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ABSTRACT We study the issue of finite-time synchronization pertaining to a class of Clifford-valued neural
networks with discrete and infinite distributed delays and impulse phenomena. Since multiplication of Clif-
ford numbers is of non-commutativity, we decompose the original n-dimensional Clifford-valued drive and
response systems into the equivalent 2”-dimensional real-valued counterparts. We then derive the finite-time
synchronization criteria concerning the decomposed real-valued drive and response models through new
Lyapunov-Krasovskii functional and suitable controller as well as new computational techniques. We also
demonstrate the usefulness of the results through a simulation example.

INDEX TERMS Clifford-valued neural networks, finite-time synchronization, infinite distributed delay,

Lyapunov-Krasovskii fractional.

I. INTRODUCTION

Neural networks (NNs) have been successfully utilized to
undertake complex problems in different domains, e.g. image
processing, signal processing, optimization problems, and
other tasks. Recently, researchers have conducted investiga-
tions on dynamic analysis of NN models, leading to many
effective methods for analyzing the stability conditions of
NN [1]-[4]. While many useful results have been achieved,
one challenge remains, i.e., the unavoidable phenomenon
of time delay in NNs. In this regard, poor signal prop-
agation, chaos, low functionality, divergence, and uncer-
tainty are all examples of dynamics caused by time delays
[5]1-[9]. As such, it is worthwhile to analyze the dynamics
of NNs subject to constant or time-varying delays. Recently,
quaternion- and complex-valued NNs have been used to
solve a variety of problems, including classification of polar-
ized signals, investigation on 3D wind forecast, examination
of radar images, analysis of night vision, and many other
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challenging tasks [10], [11], [15]-[17]. Many dynamic anal-
ysis results with respect to complex-valued and quaternion-
valued NNs have been reported recently [12]-[14], [18]-[21].

As a strong foundation for tackling many geometry prob-
lems, Clifford algebra is useful for handling different tasks,
including computing devices, control, robotic systems, and
neural modeling [22]-[27]. Clifford-valued NNs generalize
real-valued, complex-valued, and quaternion-valued NNs.
In particular, Clifford-valued NNs are effective to solve spa-
tial geometric transformation as well as high-dimensional
data problems [24]-[30]. However, Clifford-valued NNs have
complex dynamical characteristics than those of real-valued,
complex-valued, and quaternion-valued NNs. Since Clifford
numbers are subject to non-commutativity of multiplication,
there have been few studies on the dynamical characteristics
of Clifford-valued NNs [28]-[36]. As an example, by using
appropriate Lyapunov-Krasovskii fractional (LKF) and linear
matrix inequality (LMI) techniques, the study in [28] derived
the global exponential stability conditions with respect to
the recurrent type of Clifford-valued NNs with time delays.
Leveraging the decomposition process, the key concern in

VOLUME 9, 2021


https://orcid.org/0000-0002-1384-4099
https://orcid.org/0000-0002-7062-0446
https://orcid.org/0000-0003-4191-9083
https://orcid.org/0000-0003-0267-110X
https://orcid.org/0000-0001-6053-6219
https://orcid.org/0000-0003-0026-5423

N. Boonsatit et al.: Finite-Time Synchronization of Clifford-Valued NNs

IEEE Access

Clifford-valued recurrent NNs from the perspective of global
asymptotic stability was investigated in [29]. On the other
hand, an effective feedback controller was designed in [31]
for the recurrent type of Clifford-valued NNs to handle the
presence of globally asymptotic almost automorphic syn-
chronization. The Banach fixed point principle and a suitable
LKF candidate was utilized to address the global asymptotic
almost periodic synchronization issues of Clifford-valued
NNs in [33]. Other similar results on the dynamical anal-
ysis of Clifford-valued NNs have also been reported,
e.g. see [34]-[37].

