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Abstract: This study investigated the flow and heat transfer of sodium alginate-based hybrid nanoflu-
ids with a stretching/shrinking surface. The heat source/sink, Joule heating, inclined magnetic
field, and thermal radiation influences are also examined in the designed model. The mixers of
non-magnetic and magnetic nanoparticles are utilized, such as Cu and Fe3O4. The Casson fluid
model is applied to determine the viscoplastic characteristics of sodium alginate (SA). The necessary
governing SA-based hybrid nanofluid flow equations are solved analytically by hypergeometric func-
tion. SA-based hybrid nanofluid velocity, temperature, skin friction, and Nusselt number results are
discussed in detail with various pertinent parameters, such as radiation, heat source/sink, inclined
angle, magnetic field, Eckert number, and Casson parameters. It is noted that the dimensions of
both Cu and Fe3O4 hybrid nanoparticles and Casson parameters are minimized by the momentum
surface layer thickness. The magnetic field, radiation, heat source and Casson parameters serve to
enhance the thermal boundary layer thickness. Finally, the current result was verified with previously
published works.

Keywords: casson model; heat source/sink; hybrid nanofluid; hypergeometric function; thermal
radiation

1. Introduction

The study of heat transfer and fluid flow produced by means of a stretching/shrinking
surface and has a lot of industrial benefits, for example thermal insulation, manufacturing
of composite materials, manufacturing of glass, underground species transport, drying of
porous solids, oil recovery, and thermal solar systems. The primary industrial applications,
heat transfer and flow investigation, are of significant consequence because the finishing
manufactured quality is determined on the basis of the rate of convective heat exchange
and the coefficient of the velocity gradient [1–10]. One of the advanced nanofluid types is a
hybrid nanofluid containing two different nanoparticles suspended in the base fluid. The
analysis of temperature transfer in a hybrid nanofluid has attracted significant previous
research due to its ability to develop the temperature transfer rate compared to the usual
nanofluids. For this reason, considerable applications involving temperature distributions
such as electronic, transformer cooling, and coolant in machining have assumed hybrid
nanofluids as the temperature transfer fluid. Mainly, nanofluid is distinguished as a
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high temperature distribution fluid compared with the usual fluid. However, this article
investigated the hybrid nanofluid as a more enhanced thermal conduction rate compared
with the usual nanofluid. The analysis of the thermal moment in radiative hybrid nanofluid
flow with a thermal source on a rotating surface was proposed by [1]. They have determined
the presence of thermal radiation, which improves the very high heat distribution in hybrid
nanofluids. A numerical solution of hybrid nanofluid flow past a vertical surface with
porous medium has been researched by [2]. A numerical solution of hybrid nanofluid past
a porous stretching cylinder was studied by [3]. Very recently, several studies focused on a
new type of hybrid nanofluid temperature distribution and flow process in [4–13].

Currently, a non-Newtonian fluid, sodium alginate (SA), has drawn much interest due
to its biomedical and industrial uses, such as in pharmaceuticals, textiles, paper production,
the food industry, and tissue formation. Both analytical and numerical solutions of SA-
based nanofluid thermal transfer and flow analysis have been researched by [14]. The
authors of [15] examined the SA-based nanofluids various flow and thermal transfer
effects. Very recently, the authors in [16] studied the effect of an SA-based hybrid nanofluid
through a shrinking/stretching sheet with a non-magnetic and magnetic nanoparticle
combination. They found that SA-based hybrid nanofluids have a higher rate of thermal
distribution than H2O based hybrid nanofluids.

