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A B S T R A C T   

Impact of non-uniform heat source/sink and elastic deformation on entropy generation analysis 
for Cu − Fe3O4/ethylene glycol hybrid nanofluid flow past a stretching sheet with an inclined 
magnetic field, partial slip, and thermal radiations are investigated. Appropriate conversions are 
utilized for PDE’s into ODE’s. The dimensionless form is then analytically solved with the help of 
a hypergeometric function. Performance of significant variables on the hybrid nanofluid flow, 
heat distribution, skin friction coefficient, Nusselt number, and entropy generation are obtained 
and discussed with the help of different graphs. Some main results reported in this article reveals 
that the presents of hybrid nanoparticle, partial slip, inclined magnetic field, and Eckert number 
improve the more heat conduction in Cu − Fe3O4/ethylene glycol hybrid nanofluid and Partial 
slip, non-uniform heat source, and Eckert numbers are minimized the entropy production. Skin 
friction coefficient improves through higher values of Cupper nanoparticles and suction param-
eter. Heat transfer rate is more for higher values of Cupper nanoparticles, non-uniform heat 
source, partial slip, thermal radiation, and Eckert number.   

1. Introduction 

Nowadays, the nanotechnology concept is attractive in various fields of sciences and research and has significant uses in phar-
maceutical medicine, electronics, chemical industry, agriculture, etc [1–3]. This type of research considers improving product quality, 
economic saving, energy-saving, and increasing the quality of life and time-saving. In that situation, nanofluid is an essential part of 
nanotechnology, which attracted recent researchers due to the need to enhance the heat transfer process [4–6]. Generally, nanofluids 
are high thermal conductivity compared to the base fluids; it is an essential factor in applying these materials in the industry. 
Moreover, the applications of air and liquid are viewed as the super accessible sources utilized for cooling purposes in numerous 
electronic gadgets. However, cooling through the air is the most well-known and helpful method of cooling, yet it is not adequate in the 
present-day period. It has few deficiencies that are needed for a large heat source/sink reservoir, it is less efficient, lower thermal 
conductivity, etc [5–8]. As compared to air cooling, liquid cooling is more efficient. However, it is also not as useful as needed because 
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of its lower convective heat transfer properties. Researchers need to go for some advanced methodologies having higher thermal 
conductance and advanced heat transfer abilities. Achieving higher thermal conductivity is the main objective of researches in modern 
cooling appliances [7–9]. 

A numerical approach of silver and magnesium oxide/water hybrid nanofluid flow through a stretching/shrin-king surface was 
presented by Ref. [9]. From this article, the presence of inclination angle and suction parameters enhance the heat transfer rate. The 
ethylene glycol-based hybrid nanofluid flow over a non-linearly stretching sheet numerically presented by Ref. [10]. The ethylene 
glycol-based MHD nanofluids flow with thermal radiation impacts are presented by Ref. [11]. A numerical study on magnetohy-
drodynamic hybrid nanofluid flow with partial slip impact was studied by Ref. [12]. 

Recent studies have been conducted on the generation of entropy by convection heat transfer [13–15]. Many scientists and re-
searchers have studied it to study the amount of entropy produced in the process of convection. Entropy formation is used to calculate 
the useful energy of solutes and is a consideration for reducing the efficiency of engineering organisms such as rate processes. 
Transport and distribution depend on the irreversible conditions of the process. Applications for entropy analysis are air conditioners, 
blending, hat factories, refrigerators, and heat engines [16–18]. Initially, the mathematical term for entropy generation due to viscous 
dissipation and heat transfer was originated by Ref. [13]. The author [14] presented entropy generation impact on Graphene Oxide 
and Copper hybrid nanofluid flow through parallel plates. This article delivered that higher values of Eckert number, Prandtl number, 
and magnetic parameters are produced more entropy generation. Entropy generation impacts on Fe3O4-water nanofluid flow with 
magnetohydrodynamic effects are studied by Ref. [15]. Entropy generation analysis for TiO2 − CuO/ethylene glycol hybrid nanofluid 
flow with uniform transverse magnetic field and thermal radiation impacts are considered by Ref. [16]. A numerical study of slip 
hybrid nanofluid flow and thermal radiation with computed entropy generation analysis effects are considered by Ref. [17]. On the 
other hand, irreversibility analysis for electrically conducting second-grade nanofluid over two infinite plates was investigated by 
Ref. [18]. Numerical simulations of irreversibility analysis for radiative nanofluid flow with second order slip, heat source/sink, and 
viscous dissipation impacts are studied by Ref. [19]. It is observed that the presents of slip effects produce more entropy near the 
surface of the wall, but away from the wall minimizes the entropy production. Recently, irreversible analysis for electrically con-
ducting hybrid nanofluid flow with viscous dissipation effects has been analyzed by Ref. [20]. Several current improvement studies on 
various fluid models with entropy generation analysis can be listed in Refs. [21–23]. It should be mentioned that how to apply the 
hybrid nanofluid flow with elastic deformation, radiation, non-uniform heat generation/absorption, and inclined Lorentz force effects 
is still challenging, which motivates our study. 