In [38], the authors studied the fundamentals of chaotic
systems, particularly on drive-response synchronization. The
research on this phenomenon has now become popular,
in view of its wide influence in different areas, e.g. commu-
nication, neural modeling, image processing, to name a few.
As such, various synchronization methods for different NNs
are available nowadays, especially exponential and asymp-
totic synchronization [39]-[31]. However, in some realis-
tic applications, such as the limited life span of machines,
synchronization problems are insufficient [42]-[43]. Thus,
in order to resolve these problems, the concept of finite-time
synchronization was developed. The finite-time synchro-
nization due to discontinuous activation functions and
time-varying delays in the recurrent type of complex-valued
NNs was investigated in [12]. While finite-time synchroniza-
tion with infinite-time distributed delays in complex-valued
NNs has been examined [47]. Similar issues due to time
delays in NNs was studied in [45], [46], [48].

However, studies on finite-time synchronization per-
taining to impulse and infinite-time distributed delays in
Clifford-valued NNs are limited. Therefore, our paper
is focused on the derivation of sufficient conditions to
finite-time synchronization of Clifford-valued NNs with
impulse and infinite-time distributed delays. The key contri-
butions of this work are listed below:

(1) The effects of impulsive and infinite distributed delays
on finite-time synchronization of Clifford-valued NNs
are studied for the first time.

(2) The sufficient conditions on finite-time synchronization
of Clifford-valued NNs are formulated by decompo-
sition into real-valued counterparts and by the use of
appropriate LKF candidate, control scheme and comput-
ing techniques.

(3) The results in this paper are valid as special cases when
we transform Clifford-valued NNs to its real-valued,
complex-valued, as well as quaternion-valued counter-
parts.

(4) An illustrative example is given and the associated
results are analyzed to show the effectiveness of our
results.

The remaining part of this paper is structured as follows. The
definition of Clifford-valued NNs is presented in Section 2.
In section 3, the sufficient conditions subject to finite-time
synchronization with respect to considered Clifford-valued
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NNs are given. Simulation results and concluding remarks
are presented in Sections 4 and 5, respectively.

Il. BACKGROUND
A. NOTATIONS
n

In the following sections, [[t|| = Y |t;| denotes the norm
x=1
of R". Given 2 = (ay)ixn € R"™", one has ||| =
n
max { )" |ayl|}. Similarly, v = Y t'es € A, one has
I<x=<n y=1 A

lela = Y [t4], and given A = (xy)nxn € A™", one has
A

n
|2)a = max { Y |ayla}. Besides, ¢ € C((—00, 0], A™).
1<x<n y=1 i

Matrix transposition and matrix involution transposition are
indicated by superscripts of 7" and *. Clifford algebra with
m generators operating on real number R is denoted by A.
The n-dimensional real vector space and Clifford vector are
represented by R"” and A", while the set of all n x n real
and Clifford matrices are represented by R"*" and A"*",
1, ifv > 0,

0, ift =0,

—1, ift < 0.

respectively. Moreover, sign(t) =

B. CLIFFORD ALGEBRA
Define the Clifford real algebra over R as

A:{ Z dles, aAeR},
AC{1,2,...,m}

where eq = e ep,...ep, WithA = {€1,£2,...,4,}, 1 <

1 < €y < ... < £, < m. For the Clifford generators that
exeyteyey =0, x £y, x,y= 1,2,...,m,e§=—1, X =
1,2,...,m are denoted by ey = e9p = 1 and e, = ey,
£=1,2,...,m.

Remark 1: When an element is the product of multiple
Clifford generators, the subscripts are organized together:
eqeseqer = e4567-

Given A ={0,1,2,...,A,...

A= {ZaAeA, at e R},
A

m
where Y indicates ) and dimA = Y () = 2™. Given a
k=0

,12...m}, and one has

A A€
Clifford number ¢t = ) tde4, one can define the involution
A
of v as
t=) t'e.
A
_ olAlo[Al+])
where ey = (—1 2 ex. If A = @, then o[A] = 0,

while if A = £14,...¢,, then 0[A] = v. As such, based
on the definition, one has eqes = egeq = 1. Givent =
ZtAeA :R — A, wheret® : R — R, A € A, one
A

has t(r) = Y #“(t)eq as its derivative. Readers can refer to

A
[28]-[30] for a detailed understanding of Clifford algebra.
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. _ o[Al(e[A]+]) (U [A]4+1)
Remark 2: Since eges = (—1)" 2 epes, one has

epes = ec or epey = —ec, where ec is a basis of Clifford
algebra A. One can then identify a unique basis ec pertaining
to a given epey. Let

