using Pythagorean Neutrosophic graphs which is a recently
developed fuzzy set having the advantage of holding a bit more fuzziness when compared with the
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previously developed fuzzy sets. Although the constrain is restricted to two, this provides independence
to two membership values. With all these additional advantages our proposed method is more useful
in developing models or methods for real-life problems. The proposed method using Pythagorean
Neutrosophic graphs for the decision model is more compatible and at the same time, holds little
restrictions to select the suitable criterion. Thus the proposed method, is an advantage in the decision-
making field, because of its usage and recent developments.

This paper is arranged as follows: Section 2 discusses the preliminary concepts which are necessary
for the work presented in the manuscript. Section 3 proposes the ideas of edge regular, regular, partially
edge regular, strongly regular, full edge regular, and bi-regular PNGs, and examines their properties.
In Section 4, an illustrative example is given for the newly proposed MCDM method using PNGs and
finally, we conclude Section 5. In this article, 8 denotes a crisp universe of generic elements, G stands
for the crisp graph, ® is the PN. The membership, non-membership, and indeterminacy are represented
by I, NM, 3.

2. Preliminaries

Fuzzy set theory is an effective mathematical concept that is used to deal with uncertain and vague
values. The basic definition of the fuzzy subset and its extended fuzzy sets were given for the basic
reference. In addition, a few more definitions of the fuzzy graphs were given for the base understanding
of the paper. The section holds basic definitions and terminologies for the paper:

Definition 2.1. [2] On a universe U, A = {(s, ug(s)) |s € U} is a fuzzy set (FS) where py : U — [0, 1]
symbolizes the It grade of s € .

Definition 2.2. [22] A fuzzy graph is a duo G = (U, B) on U with a FS (A) and FR (B) on U such that
Uz (bh) < py() A ug(hH) ¥V y,H € U, where A : W — [0, 1] and B : U x U to [0, 1].

Definition 2.3. [1] An IFS on a universe W is I = {(a, us(a), Iz(a))la € W}, where ux : W — [0, 1] and
P51 W — [0, 1] signify the M and NNt grades of I, and ux, ¥ satisfy 0 < px(a) + dz(a) < 1V ae W.

Definition 2.4. [26] An IFG is G = (2, B) with a IFS (A) and an IFR (*B) on W such that ug(ou) <
HUar(D) A pgr(1), g (o1r) > dg(0) V y(1) and 0 < pug(ou) + dg(ou) < 1V o, u € W where ug : W X W —
[0,1] and ¥y : W x W — [0, 1] symbolize the N and NI grades of B, correspondingly.

Definition 2.5. [10] A SVNS U in U is defined as an element with a truth-membership ug, an
indeterminacy-membership By and a falsity-membership yy where u, 8,y € [0, 1] with the constraint

0 < pg(x) + Bar(x) + ya(x) < 3.

Definition 2.6. [57] A neutrosophic fuzzy graph is G = (B, €), where 8 = {v{, v, ...,v,} such that
Ui, B,y are from B to [0, 1] with 0 < 1 (v;) + B1(v;) + v1(v;)) < 3 VYv; € B indicates the M, I and
M functions and py, B, v, are from B X B to [0, 1] such that p(viv;) < wi(vi) A i (vy),Ba(vivy) <
Bi(vi) A Bi1(v) and y2(viv;) < y1(vi) V y1(v;) with O < pir(viv;) + Bo(viv)) + y2(viv;) < 3 Yvv; € B X B.

Definition 2.7. [18] A PFS on a universe W is A = {(s, uy(s), Fa(s))|s € W}, where uy : W — [0, 1]
and Jy : W — [0, 1] signify the M and NIMN grades of A, and pq, Fo satisfy 0 < pg(s) + I5(s) < 1V
s € 1.
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Definition 2.8. [35] A PFG is G = (2, B) with A and B, a PFS and PFR on W such that pyg(w3) <
par(w) A par(3), F(w3) > For(w) V Iy(3) and 0 < pg(w3) +95,(w3) < 1V w, 3 € W. where ugy : WX W —
[0,1] and ¥y : W x W — [0, 1] symbolize the Nt and NI grades of B, correspondingly.