Heat source/sink effect, also an important feature of heat transfer in flow problems. Several physical applications of heat gener-
ation/absorption include nuclear reactors, electronic devices, and semiconductors [24–26]. In flow problems, heat absorption and 
generation capacity of stretching sheet change the properties of particles which in turn affect the system. Its effect may be taken as 
constant, but in recent years, some researchers have taken it as variable/non-uniform. Impact of non-uniform heat flux and magne-
tohydrodynamic Al2O3 − Cu/H2O hybrid nanofluid flow on entropy generation was considered by Ref. [24]. Hybrid nanofluid flow 
with non-uniform heat source/sink, electromagnetohydrodynamic, and nonlinear thermal radiation and computed the entropy gen-
eration are presented by Ref. [25]. Numerical investigation of nonlinear radiative MHD fluid flow over a stretching cylinder was 
examined by Ref. [26]. Some motivating research studies on various fluid models with heat generation/absorption are mentioned in 
Refs. [27–29]. 

Elastic deformation is an important application utilized in the plastic industry, foam, and ceramics. Only a few researchers discuss 
the impact of elastic deformation on magnetohydrodynamic nanofluids. Elastic deformation effect on MHD nanofluid flow through a 
stretching surface with non-uniform heat source/sink has been studied by Ref. [30]. Elastic deformation and entropy generation 
analysis on magnetohydrodynamic viscoelastic fluid flow over a stretching surface was analytically presented by Ref. [31]. To the best 
of our knowledge, no one researcher considered the effect of entropy generation analysis on Cu − Fe3O4/ethylene glycol hybrid 
nanofluid flow over a stretching surface with the inclined magnetic field, elastic deformation, non-uniform heat source/sink, viscous 
dissipation, and thermal radiation effects analytically. 

Fig. 1. Physical demonstration.  
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Motivated by the above-mentioned discussion, this paper is concerned with the entropy analysis for ethylene glycol hybrid 
nanofluid flow with elastic deformation, radiation, non-uniform heat generation/absorption, and inclined Lorentz force effects. Flow 
nature is discussed due to stretchable surface of the sheet. Applied inclined magnetic field is accounted. Thermal radiation, elastic 
deformation, non-uniform heat source/sink, and viscous dissipation effects are utilized in the modeling of energy expression. Total 
entropy rate is calculated. Suitable transformation leads to ordinary differential equations. Hypergeometric function is implemented 
for analytical outcomes. The skin friction coefficient, velocity field, heat transfer rate, temperature, and entropy generation are dis-
cussed through different graphs. Finally, simulation results are presented to illustrate the effectiveness of the proposed method and 
which are compared with some existing results to show the performance of the developed results. 

2. Formulation of the problem 

We considered studying two-dimensional incompressible (Fe3O4) and Cupper (Cu) hybrid nanofluid past a stretching surface with 
an inclined magnetic field to develop the model (Fig. 1). The purpose of thermal radiation, elastic deformation, viscous dissipation, and 
non-uniform heat sink/source are also assumed in the thermal transfer investigation. Cupper (Cu) and Iron oxide (Fe3O4) nano-size 
particles having ethylene glycol as their base fluid (Table 1). Theoretical models for hybrid nanofluid and nanofluid properties are 
given in Table 2. The basic governing equations are given as [10] 
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where u is the velocity component in the x direction and v is the velocity component in the y direction. T is the local temperature of the 
fluid, δ the elastic deformation coefficient, k0 the elastic parameter and q′ ′ ′ is the non-uniform heat source/sink. 

The heat capacitance (ρCp)hnf , the electric conductivity σhnf, the effective density of the nanofluid ρnf, the effective dynamic vis-
cosity of the nanofluid μnf, thermal conductivity khnf of the hybrid nanofluid, ρhnf the density of the hybrid nanofluid, and μhnf is the 
dynamic viscosity of the hybrid nanofluid are given in Table 2. 

The boundary conditions of (1)-(3) are 

u = ax + l
∂u
∂x
, v = 0, T = Tw = A

(x
l

)2
+ T∞at y = 0,

u → 0 T → T∞ as y → ∞.