Electrically conducting fluids with magnetic properties such as hydromagnetic field
and surface layer flow and thermal conduction characteristics in the presence of magnetic
field effects are a great benefit in the industry, such as for nuclear reactors and electro-
magnetic casting etc. The magnetohydrodynamic hybrid nanofluid flow and thermal
convection through a shrinking/stretching sheet has been examined by [17]. Magnetic
force effect on hybrid nanofluid past a circular cavity has been analyzed by [18]. Hybrid
nanofluid through a porous medium with magnetic force was analyzed by [19]. The effect
of a magnetic field on hybrid nanofluids past a permeable tank was researched by [20].
The authors in [21] studied the effect of hybrid nanofluid flow with a magnetic stagnation
point flow on a vertical flat plate. The impact of magnetic force on hybrid nanofluid free
convection was researched by [22]. Recently, Ref. [23] researched the magnetic force and
uniform heat source/sink effect on hybrid nanofluid flow through stretching/shrinking.

One of the important thermal distributions is thermal radiation. In particular, numer-
ous engineering effects occur at great temperatures, and thus thermal radiation knowledge
plays a noteworthy part in the layout of the application apparatus. Thermal radiation has
some most important parts in many industrial treatments, such as glass production, boiler
design and, in addition, space improvement applications such as solar radiation, propul-
sion systems,space vehicles, aerodynamics, combustion processes, internal combustion
engines, rockets, and ship compressors. Considering these, a small number of scholars
have planned commitments for the inspection of magnetohydrodynamic nanofluid streams
with thermal radiation phenomena. The thermal radiation impact on hybrid nanofluid flow
with a stretching/shrinking surface was investigated by [24]. They found that the impact of
radiation enhances the heat flux on the surface, and therefore generates the upper thermal
heat in the viscous dominant region. The authors in [25] studied the effect of thermal
radiation on hybrid nanofluid flow through a nonlinear stretching surface. Ref. [26] studied
the thermal radiation of hydromagnetic hybrid nanofluid with Joule heating effects. To
the best of the author’s knowledge, up till now, no theoretical results for the analytical
study on sodium alignate-based magnetic and non-magnetic nanoparticles combination in
radiative hybrid nanofluids with an inclined Lorentz force. This is the major inspiration of
our current study.

The objective of the current research article is to directly apply the theory of SA-based
hybrid nanofluid flow on a stretching/shrinking surface and heat source/sinks. The
magnetic field, thermal radiation, and Joule heating with viscoplastic characteristics are re-
searched analytically. The governing equations are solved using hypergeometric functions;
the results are discussed with the help of graphs. Finally, our results are compared with
previously published articles.
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The paper is structured as follows: The explanation of the physical form is arranged in
Section 2. In this part, we have considered formulation of the problem for the 2-Dimensional
incompressible flow of magnetic and non-magnetic SA-based hybrid nanofluids have been
presented. Section 3 is devoted to the result of these model equations by the hypergeometric
function method. The results and discussion has been presented in Section 4. Finally, the
major results of the present article have been given in Section 5.

2. Formulation of the Problem

To develop the model, we considered the study of a compressible two-dimensional
SA-based hybrid nanofluid through a shrinking/stretching sheet with inclined magnetic
field. The purpose of thermal radiation and uniform heat generation/absorption are also
incorporated in the thermal transfer analysis. Assumption of frame coordinates where
x-axis along with the sheet’s horizontal surface, while y-axis measures the normal to the
surface. The shrinking/stretched velocity is considered as uw(x) = ax, where ‘a’ is a
constant. Here, we assume the surface and constant ambient temperature are Tw(x) and
T∞ respectively. Iron oxide (Fe3O4) and Copper (Cu) nano-size particles having sodium
alginate as their base fluid are examined in the present article. Thermophysical properties
of the nanoparticles and base fluids are given in Table 1. The constitutive connection for
viscoplastic non-Newtonian fluid, given by [16,27], is

τij =

 τij = 2
(

µB +
σy√
2π

)
eij, π > πc

τij = 2
(

µB +
σy√
2πc

)
eij, π < πc

(1)

where π = eijeij and eij is given by

eij =
1
2

(
∂vi
∂xi

+
∂vj

∂xi

)
, (2)

with 1 ≤ i, j ≤ 2, the governing equations are given as [24]

∂u
∂x

+
∂v
∂y

= 0, (3)

u
∂u
∂x

+ v
∂u
∂y

= νhn f

(
1 +

1
Γ

)
∂2u
∂y2 −

σhn f

ρhn f
B2

0usin2γ, (4)