Definition 2.9. [36] Pythagorean Neutrosophic Graph (PNG) is G = (8, €), where B = {v{,v,, ..., v,}
such that u;, 81,0 are from B to [0, 1] with 0 < 11, (v)? + B1(v)* + o1(v;)* < 2 Vv; € D and indicate
the M, I and NM functions and wy, B, 0 are from B X B to [0, 1] such that u,(viv;) < i (vi) A i (vj),
Ba(viv) < Bi(v) A Bi(v)) and o2 (viv)) < o1(v) V o1 (v;) with 0 < po(viv))* + Bo(viv))* + oa(viv))? <
2VYviv; € B XY,

3. Regularity of Pythagorean neutrosophic graphs

In this section, we describe the regularity ideas of PNGs. The concept of degree, total degree,
regular, and totally regular were discussed in detail with their characterizations and properties.

Definition 3.1. A regular PNG (RPNG) & = (o, u) over G is a PNG in which each vertex has the
same degree. A PNG is named < ky, k», k3 >-regular if every vertex has < kj, k,, k3 > as degree, 1.e.,
s (v;) =< ki, ko, k3 >V v; € B degree.

Example 3.2. Let ® = (o,u) be a PNG defined on G = (8, €), where ¥ = {a,b,c,d} and € =
{ab, bc, cd,de} . The PNG is defined by

o= a b c d
T\ (4,.3,.2)(7,2,.4)(5,.4,3)(6,.2,.4)
3 ab bc cd da
H=\(6.1,3) (4. 2.2 (6,.1.3) (4 2.2

The PNG in Figure 1 has dg(a) = dg(b) = dg(c) = de(d)=< 1,.3,.5 > . Thus, ®is < 1,.3,.5 >-
RPNG.

(0.4, 0.3, 0.2) (0.6, 0.1, 0.3) (0.7, 0.2, 0.4)

(0.6,0.2,0.4) (0.6, 0.1, 0.3) (0.5,0.4,0.3)

Figure 1. < 1,.3,.5 >- regular PNG.

Definition 3.3. The degree (D) of an edge bh;h; € € of ® = (o, ) is
26 (B:b;) = (dun(Bih;), d3(:D,), dosn(Bib)) , where

dox(b;b) = Z H1(bibe) + Z H1(hbe),

Dibi€C, k#j bhk€C, ki
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b3Ob) = D b+ Y malbbe),

hibke€, k#j f)jf)kEQE, k#i
(b)) = D b+ > uslbibe).
hibre€, k#j bbkeC, ki
Definition 3.4.

1) Se(®) = (Sm(®),S3(®), Sqm(®)) is the minimum edge degree (ED) of &, where
Su(®) = min {du(b:5,)/b:b; € €},
S5(®) = min {dx(bh;)/bib; € €},
Sam(®) = max{bmwe(bibj)/bibj € @}-

2) Ac(®) = (Ag(®), A3(®), Ajan(®)) is the maximum ED of 6, where

An(®) = max {du(6:b,)/bh; € €},
As() = max {o3(b:b,)/bb; € €},
Aqan(®) = min {D‘R‘Jﬁ(bibj)/bibj € 05}

Definition 3.5. Total edge degree (TED) of h;h; € €in © = (o, ) is

t05,(bih;) = (tdan(BiD), to3(DiD), toman(Bih;)) where

tdgn(b;h;) = dan(D:) + dan(h;) + w1 (hih;)

t3(h:h;) = d3(h;) + d3(h;) + 2(h;b);)

g (hih;) = doan(D:) + doan(h;) + pz(h;b;).

Example 3.6. The graph G = (B, €), with ¥ = {a, b, c,d} and € = {ab, ac,ad, bc, cd} . PNG ® = (o, p)
is defined as

_ a b c d
7= <(.7, 3,.2)7(.6,.4,.2)° (5,.3,.4) (.8, .2, .3)>
B ab ac ad bc cd
"= <(.5, 3,.2)7(.5,.3,.4)°(.6,.2,.3)" (4,.3,.3)" (.5, .2, .4)>
In Figure 2 dg(ab) = (1.5, .8, 1), tdg(ab) = (2,1.1,1.2) are the D and TD of ab. Similarly the D and
TD of other edges of the graph can be calculated.

0.7,0.3,0.2)

(0.5,0.3, 0.4)

(0.4, 03, 0.3) &c (0.5,0.2, 0.4)

(0.6, 0.4, 0.2) (0.5, 0.3, 0.4) (0.8,0.2,0.3)

Figure 2. Pythagorean Neutrosophic Graph ¢ = (o, ).
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Definition 3.7. A PNG ® having same degree for every edge is named as the edge regular PNG
(ERPNG). © is called < g1, g2, 83 > ER, when each edge has degree < g1, 82,83 >, i.e., ds(h;h;) =<
81,82.83> VDb, € C.