0, ifepea =ec,

B.A] =
olBA] 1, ifepea = —ec,

then eges = (—1)°1 [B.A] lec. Given F € A, one has a unique

FC ’h[CBff{;ﬂf”S FBA = (—1)?1BALZC pertaining 1o epes =
(=1)oB5Alec. Hence,
FBAepey = FBA1) B
— (—I)U[B'A]ﬂc(—l)U[B'A]ec

= ZCec,
and F =Y FCec € A.

C
As an example, consider the second term in an NN (1), and
forally=1,2,...,n

Z Qxy by(ty(t))

y=1

= Z Z a,yec Zb (ry(1))ep

y_l C

3 3 S AP 1 Pl gty (e

y=1 A B
n

= Z(—l)z"“'é] 3N aPoBy1)eazsen
A B
= ZZZ ABBB(,(1))ex.

y=1 A B

C. PROBLEM DEFINITION

We consider the Clifford-valued NNs subject to time-varying
delays, infinite distributed delays and impulsive effects,
as follows:

t(t) = —dyre(t) + Y aghy(r,(1)

y=1
- Z baby(vy (1 — 7,(1))

! ' (1)
+) / Oy (1 — 5)by(ty(5))ds
1 —0Q

y=
+be, 120, 1 # i,

Ary(t) = ve(f) — tx(lk_) = Otxktx(tk_)’ =1,

te(f) = @x(1) € C((—00, 0], A),

where x, y € N (N = 1,2,...,n); the state vector of the
xthnode is t,(¢) € A. In addition, the rate with which the xth
node resets its potential to achieve a resting state in isolation
after being disconnected from the network and external inputs
is indicated by d, € R™, while the connection weights are
yxy, byy, cxy € A, and the external input is £, € A. Moreover,
the activation function is by,(-) : A" — A", the time-
varying delay is 7,(¢), and the bounded scalar function is
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Oxy : [0, +00) — [0, +00). On the other hand, At, (%) =
ty(t)—tx (7, ) represents the jump of v, at impulsive moments
th, k=1,2,...thatfulfills 0 <ty <hh < ... <t < ...,
which is strictly increasing sequence such that lim 7 =
k—400

+o0. The right and left limits at #; are v, (#) and vy (7, ), while
the strength of impulse is oy = diag{o1k, @2k, ..., Ak }-
With respect to the Banach space, ¢.(t) € C((—o0,0], A)
represents a continuous function mapping (—oo, 0] into A.

(A1) Positive constants 7y, and uy < 1 exist, in which 0 <
Ty(1) < 7y, Ty(1) < wy,y €N.

Remark 3: The NN (1) covers real-valued, complex-
valued, and quaternion-valued counterparts. As such, the for-
mulated NN in (1) stands as a generic version as
compared with those in the existing literature. As an exam-
ple, the Clifford-valued NN representation in (1) covers
real-valued NNs (m = 0), complex-valued NNs (m = 1), and
quaternion-valued NNs (m = 2) as its special cases.

The definition of its associated response model is as
follows:

5x(t) = —dysx (1) + Zaxyhy(5y([))

y=1
+ Z bayby(sy(1 — 7,(1)))
i )
+ Z Cxy / Ory(t — 5)by(5y(s))ds

+ny_+ uy(®), t =0, t # t,
Asy (1) = sx(fx) — 5x(f ) = awsx(fy ), 1 =1,
sx(1) = ¢x(t) € C((—00, 0], A),

where x, y € N (N = 1,2,...,n), 5,(t) € A is the state
vector of the xth node. In addition, ¢.(t) € C((—o0, 0], A)
represents the Banach space of all continuous functions map-
ping (—o0, 0] to A. On the other hand, As,(t;) = sy(t%) —
5x(t, ) represents the jump of s, at impulsive moment #.
Besides, u,(¢) is the control input, while all other notations
in NN (2) are similar to those in NN (1).