(
ρcp
)

hn f

(
u

∂T
∂x

+ v
∂T
∂y

)
= khn f

∂2T
∂y2 − µhn f

(
1 +

1
Γ

)(
∂u
∂y

)2
+ Q(T − T∞)− ∂qr

∂y
, (5)

where Γ = µB
√

2πC/σy is the viscoplastic parameter for non-Newtonian fluid. which
depends on give-in flow and stress only happens in the method when the important shear
stress is larger than the give-in stress. Here y and x are the perpendicular and coordinates
along the sheet, v and u are velocity components y and x directions, respectively, Q is the
uniform heat generation/absorption coefficient and qr is the radiative heat flux.

Table 1. Thermophysical properties of SA, H2O, Cu, Fe3O4.

SA H2O Cu Fe3O4

ρ(kg/m3) 989 997.1 8933 5180
Cp(J/kgK) 4175 4179 385 670
K(W/mK) 0.6376 0.613 401 9.7
σ(Ωm)−1 2.6× 10−4 0.05 5.96× 107 2.5× 10−4
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The effective density of the hybrid nanofluid ρhn f , σhn f is hybrid nanofluid electric con-
ductivity, hybrid nanofluid effective dynamic viscosity is µhn f , heat capacitance (ρCp)hn f
and the thermal conductivity khn f of the hybrid nanofluid are given as

µhn f =
µ f

(1−φCu−φFe3O4
)2.5 , ρhn f = (1− φCu − φFe3O4)ρ f + φCuρCu + φFe3O4 ρFe3O4 ,

σhn f

σf
=

1 +
3
(

φCuσCu+φFe3O4
σFe3O4

σf
−
(
φCu + φFe3O4

))(
φCuσCu+φFe3O4

σFe3O4
φσf

+ 2
)
−
(

φCuσCu+φFe3O4
σFe3O4

σf
−
(
φCuφFe3O4

))
,

Khn f

K f
=


(

φCuKCu+φFe3O4
KFe3O4

φ + 2K f + 2
(
φCuKCu + φFe3O4 KFe3O4

)
− 2φK f

)
(

φCuKCu+φFe3O4
KFe3O4

φ + 2K f +
(
φCuKCu + φFe3O4 KFe3O4

)
− φK f

)
.

(6)

The surface conditions of Equations (3)–(5) are

u = αuw(x), v = 0, y = 0; u→ 0 as
T = Tw(x) = T∞ + Ax2 at y = 0; T → T∞ as y→ ∞.

(7)

The radiation (see [24]) we have

qr = −
4σ∗

3k∗
∂T4

∂y
. (8)

Here, k∗ is the coefficient of absorption and σ∗ is the Stefan-Boltzmann constant. The
solution of T4 about T∞ is given,

T4 ∼= 4T∞
3T − 3T∞

4. (9)

From Equation (5) is given by

(
ρcp
)

hn f

(
u

∂T
∂x

+v
∂T
∂y

)
= khn f

∂2T
∂ȳ2 −µhn f

(
1+

1
Γ

)(
∂u
∂y

)2
+Q(T−T∞)

+
16σ∗T3

∞
3k∗

∂2T
∂y2 .

(10)

Now, we set up the transformations of similarity as

η = y
√

a
ν f

, u = axF
′
(η), v = −√aν f F(η), θ(η) = T−T∞

Tw−T∞
. (11)

From Equations (4) and (10) can be written as

A1
A2

(
1 + 1

Γ

)
F′′′(η) + F(η)F′′(η)− F′2(η)−M A3

A2
F′(η)sin2γ = 0, (12)

A4

Pr

(
A5 +

4
3

Nr
)

θ′′(η) + F(η)θ′(η)− 2F′(η)θ(η) + δA4θ(η)

− A4 A1

(
1 +

1
Γ

)
EcF′′2(η) = 0, (13)

with

F(η) = 0, F′(η) = α, θ(η) = 1; at η = 0,
F′(η)→ 0, θ(η)→ 0 as η → ∞.