Definition 3.8. A PNG © is termed as totally edge regular PNG (TERPNG) when each edge has the
same TD.

Theorem 3.9. ® = (o, 1) is a PNG on a cycle G. Then Z (b)) = Z D (hib)).

bhieB bih,;eC
Proof. Let by, by, bs...h, be the vertices of PNG ® on a cycle G. Then

Z D (Dibis1) = (Z Don(DiDis1), Z 03(bibis1), Z Do (Dibis1))-
e i=1 P P

Consider, Z Do (Dibir1) = dan(H1h2) + don(H2b3) + ... + dyp(h,b1), where b, = b

P
= D (h1) + daw(h2) — 201 (H1H2) + dop(D2) + daw(H3) — 21 (H2h3) + ... + do(D) + da(H1) — 2p1(Hh1)
= 20gi(b1) + 2090(h2) + 20an(h3) + ... + 20an(Dn) — 2[pe1(H1DH2) + p1(H2b3) + ... + 1 (HLb1)]

=2 i bsjﬁ(bi) -2 iﬂl(bibiﬂ)
i=1 i

-
=2 > du(®) =2 ) i (bibis)
DeD i=1
= > dw(h) + ) dlhy) -2 Zul(b bis1)
h;eV h;eV
= > dw(h) + 22#1(5 bis1) - 2 Z i) = D d(hy) 3.
h;eB h;eB
In a similar way, Z d3(H;his1) = Z 5(h)) (3.2)
h;eV
and Z Do (Dibis1) = Z Do (D) (3.3)
h;eV

By using the values in (3.1), (3.2) and (3.3), we get

Z d(hib;) = <Z Dy (D), Z o3(Di), Z b*Jt‘JJt(bi)> = Z D (D).

h,eV h; eV h;eV h;eV h;eV
Theorem 3.10. Let ® = (o, u) be a PNG on a RCG G. Then

D7 a6ib) = () )b, D dabb b)), > dabib)usbib,)

bib,; €€ bih;€€ hibe€ bib;e¢
where dg(b;h;) = da(b:) + da(h;) -2V hib; € €.

PVOOf: Consider the PNG & on RCG G. b@,(b,‘b‘,’) = <bgm(b,‘bj), bg(b,‘bj), b‘ﬁ‘)ﬁ(bibj))a where
dan(b;b ), 05(b;b;), dDaun(h;b)) are the total of M, I and N values of the adjacent edges, correspondingly.
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Every edge in Z dyn(b;b;) has M value exactly of the edge in it’s respective crisp graph times.

b;h,;€C
Thus, ) dw(bib) = ) dalbib i (bib))
bih;eC D;h;eC
D7 a5 = D7 da(bibpa(bib)
bih;€€ bhh;eC
D D) = > da(bibpa(bib))
b;h,;e€ b;h;eC
Hence ) do(0ib)) = ( ) da(0b)u(dib)). D da(0iba(diby), ), dsObus®h,).
b;h;eC b;h;eC b;h;e€ bih;e€

Proposition 3.11. ® = (o, u) be a PNG on a {-RCG G. Then

D b)) = (E=1) D" dub), (E= 1) Y 230, (E= 1) D dawn(Bi)-

hih,;€€ h;eV h;eV h;eB

Proof. Let ® be a PNG on #-RCG G. Then by theorem 3.10,

D aaib) = D dab ) ®b), D dab, )b, D daib,)usbih)
[),'bjE@ [),'bjE@ b;I)jE@ [),'[)_]'6(5

= (D () +a(b;) = i (0ib)), D a(H:) +da(,) = pa(bih)), > (da(hi) +da(h,) — 2)us(Bh;))
bih;e€ b;h;e€ b;h;e€
Since G is t-RCG, bdg(h;) = T where ; € B,V i we have

D b)) = (E+1-2) D7 b)), G +1=2) > ), E+1-2) > p3(bib))

b;h;eC bih;eC b;h;eC b;h;e€
= Q-1 D mOb),20- 1) D w2 -1) > b))
hih,;€€C hih,;€€C bih;eC
= (=12 ) mb), E=1)2 Y mbb),E=1D2 > pabib)
b;h;e€ b;h;eC b;h;e€
= (= 1) > 2, = 1) D 0300, E= 1) D dan(By).
heB hieB hieB

Proposition 3.12. ® = (o, u) be a PNG on a RCG G.
Then > tog(bib,) = ( ) da®b)u®b) + > mib)),
f),‘bjE(E bibje(ﬁ I),-I)je(f

D 2aibpabib) + D b)),

i, €€ b;h,;€C

Z 0 (Db )us(D:hH;) + Z 13(hih;)).

hih;€€ bih;e€
Theorem 3.13. Let ® = (o, ) be a PNG. Then (u;, s, p3) is a €F iff the following statements hold:
1) ® is an ERPNG.
2) ® is a TERPNG.