(4) 

The simplest form of space and temperature-dependent heat generation/absorption can be expressed [25] 

q′′′

=

(
Khnf uw(x)

xνhnf

)

[A*(Tw − T∞)f
′

(η) + B*(T − T∞)]. (5)  

Here, A* > 0 and B* > 0 are corresponding non-uniform heat production and A* < 0 and B* < 0 are corresponding non-uniform heat 
absorption. We introduce the similarity transformations as 

u = axF′

(η), η = y
̅̅̅̅a
νf

√

, v = −
̅̅̅̅̅̅̅aνf

√ F(η), θ(η) = T − T∞

Tw − T∞
. (6) 

From (2) and (3) can be written as 

β1

β2
F

′′′

(η) + F(η)F′′(η) − F
′2(η) − M

β3

β2
F

′

(η)sin2γ = 0, (7)  

Table 1 
Thermophysical properties of ethyleneglycol, Cu, Fe3O4.   

Ethylene glycol Cu Fe3O4 

ρ(kg/m3) 1114 8933 5200 
Cp(J/kgK) 2415 385 670 
K(W/mK) 0.252 401 6 
β(10− 1/K) 5.7 1.67 1.3 
σ(Ωm)− 1 5.5 × 10− 6 5.96 × 107 25 000  
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The Skin friction coefficients Cfx is 

Re1/2
x Cfx =

1
(
1 − ϕCu − ϕFe2O4

)2.5

ρf

ρhnf
F′′(0) (10)  

3. Analytical solution of flow and thermal field 

The exact solution of (7) can be written as [6] 
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(
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Using above equation in (8), we get 
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(12) 

Now, ξ = − PrXe− mη

ωm2 is a new variable in (12), we get 
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(13) 

From (9), it becomes 

θ(ξ) = 1, θ(0) = 0. (14) 

The analytical solution of (13), in terms of η is written as 

Table 2 
Properties of nanofluids and hybrid nanofluids.  

Properties Hybrid Nanofluid 

Density ρhnf = ρf (1 − ϕFe3O4
)
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]

+ ϕFe3O4
(ρCp)s2  
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)
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θ(η) = C1e− ma0+b0
2 ηM
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3 . 
The quantity of practical interest, in this section the Nusselt number Nux which is defined as 
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,
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∞
3k*

)(
∂T
∂y

)
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We obtain the following Nusselt number 
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4. Entropy generation analysis 

According to Ref. [32], the local volumetric rate of entropy generation in the presence of a magnetic field is given by 

SG =
khnf

T2
∞

[(
∂T
∂x

)2

+

(

1 +
16σ*T3

∞

3k*kf

)(
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)2
]

+
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(
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)2

+
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0
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It is appropriate to define dimensionless number for entropy generation rate NS. This number is defined by dividing the local 
volumetric entropy generation rate SG to a characteristic entropy generation rate SG0 . For prescribed boundary condition the char-
acteristic entropy generation rate is 

SG0 =
kf (ΔT)2

l2T2
∞

, (18)  

therefore, the entropy generation number is 

Ns =
SG

SG0

. (19) 

Using (15), (17), (18) and (19) the entropy generation number is given by 

Ns = β5
4

X2θ2(η)+ β5

(
3 + 4Nr

3

)

Relθ
′2(η)+ β1Rel

Br
Ω

f ′ ′2(η)+BrM
Ω

f ′2(η)sin2γ, (20)  

where Rel and Br are respectively the Reynolds number and the Brinkman number. Ω is the dimensionless temperature difference. 
These numbers are given by the following relationships 

Rel =
ull
ν , Br =

μu2
p

kΔT
Ω =

ΔT
T∞

. (21)  

Table 3 
Validation of the results for − θ′(0). When ϕ = M = γ = Nr = L = S = Ec = δ = A* = B* = 0.  

Pr [33] [34] [35] Present results 

0.72 1.088 5 1.088 52 – 1.088 52 
1.0 1.333 3 1.333 33 1.333 33 1.333 33 
3.0 2.509 7 2.509 73 – 2.509 73 
10.0 4.796 9 4.796 87 4.796 87 4.796 87 
100.0 15.712 0 15.711 63 15.711 97 15.711 63  
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5. Graphical results and discussion 

This research deals to find the results of special features of entropy generation, velocity of the hybrid nanofluid, temperature of the 
hybrid nanofluid, skin friction coefficient, and Nusselt number on various parameters and also our problem was verified (Table 3) with 
previous published articles [33–35]. 