(14)
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Here Pr =
(ρCp) f ν f

K f
, Nr = 16σ∗T3

∞
3kk∗ , Ec = a2

A(Cp) f
, M =

σf B2
0

aρ f
, δ = Q

a(ρCp) f
, A1 =

µhn f
µ f

,

A2 =
ρhn f
ρ f

, A3 =
σhn f
σf

, A4 =
(ρcp) f

(ρcp)hn f
, A5 =

Khn f
K f

.

The skin friction coefficients C f x and Nusselt number Nux are

Re1/2
x C f x = 1

(1−φCu−φFe2O4)
2.5

ρ f
ρhn f

(
1 + 1

Γ

)
F′′(0), Re−1/2

x Nux = −Khn f
K f

θ′(0). (15)

where Rex = uxx/ν f is the local Reynolds number.

3. Analytical Solution of Flow and Thermal Field

According to [16,28], the considered the correct solution of Equation (12)

F(η) = α
m (1− e−mη), (16)

where m =

√(
1− φCu − φFe2O4

)2.5
(

Γ
1+Γ

)(
α

ρhn f
ρ f

+ Msin2γ
σhn f
σf

)
.

Using above equation in Equation (13), we get

ωθ′′(η) + Pr
(

α
m −

α
m e−mη

)
θ′(η)− 2Prαe−mηθ(η) + δPrA4θ(η)

−PrA4 A1

(
1 + 1

Γ

)
Ecα2m2e−2mη = 0.

(17)

Now, introduce the new variable ξ = − Pre−mη

ωm2 in Equation (17), we get

ξθξξ + (1− a0 − ξ)θξ +
(

2 + δA4Pr
ωm2ξ

)
θ(ξ) = −A4 A1

(
1 + 1

Γ

)
Ecαm2e−mη (18)

From Equation (14) becomes

θ(ξ) = 1, θ(0) = 0. (19)

From Equations (18) and (19) we get

θ(η) = C1e−m a0+b0
2 η M

[
a0 + b0 − 4

2
, b0 + 1,− Prα

ωm2 e−mη

]
+ C2e−2mη , (20)

where M[a0, a0 + 1,−b0e−mη ] is the hypergeometric function. which is given as in [29],
where

C1 =
1− C2

M
[

a0+b0−4
2 , b0 + 1,− Prα

ωm2 e−mη
] , C2 = −

A4 A1

(
1 + 1

Γ

)
Ecαm2

4− 2a0 +
δA4Pr
ωm2

, a0 =
αPr
ωm2

b0 =

√
a2

0 −
4δPrA4

ωm2 , and ω =
3A4 A5 + 4Nr

3
.

The Nusselt number Nux which is defined as

Nux =
αx qw

k f (Tw − T∞)
,

where qw = −
(

khn f +
16σT3

∞
3k∗

)(
∂T
∂y

)
y=0

is the heat flux of the local surface and we obtain:

Re−1/2
x Nux =

khn f

k f

(
3Nr + 4

3Nr

)
[−θ′(0)],
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where

θ′(0) =−C1m a0+b0
2 M

[
a0+b0−4

2 , b0+1,− Prα
ωm2

]
+C1

a0+b0−4
2(1+b0)

αPr
ωm M

[
a0+b0

2 −1, b0+2,− Prα
ωm2

]
−2mC2.

4. Graphical Results and Discussion

This section discusses the analytical results of SA-based MHD radiative hybrid
nanofluid with heat source/sink, Joule heating and viscoplastic impacts. Tables 2 and 3
exhibits excellent comparative answers and given confidence on the method employed
in this work. The effects of velocity, temperature, f ′′(0) and θ′(0) on magnetic, inclined
angle, radiation, heat source/sink, Casson, Eckert number, and nanosolid volume fraction
parameters are discussed. Figures 1 and 2 present the impact of shrinking (α < 0) and
stretching (α > 0) cases on the velocity profile. It is observed that the enhancing value of
shrinking/stretching parameter velocity of the SA-based hybrid nanofluid is also increased.
The presence of both shrinking and stretching cases enhanced the thickness of the velocity
boundary layer.