Proof. Let us consider a CF, (u;, po, u3), then u;(h;h;) = v, po(h;h;) = 12, u3(hib;) = v3 ¥V h;b; € €,
D1, Y2, y3 are Cs.
To prove: (1) = (2)
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Let ® be the < fi, fo, fs >-ERPNG. Then dg(b;b,) =< fi, fo. fs > ¥ bibh; € G.
0g(Hih;) = dm(bb;) + 1 (hih;), 03(h:h;) + 2(Hib ), deam(D; )+ p3(h:h))

=(fi+ty, o+, 5+13) VDb, €C

Thus ® is a TERPNG.

To prove: (2) = (1)

Let ® be a < fi, f>, f3 >-TERPNG.

Then tog(h;h;) = (Pw(b;h;) + 1 (), 03(H:h;) + p2(H:H), dea(hih;) + 3 (h;h;))
=<t,h,t3 > Yhbh;eC

Now, (Dui(:9,), 23(0:8,), Dan(0:D,)) = (11 = pua(Bih), 12 = pa(Bi), 11 = pas(bib))
b(ﬁ(bibj) =<t —Y,th =y, t3—13>.Thus ®isa < t; — 1y, — )y, 13 — 13 >-ERPNG.
Conversely, consider that (1) & (2) are equivalent. We claim that (uy, u, p3) is a €.
Let us assume (1, (2, 43) to be not a €F. Then w1 (h:h;) # wu1(hyh,), ta(hib;) # pa(hybh,),
u3(bb;) # ps(b,b,) for at least one duo of (b)), (h,b,) € €. Consider ® is a < fi, fo, f5 >-
ERPNG. Then d5(hb;) = ds(h,b,) =< fi, f2, f3 > . Thus

6 (h;h;) = Pwm(bih;) + w1 (h;h;), d3(bib;) + p2(h;b;), duan(bib;) + pz(h;b;))

= (i + b)), fo + ), f5 + (b))

0 (hgh,) = Owm(byhr) + u1(Dgh,), 03(bgh,) + w2(Hyb,), dean(hyh,) + p3(Hyh,))

= (fi + 1105,), f2 + 203y, £ + p13(0,5,))

As p1 (D) # u1(hgh,), u2(hib;) # ua(byh), u3(H:h;) # pz(hyh,), so e(hh;) # 06 (Hyh,).
We get ® is not a TER which is a contradiction, thus (u, o, 3) is a €3F.

Likewise, we can prove (ui, i, p3) is a €, if ® is a TERPNG.

Theorem 3.14. If a PNG ©® is both ER and TER, then (u, ,, u3) is a €F.

Theorem 3.15. Let ® = (o, u) be a PNG on a -RCG G. (uy, ua, u3) is a €F iff ® is both RPNG and
TERPNG.

Proof. ® be a PNG on a -RCG G. Consider (u;, 42, 13) is a €, that is, u;(h;h;) = vy, p2(bh;h;) = 0,
and u3(b;b;) = 3 ¥ b;b; € €, where vy, 1), and p; are €s. From the definition of vertex degree, we have

D (i) = (dan(h;), 03(Di), Doran (D))

- < Z H1(Hib;), Z H2(Hib;), Z ﬂ3(bibj)>

bhih;e€ b;h;je€ b;h;eC
= < E D1, E D2, E 1)3>
I),'[)_/GG I),'[)_/GG I),‘[)_/G@

= <f1)1’f1)2,f1)3> VD e B,
Therefore, ® is RPNG. Now tb@(bth]) = <tb‘JJI(bibj)a tbS(bzbJ), tb‘ﬁ‘)ﬁ(bzbj)> , where
b)) = Do wm®dIE D mbb)+mbh)

DibeeE, k#j bbe€, ki
= D w+ D mrn =nE-DanE- D4y =n Q- 1)V €E
Db €C, k#j Dibe€C, k#i