Fig. 2(a) displays the velocity and temperature profiles for some values of the magnetic parameter and Cupper nanoparticle volume 
fraction parameters. Fig. 2(b) shows the ethylene glycol-based hybrid nanofluid velocity and temperature profiles for inclined angle 
parameter and Fe3O4 nanoparticle volume fraction parameters. This figure reveals that both magnetic and inclined angle parameters 
values are enhanced by enhancing the value of Cu − Fe3O4/ethylene glycol hybrid nanofluid temperature and decreasing the value of 
velocity profile. It is seen that a higher value of inclined magnetic field creates more Lorentz force and consequently more resistance to 
hybrid nanofluid flow. This situation temperature of Cu − Fe3O4/ethylene glycol hybrid nanofluid results is due to the increase in the 
Lorentz force with the increase in an inclined magnetic field. Also from these two figures reveal that enhancing the value of Cupper and 
Fe3O4 nanosolid volume fraction parameters increases the temperature and decreases velocity profiles. It is seen that adding solid 
nanoparticles volume fractions means liquid becomes more viscous. Therefore, high viscosity hybrid nanofluid creates more friction 
force, so it diminish the velocity profile. The thermal conduction effect is high for solid nanoparticles compare to the base fluid. So 
enhancing the value of solid nanoparticles (Cu and Fe3O4) enhances the thermal conductivity of hybrid nanofluid, therefore increasing 
the value of solid Copper nanoparticles and Fe3O4 nanoparticles enhance the temperature profile. 

The partial slip and suction parameter’s impact on velocity and temperature profiles are shown in Fig. 3(a). This figure reveals that 
when the slip occurs, Cu − Fe3O4/ethylene glycol hybrid nanofluid flow velocity near the sheet will not be equal to the stretching 
velocity by slip boundary condition the pulling of the stretching surface be able to just partly transmitted to the hybrid nanofluid, 
therefore enhancing the value of partial slip diminish the momentum boundary layer at the same time enhances the temperature 
profile. Also, enhancing the value of the suction parameter decreases the Cu − Fe3O4/ethylene glycol hybrid nanofluid velocity and 
thermal profiles. 

The influence of space-dependent heat sink/source (A*) parameter and radiation parameter on the temperature distributions for Cu 
− Fe3O4/ethylene glycol hybrid nanofluid is plotted in Fig. 3(b). Fig. 4(a) displays the influence of temperature-dependant heat sink/ 
source (B*) parameter and Eckert number on the temperature profile. Thickening of the thermal boundary layer rises when the rising 
value of radiation parameter, Eckert number, and in the case of heat source (A* > 0, B* > 0) and gets reduced in the case of the heat 
sink (A* < 0 and B* < 0). Thus, it is clear that enhancing the value of Eckert number, non-uniform heat source, and radiation pa-
rameters are distributed more thermal energy in Cu − Fe3O4/ethylene glycol hybrid nanofluid. Physically speaking, the high frictional 
heating means heat energy stored in the hybrid nanofluid, therefore, thermal boundary layer thickness enhanced. It is also highlighted 
that the strengthening of the radiation effect means, transfer of high thermal energy into the hybrid nanofluid. 

The effect of elastic deformation parameter on the temperature distribution of Cu − Fe3O4/ethylene glycol hybrid nanofluid flow 
was investigated in Fig. 4(b). It is observed that enhancing the value of elastic deformation diminishes the thermal surface layer 
thickness. Because the presence of elastic deformation effect reduces the transfer of heat energy into the hybrid nanofluid. Fig. 5(a), is 
plotted to describe the effect of Cupper nanosolid volume fraction on the skin friction coefficient. It is realized from the increasing 
value of nano solid volume fraction means, and the liquid becomes more viscous. Physically, increasing the value of viscous force 

Fig. 2. (a)Impact of F′(η) and θ(η) for M and ϕCu, (b) Impact of F′(η) and θ(η) for γ and ϕFe3O4
.  
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create more friction in a hybrid nanofluid. The impact of partial slip and suction parameters on skin friction coefficient is illustrated in 
Fig. 5(b). The increasing value of the slip parameter reduces the skin friction coefficient, but increasing value of the suction parameter 
enhances the skin friction coefficient. Because enhancing the value of partial slip effects reduces the shear stress near the surface, 
therefore skin friction is reduced at the same time, enhancing the value of suction effect create more skin friction into the hybrid 
nanofluid. 