Table 2. Comparison solutions for −F
′′
(0) (skin friction coefficient). When φFe3O4 = M = Γ = γ = 0.

φCu [30] [31] Present Results

0.05 1.10892 1.10892 1.10892
0.1 1.17475 1.17475 1.17475

0.15 1.20886 1.20886 1.20886
0.2 1.21804 1.21804 1.21804

Table 3. Comparison solutions for −θ
′
(0) (Nusselt number). When φCu = φFe3O4 = M = γ = δ =

Ec = Γ = 0.

Pr [32] [31] Present Results

0.72 1.0885 1.08852 1.08852
1.0 1.3333 1.33333 1.33333
3.0 2.5097 2.50973 2.50973

10.0 4.7969 4.79687 4.79687
100.0 15.7120 15.71163 15.71163

The nanosolid volume fraction parameters φCu and φFe3O4 on velocity profiles are
illustrated in Figures 3 and 4, respectively. From these figures, enhancing the value of φCu
and φFe3O4 in both cases, diminishes the velocity profile. This means that the enveloping
value of a nanosolid can slow down the SA-based hybrid nanofluid velocity. The enlarged
density of the fluid, contributes to the reduction in velocity. Figure 5 shows the behavior of
the Casson parameter on the velocity profile. From this figure one can see that SA-based
hybrid nanofluid velocities slow down in the presence of enlarging value of the Casson
parameter.

Inclined angle and magnetic parameters impact on F′(η) and θ(η) are illustrated in
Figures 6 and 7. From these figures, the enlarging the value of inclined angle and magnetic
parameters means that the magnetic field strength is improved at the same time that the
SA-based hybrid nanofluid’s velocity is reduced. The enlarging value of inclined angle and
magnetic parameters with improving the SA-based hybrid nanofluid temperature is shown
in Figure 7. Physically, the presence of the inclined angle the and magnetic parameters
slow down the fluid, while at the same time suddenly increasing heat transfer.
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α=-0.1, -0.2, -0.3, -0.4 

Cu-Fe3O4/SA 

 M=1.0, γ=450, ϕCu= ϕFe3O4=0.005,  Г=0.1 

F(η)  
 

η 
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-0.4
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Figure 1. Effect of shrinking (α < 0) case on velocity profile.
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Figure 2. Effect of stretching (α > 0) case on velocity profile.
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Figure 3. Effect of velocity variation of Cu/SA hybrid nanofluid.
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Figure 4. Effect of velocity variation of Fe3O4/SA hybrid nanofluid.
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Figure 5. Effect of Casson parameter on velocity profile.
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Figure 6. Effect of M and inclined angle parameters on velocity profile.
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Figure 7. Effect of M and inclined angle parameters on temperature profile.

Figure 8 displays to the impact of both the Ec and Casson parameter on the tempera-
ture profile. From these figures, it is observed that the thermal effect of the fluid is higher
for higher estimations of both the Eckert number and Casson parameter. Furthermore, the
thermal surface layer thickness is developed for the higher value of the Ec and Γ. These two
parameters enhance the heat conduction in SA-based hybrid nanofluids. Figure 9 illustrates
the consequences of heat source/sink and radiation parameters on θ(η). These plots show
that both the thermal surface thickness and temperature profiles are increased with the
heat source and radiation parameters. Actually, enhancing the heat surface layer thickness
may minimize the thermal flux on the surface, which minimized the temperature profile.
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Figure 8. Effect of Eckert number and Casson parameters on temperature profile.
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Figure 9. Effect of Nr and heat source/sink parameters on temperature profile.