Likewise, td5(h;h;)= 12(2f — 1) and tdggr = 13(2F — 1) ¥ b;b; € € can also be expressed.
Thus ® is a TERPNG.
Conversely, consider ® is both RPNG and TERPNG. We have to prove that < uy, u,, uz > is a €.
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Since PNG ® is RPNG, tdg(Dh;h;) =< t1,%,13 > ¥V b;h; € €. By definition of TED, we have
1 (0iD,) = (Du(0:D), 03(bh;). doan(BiD,)) , where, du(5iD,) = dun(hy) + dn(h;) — 11 (biD)
f =g +g — b))
to(h;b;) = 2g1 — 1, ¥V h;b; € €.
In the same way, we can illustrate that ,(bh;h;) = 2g> — £, and p3(h;h;) = 2g3 — 13 ¥ b;bh; € €.
Therefore < uy, uy, 3 > is a €F.

Theorem 3.16. Let ® = (o, u) be a PNG on a crisp graph G. If (uy, o, u3) is a €F, then ® is an
ERPNG iff G is ER.

Proof. Consider < py, p, uz > is a €, i.e., u1(h;h;) = v1, u2(h;h;) = v2 and p3(h;h;) = v3 ¥ bh;bh; € €,
where 11, 1, and 13 are €s. Assume that ® is an ERPNG. We claim that G is an ER. On the other hand
assume G is not an ER. i.e., dg(D;h;) # dg(hh,,) for at least one duo of b;h;, h;b,, € €. By the definition

of €D of PNG, dg(h;h;) = <b&m(bibj), o3(hib)), bmﬂn(bibj)> , Where
(b= > b+ > mObI = > v+ DL v =0i0ab)—D+ni(s(h)—1)

bibk€C, k#j h;breC, k#i hibke€, k#j b €€, ki
= 91(da(h) + da(h;) —2) = v1ds(hh;) ¥V hib; € €.
Likewise, we can illustrate that d3(b;h;) = D205(h;b;) and dagn(h;b;) = v3ds(bh;h;) V hih; € €. Therefore
ds(hib;) = <1)le([)1'[)]'), 1206(D:D);), 03bG(bibj)> » 06(Dbm) = W10c(Dibm), 206(H:1Hm), V3dc(Dibm)) »
0 (bib;) # da(biby). so de(h:h;) # ds(hb,). Therefore ® is not ER, a contradiction. Thus G is ER.
Conversely, assume G is an ER graph. We claim ® is an ERPNG.
Consider ® is not an ERPNG. i.e., dg(h;bh;) # ds(h,h,) for at least one duo of h;b;,h,b, € €,

(dun(Bi;), D3(0:D,), Dosn(Bi;)) # (dan(H0,), D3(H,B), Do (B,B)) . Now dan(yy;) # do(D,by,) implies
Db+ > mObyE Y mbb)+ Y by,

bibi€C, k#j b;bi€C, k#i bpbs€C, s#q bsbe€C, s#p

since y; s a €3F, so dg(h;h;) # ds(h,h,), a contradiction. Therefore ® is an ERPNG.
Theorem 3.17. Let ® = (o, u) be a RPNG. Then ® is an ERPNG iff (uy, u,, u3) is a €F.

Proof. ® be a < g1, g2, g3 >-regular PNG, (ie) dg(h;) =< g1, 82,83 > ¥V b; € B. Consider
that < py, po, 3 > 1s a €F. Then p(h;h;) = 91, w2 (h;h;) = v2, and u3(H;H;) = v3 ¥V h;h; € €,
where 11, 1), and 15 are Cs.
By the definition of €D of a PNG, ds(bh;) = (du(0:b), d3(bib,), doun(Bib)) ,
where dyp(D;h;) = dax(h;) + dax(h;) — 21 (h;h;) = g1 + g1 — 2v1 = 2(g1 —v1) Y h;b; € €.
In the same way, d3(h;b;) = 2(g2 — v2) and daa(H:h;) = 2(g2 — v3) V hib; € €.
Therefore ® is an ERPNG.
Conversely, presume that ® is an ERPNG, i.e., d5(h;b;) =< fi, o, 5 >V hih; € €.
We claim that < u, s, 3 > is a €. Since d(0:D,) = (dui(B:b), d3(bib,), darmn(Bih;))
where sz(bibj) = dyp(hy) + bim(bj) - Zﬂl(bibj)
Ji =81+ 81— 2u(hiby)

b)) = ZY (b)) € €.
In the same way, u>(h;b;) = 2g22—_fz and p3(h;h;) = @ Y (b)) € C.
Hence < uy, up, puz > is a €3F.