As indicated in Fig. 6(a), the Nusselt number for various values of partial slip parameter, space-dependent heat source/sink 
parameter, and Cupper nano solid volume fraction parameter impacts. Eckert number, heat source/sink with temperature-dependent 
parameter, and radiation parameters on Nusselt number are illustrated in Fig. 6(b). It is observed that the heat transfer rate is improved 
when the increasing value of Eckert number, space, and temperature heat source (B* > 0 and A* > 0), radiation parameter, Cupper 
nanosolid volume fraction, and partial slip parameters. But in the case of space and temperature, heat sink (A* < 0 and B* < 0) reduces 
the heat transfer rate. The impact of Cupper nanosolid volume fraction parameter on entropy generation is illustrated in Fig. 7(a). The 

Fig. 3. (a)Impact of F′(η) and θ(η) for L and S, (b) Impact of θ(η) for Nr and A*.  

Fig. 4. (a) Impact of θ(η) for Ec and B*, (b) Impact of θ(η) for δ.  
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effect of elastic deformation on entropy generation is plotted in Fig. 7(b). These figures indicated that the increasing value of copper 
nano solid volume fraction produces more entropy generation. The reason for the more viscous effect is the outcome of entropy 
generation has become more assertive. Enhancing the value of elastic deformation produces more entropy in a hybrid nanofluid. 
Physically, the presents of elastic deformation effects stored more heat energy in the hybrid nanofluid, so it produced more entropy 
production. Fig. 8(a) shows to describe the impact of Eckert number on entropy generation for Cu − Fe3O4/ethylene glycol hybrid 
nanofluid. As indicated in Fig. 8(b), the entropy generation for various values of radiation parameter effect. Both Eckert number and 
radiation parameters are minimized the entropy production, but the reverse impact is indicated away from the wall. Because near the 
sheet emission rate of heat energy is reduced in this region, so this reason that the entropy production is minimized. Fig. 9(a) and (b), 
indicate the effects of space and temperature heat source/sink (A* and B*) parameters on entropy generation, respectively. It is 
observed that in the case of heat source (A* > 0 and B* > 0) minimized the entropy production but in the case of a heat sink (A* < 0 and 
B* < 0) produce more entropy in Cu − Fe3O4/ethylene glycol hybrid nanofluid and reversed impact is observed from a certain region. 
The influence of the partial slip parameter effect on entropy generation is plotted in Fig. 10. Presents of partial slip parameter also 

Fig. 5. (a) Impact of F′ ′(0) for ϕCu, (b) Impact of F′ ′(0) for L and S.  

Fig. 6. (a) Impact of θ′(0) for ϕCu, A* and L, (b) Impact of θ′(0) for Ec, B* and Nr.  
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reduced the entropy production. 

6. Conclusion 

The analytical investigation is performed to scrutinize the impact of entropy in radiative hybrid nanofluid due to stretching sheet 
with non-uniform heat sink/source, partial slip, and elastic deformation. By invoking appropriate transformation, highly nonlinear 
partial differential equations were reduced into the nonlinear ordinary differential equations. The closed-form solution of the reduced 
heat equation is obtained in the form of Hypergeometric function and used to compute the entropy generation number. Many solutions 
are listed below.  

• The hybrid nanofluid flow slows down the presence of nanoparticles, slip, suction, and inclined magnetic field. Therefore, thickness 
of the momentum boundary layer is reduced. 

Fig. 7. (a) Impact of Ns for ϕCu, (b) Impact of Ns for δ.  

Fig. 8. (a) Impact of Ns for Ec, (b) Impact of Ns for Nr.  
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• Hybrid nanofluid heat conduction ability is improved when the improving value of hybrid nanoparticle, inclined magnetic field, 
partial slip, radiation, non-uniform heat source, Eckert number. That is, the presents of these parameters are enhancing the thermal 
boundary layer thickness of the hybrid nanofluid. Furthermore, the temperature distribution is reduced when the increasing value 
of suction and elastic deformation parameter. Presents of suction and elastic deformation effects are reduced the thermal boundary 
layer thickness.  

• Skin friction coefficient increased when the enhancing value of nanoparticle concentration and suction parameter and diminishing 
value of slip parameter.  

• Heat transfer rate enhanced with enhancing the value of nanoparticle concentration, partial slip, non-uniform heat source, Eckert 
number, thermal radiation parameters.  

• The presence of partial slip, radiation non-uniform heat source, Eckert number have minimized the entropy, but Cupper nano solid 
volume fraction and elastic deformation parameters are more entropy production. 

Fig. 9. (a) Impact of Ns for A*, (b) Impact of Ns for B*.  

Fig. 10. Impact of Ns for L.  
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