Figure 10 presents the effect of the inclined magnetic field on the F′′(0). Enhancing
the values of the inclined angle and magnetic field lead to reduced skin friction. Physically,
the enhancing of magnetic field strength means the skin friction coefficient was minimized.
The Casson parameter and nanosolid volume fraction parameters on the F′′(0) are shown
in Figure 11. It is evident that F′′(0) is reduced with the enhancing value of both Casson
and nanosolid volume fraction parameters.

Figure 12 displays the impact of the Ec and heat source/sink parameters on the
Nusselt number for SA-based hybrid nanofluids. The Nusselt number diminishes with
the enlargement in the Eckert number and the heat sink parameter, indicating that the
SA-based fluid should be utilized to get the maximum thermal transfer. Figure 13 shows
the effect of radiation and Casson parameters on the Nusselt number for Cu− Fe3o4/SA-
based hybrid nanofluid. The θ′(0) reduces with the enhancement in the Nr and Casson
parameters. The exactness and confirmation of this solution are checked by comparing
the current solutions for the coefficient of skin friction with those obtained previously
by [30–32] as shown in Tables 2 and 3.
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5. Conclusions

The impact of viscoplastic and thermal radiation on SA-based Cu − Fe3O4 hybrid
nanofluid flow with a shrinking/stretching surface was studied analytically. SA-based
MHD radiative hybrid nanofluid flow, temperature, Nusselt number, and skin friction
results are summarized below:

• SA based MHD radiative hybrid nanofluid velocity slows down the presence of the
inclined magnetic field, the Casson parameter, and the nanoparticles. The presence of
both shrinking and stretching enhanced the thickness of the velocity surface layer.

• The SA based MHD radiative hybrid nanofluid thermal conduction ability is enhanced
when the values of the hybrid nanoparticle, Eckert number, Casson parameter, heat
source, inclined magnetic field, and radiation parameter increase.

• The SA based hybrid nanofluid heat transfer rate is improved with the enhancing
value of the heat source, and it decreases with the enhancing value of the radiation
parameter, the Casson parameter, and the Eckert number.
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Nomenclature

A constant parameter [Km−2]
B0 Uniform Magnetic field strength [kgs−2 A−1]
Cp, f Specific heat (SA) [Jkg−1K−1]
Cp,Cu Cu specific heat capacity [Jkg−1K1]
Cp,Fe3O4 Specific heat (Fe3O4) [Jkg−1K−1]
Cp,hn f Specific heat of hybrid nanofluid [Jkg−1K−1]
Ec Eckert number
F′ Dimensionless velocity
K f thermal conductivity (SA) [Wm−1K−1]
KFe3O4 Fe3O4 thermal conductivity [Wm−1K−1]
KCu Cu thermal conductivity [Wm−1K−1]
Khn f Hybrid nanofluid thermal conductivity [Wm−1K−1]
M Magnetic parameter
Nr Radiation parameter
Pr Prandtl number
T hybrid nanofluid Temperature [K]
Tw Surface temperature [K]
T∞ Ambient temperature [K]
Greek Symbols
α shrinking/Stretching parameter
γ inclined angle parameter
Γ Viscoplastic parameter
φ Hybrid nanosolid volume fraction
φCu Cu nanosolid volume fraction
φFe3O4 Fe3O4 nanosolid volume fraction
µB Plastic dynamic viscosity [kgm−1s−1]
µ f SA dynamic viscosity [kgm−1s−1]
µhn f Hybrid nanofluid dynamic viscosity[kgm−1s−1]
ρ f SA density [kgm−3]
ρCu Cu density [kgm−3]
ρFe3O4 Fe3O4 density [kgm−3]
ρhn f Hybrid nanofluid density [kgm−3]
σf electric conductivity (SA) [(Ωm)−1]
σCu electric conductivity (Cu) [(Ωm)−1]
σFe3O4 Fe3O4 electric conductivity [(Ωm)−1]
σhn f Hybrid nanofluid electric conductivity [(Ωm)−1]
η Similarity variable
θ Dimensionless form of temperature
Subscripts
Cu Copper
Fe3O4 Iron oxide
hn f Hybrid nanofluid
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