AIMS Mathematics Volume 7, Issue 5, 9424-9442.



9434

Definition 3.18. A PNG ® is said to be a

1) partially regular (PR), if G is regular.

2) full regular (FR), if ® is both regular and PR.

3) partially ER (PER), if G is an ER.

4) full edge regular (FER), if ® is both ER and PER.

Theorem 3.19. Let ® = (o, u) be a PNG on G such that (uy, u, u3) is a €F. If ® is a FRPNG, then ®
is a FERPNG.

Proof. Suppose that < up, up,u3 > is a €F. Then pi(h;h;) = 91, u2(h:h;) = vy and pz(h;h;) = v3V
hib; € €,

where py, 1, and 3 are €s. ® be a FRPNG, then dg(D);) =t and dg(h;) =< g1,82,83 >V ), € B,

where f,gl,gz, g3 are Cs. bG(bibj) = da(h;) + Dg(h]) —-2=2t-2=¢C.

Therefore G is an ER graph. Then, dg(5;5,) = (dwi(bih;), 23(0:D), doemn(Bih)) ¥ b, € €,

where dgp(h;h;) = dan(h;) + dan(h;) — 21 (h:ih;) = g1 + &2 — 2y = 2g; — 2y; = a constant.

Similarly, d3(h;b;) = 2g> — 21y,= constant and dya(h;h;) = 2g3 — 2y, = a constant ¥ b;h; € €.
Therefore ® is an ERPNG. Thus ® is a FERPNG.

Theorem 3.20. Let & = (o, u) be a +-TER and ¢ -PERPNG. Then S (6) = ﬁ where r = |€].
Proof. The size of & is S(6) = ( ) (). D kadb)). Y us(bib;).

bh;h;je€ b;h;e€ bhih;e€
Meanwhile ® is -TER and 7 -PERPNG, i.e., tdg(hh ;) = tand dg(h;h;) = {, correspondingly.

Therefore, " tos(0ib;) = ( > da®b)u®b) + > b)),

[),'I)]E@ [),'[)jE(E I)if)jE@

Z 0 (h;b)ua(bibh;) + Z Ha(bib),

bh;h;e€ bhih;e€

D 2albibusib) + D b))

bhihe€ b;h;eC

= (> s )mb), D dabb b)), > dabib b)) + S (6)
bih;je€ bih,;c€ bib;€€
rt =1S(6)+ S(6).

Definition 3.21. A g =< g1,82,83 > RPNG ® on n vertices is said to be strongly regular PNG
(SRPNGQG), if it holds the following characteristics:

1) Total of M, I, and MMt values in the same neighbourhood of any 2 adjacent vertices of & have
A =< 4y, A, 43 > weight.

2) Total of M, J, and I values in the same neighbourhood of any 2 non-adjacent vertices of ®
have y =< x1, x2, x3 > weight.

A SRPNG 6 is represented by ® = (o, u, 4, x).
Theorem 3.22. Let ® = (o, u) be a complete PNG with (o, 0, 03) and (1, o, 13) as €F. Then ® is
a SRPNG.
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Proof. Assume ® = (o, ) is a complete PNG over n vertices. Since < uy, (o, 43 > and < 0y, 03,03 >
are CF, so o(h) = 1)’1, o2(hy) = 1)’2 and o3(h;) = 1)/3 Vb € B, b)) = i, u2(hih;) = v, and
ws(b:h;) = v3 ¥ bib; € € where 1, 1,, 13,1, ; and 3 are Cs. To verify ® is a SRPNG, we intend to
illustrate ® 1s g =< 071, 0,03 >-RPNG and the adjacent and non-adjacent vertices have the same CN
A=< A4y, A, A3 > and y =< x1, x2, X3 > correspondingly. Since ® is complete PNG

b6 (5:) = a0, D30, Do) = ¢ D pu(biby, > D), Y ualbhib))

bi,bj#h;€B bi,bj#h;€B bi,bj#h;€B

=((n— Dy, (n— Dy, (n - Dn3)

Hence ® is a {((n — 1)y, (n — 1)v,, (n — 1)n3)-RPNG.

The sum of M, J, and I values of CN vertices of any two adjacent vertices.

A= <(n - 1)1)'1, (n— l)r)'z, (n— 1)1)’3> are the same and the total of i, I and YIN values of CN vertices
of any two non-adjacent vertices y =< 0,0, 0 > are the same.

Definition 3.23. A PNG 6 = (o, p) is bipartite if the vertex set ¥ can be separated into two non-empty
sets B; & B, such that ,ul(bibj) =0, ,le(bibj) = 0 and ,U3(b,'bj) =0if bibj € B, or bibj € B,. Further
if 141 (0:) = min{or1(6:), 1)}, pa(bib,) = min {oa(b,), o2(h;)} and p3(bh;) = minfos(h:), o730} ¥
b € B; and b; € B,, then © is said to be a complete bipartite PNG (CBPNG).

Definition 3.24. A bipartite PNG © is biregular PNG (BRPNG) if each vertex in 8, has similar degree

© =< @1, 2, @3 > and all the vertex in B, has similar degree Y =< ¥y, ¥, 3 > where ¢ and ¢ are all
Cs.

4. MCDM method based on the Pythagorean neutrosophic graphs

PN sets have become an interesting topic in research due to their powerful dealing with incomplete,
inconsistent information. PNG can illustrate the uncertainty in a real-life context, thus we propose
the use of PNG in solving MCDM problems. This newly proposed model is named the PNG-based
MCDM method.

At first to frame the algorithm or method, we describe the decision making problem. Consider
that * = {py, P2, P3,...0,,} 1S a collection of alternatives and B = {a, @z, a3, ...a,} is a set of criteria,

n

with weight vector w = (w;, w,, ws,...w,)" fulfilling w; € [0,1], Z w; = 1. If the decision maker
=1
provides a PN value for the alternative p; (k = 1,2,3,....,m) undé:r the attribute a; (j = 1,2,..,n)
and can be characterized by a PN number (PNN) d;; = m;, idg;, nmy; (where m, id, nm represents the
membership, indeterminacy and non-membership value) j = 1,2,..,n;k = 1,2,3..., m. Imagine that
D = [dgjlmxn 1s the decision matrix, where dy; is given by PNN. If the decision maker provides a PN
value for the alternative pi(k = 1,2, ...m) under the criteria a;(j = 1, 2...n), these values are illustrated
as ex; = (my, i, mmy;), (j = 1,2,..n,k = 1,2..m). If there exists a relation between two criteria
a; = (m;, id;, nm;) and «; = (m;, id;, nm;), we represent the PN relation as 8;; = (m;;, id;;, nm;;), with the
properties: m;; < min(m;, m;), id;; < min(id;, id;), nm;; < max(mm;, nm;) VY (0, j = 1,2, ...m); otherwise
Bij =< 0,0,1 >. Based on the established PNG structure, we suggest a technique for decision-maker
to choose the best alternative with PN information.
The technique has been illustrated in the steps following:
Step 1: Compute the influence co-efficient between the criteria «; and «; (i, j = 1,2, ...n) in decision
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process by,
_ m;; + (1 - ibu)(l - nml-j)

Xij = 5 “4.1)

where B;; = (m;j,d;;, nm;;) is the PN edge between the verices a; and «a; (i, j = 1,2,...n). we have
Xij =1 and)(,-j :in fori = J
Step 2: Obtain the complete criterion value of the alternative pi(k = 1,2, ...m) by

= Z w; (Zinbij] 4.2)
=1 i=1
where e;; = (my;, idy;, ny;) is a PNN.

Step 3: Compute the score value of the alternative pi(k = 1,2, ...m) which is expressed by:

l+m-—id—nm

S(pe) = 7

Step 4: Rank all the alternatives p(k = 1,2, ...m) and choose the top one in concordance with S (p;).

4.1. An illustrative example

In this subsection, an illustration of PNG based MCDM problem with PN information is applied to
show the application and efficiency of the suggested decision-making method.

An investing company wants to invest a sum of money in the best option. There is a panel of
attributes with YouTube channels in which to invest the money: (1) p; is a movie review channel, (2)
p, is an educational content channel, (3) p; is a food related channel (food review, cooking guidance)
(4) p4 is a technical content channel. The investment company must take a decision according to the
criteria (1) a; 1s the subscribers (2) a; is the content worth (3) a3 is the growth of the criteria is given
by w = (.34,.33,.33). The four possible alternatives are to be calculated under these three criteria
shown in the form of PN information by decision-maker. The information evaluation is consistent to
a;(j = 1,2,3) on the alternative p;(k = 1,2,3,4) under the factors a;(j = 1,2, 3) and the resultant PN
decision matrix is represented as D :

(.8,.7,.6) (7,.5,.4) (6,.7,.4)

_109,.6,.5) (.6,.7,.4) (7,.4,.2)
(7, .4,.3) (8,.4,.3) (9,.4,.1)

(.8,.5,.4) (9,.3,.5) (6,.5,.3)

The relation among factors «; is given by the complete graph ® = (B, €) where B = {a;, as, a3}
and € = {a a,, a1a3, vya3}. We can get the influence coefficients to quantify the relationships among
the criteria. Suppose that PN edges denoting the connection among the criteria are described in
Figure 3 as: 11, = (.4,.5,.5), li3 = (.5,.6,.2), L = (.5,.3,.2). ® = (B, €) describes the PNG according
to relationship among criteria for each alternative. The steps given below are followed to achieve the
best alternative.

D
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a, (5,.3,.2) a,

Figure 3. Relation between criteria.

Step 1: The influence coefficients between criteria were computed by using (4.1) and the values are

X12 = .325,X13 = -41’X23 =.53

Step 2: The overall criterion value of the alternatives p;,i = 1,2, 3,4 are obtained by using (4.2) are as

follows:

P1 =1 X (y11dip 4 x12021 + x13031)+ W2 X (y11012 + Y1202 + ¥ 13032)+ W3 X (¥11D13 + Y12D23 + X13D33)
=.34((.8,.7,.6)+(.7,.5,.4)x.325+(.6,.7, 4)x .41)+ .33((.8, .7, .6)x.325+(.7, .5, 4)+(.6,.7, .4)x .53)+

33((.8,.7,.6) x .41 + (.7,.5,.4) x .53 + (.6,.7, .4))

= .34((.8,.7,.6) + (.2275,.1625,.13) + (.246,.287,.164)) + .33((.26,.2275,.195) + (.7,.5,.4) +

(.318,.371,.212)) + .33((.328, 287, .246) + (.371, .265, 212) + (.6, .7, .4))

= 34(1.2735, 1.1495, .894) + .33(1.278, 1.0985, .807) + .33(1.299, 1.252, .858)

= (43299, 39083, .30396) + (42174, 362505, .26631) + (.42867, 41316, .28314)
Py = (1.2834, 1.166495, .85341)

Similarly for P, = (1.344545, 1.03803, .666295)

P3 = (1.47995, 7369, .423815)
Py = (1.40648,.798045, .73401)

Step 3: Calculating the score value of the alternatives pi(k = 1,2, 3,4),
we get S(py) = .1317475,

S(p,) = .32011,

S(p3) = .6596175,

S(py) = .4372125.

Step 4: Since S(p3) > S(ps) > S(p,) > S(py), the ranking of four alternatives is

P3>Pg>P2>P

Thus, the alternative p; is chosen among the alternatives.
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4.2. Comparative analysis

A comparison with neutrosophic graph based decision-making approach in [58] is made to check the
effectiveness of the presented decision making-method based on the illustrative example. Applying the
technique of [58] and our proposed method, we compute and compare the decision results individually.
They are shown in Table 1. The decision outcomes of the method in [58] are consistent with the findings
of our suggested method, as shown in Table 1. The results are the same as the ranking order results
in [58] and the best alternative is p;. Although the ranking principle is different, the two methods derive
the same best and worst alternative with the same ranking order for the alternatives.

Table 1. Comparison analysis.

Method Score Values of Alternatives ~ Ranking Order
R. Sahin [40] p; = —0.4515 P3>Pa > Py >y
p, = 0.007223
p3 = 0.2911675
ps = 0.03819
Our proposed method p; = 0.1317475 P3 > Py > P> Py
p> = 0.32011

ps = 0.6596175
ps = 0.4372125

5. Conclusions

PNS is an extension of fuzzy set to symbolize incomplete, uncertainty and imprecise data that
exists in real situations. PN models are more flexible and practical than fuzzy, Intuitionistic fuzzy, and
neutrosophic fuzzy models. In this work, we have proposed the ideas of partially edge regular, edge
regular, regular, strongly regular graphs, and full edge regular under PN environment and studied their
properties. A PNG based MCDM method has been presented and an illustrative example is given using
the PN information. In further work, this work is to be extended to the concepts of irregularity, planar
PNGs, and their applications, in decision making.
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