Remark 4: When the delay kernels meet the following con-
dition

_J0, t > gy,
O (D) = {1, 0<1=<gy.

where ¢y, > 0, x, y € N are constants, the NN (1) becomes
the following NN with finite-time distributed delays:

t(t) = —dyta(t) + Y anhy(ty(t)

n Y= !

+ Z bayy (et — 7y(1)))

+ Z Cxy / xy(t

I—Gxy
+¥3x, tzo t # t,
Ave(t) = () — w0ty ) = antx(ty ), I =1,
(1) = @x(t) € C((—00, 0], A).

- S)hy(ty(s))ds
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(A2) Function hy(-) satisfies the Lipschitz continuity con-
dition with respect to the n-dimensional Clifford vector. Con-
sider each y € N, there is a positive constant /, such that for
any p, q € A,

1hy(@) — by(@la < Llp —qla, yEN, 3

where [, (y € N) is the Lipschitz constant and §,(0) =
0. Furthermore, a positive constant /, exists such that

|h(p)|a <1, forany p € A. i
(A3) There is a positive constant 6y, such that

+00 5
/ Oxy(8)ds = Oxy, x,y €N. “4)
0

IIl. MAIN RESULTS

Based on eqes = esqes = 1 and epeges = ep, the follow-
ing real-valued NN can be obtained through transformation
of (1):

#(n) = th<r)+ZZa H0)

y=1 B
+ZZW b2yt — 7(1)))
y—l B
. ®)
+ZZ / Buy (1 — HP(e,(5)ds
y=1 B

L 120, 1 £ 1,
AT = ) — Yt = an (), t =k,
A1) = (1) € C((—o0, 0], R*"™),

where

) = @), @), .. ae)’,

w() =Y t(ea,
A
G TN o L M ZeﬁeA,
by(ry() = Y B0, c20), ... (1)) en
B
=Y b2, (1)es,
B
by(ty(t — 7)) = Y BBt — 7, ()),
B

e — 1y(1), . TS — Ty(1))) e

= Z b5 (xy(t — Ty(1)))es,
Ayy = Za ec, aAB = (—I)GIA'B]a;’;,
by = Z Gec. by =
C

B AB C
ey =Y e, i = (=1L
C

( 1)0'[A B]bx)’

eaép = (—1)7Ble
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Using the same method, one can obtain the following
real-valued NN through transformation of (2):

SHOESRNOEDIDS

y=1 B

+ 3 AP (st — (1))

)IB

+ Z Z Cry / Oy (t — S)h (sy(s))ds

y=1 B -
+e4 @), 1 >0, 1 £ 1,
A1) = () — s2(10) = st (@1)), t =1,
sA(1) = ¢ (1) € C((—o0, 0], RZ™),

aBhB(s,(1))

Q)

where
) = (1), 55, ..,
s:(t) = Y sh(t)ea,
A

() = W), 150), ...,
ue(t) = Y ul(t)ea,
A

s’
i)’

by(sy(1) = Y _BE(s51(1), s2(1). ..., 5527 (1)) e
B

=Y b¥(sy()es,
B

by(sy(t — (1)) = D b2 (s51 (1 — 1y(1)),
B

st — Ty(1)). ... 8"t — 1y(1))en

=Y b2(s,(t — Ty (1))es.
B

Note that the notation in (5) is applicable in (6).

Remark 5: If ¢ = (t(l),t%,.. }2 n tg,té,...,
52 Mmoo ,tg, t,ll, . ,t,ll'z'“’")T = {tA} is a solution to (5),
then v = (tq1,...,v,)" must be a solution to (1), where

= tes, i=1,2,...,n, A€ A.
A

The error vectors between (5) and (6) are indicated by e? (1) =
sﬁ(t) — t?(t) and wf(t) = q&?(r) — wf(r), respectively. Based
on (5)-(6), one has:

¢(1) = —dye <z>+ZZa B ey(1))

y=1 B
+ZZW by (ey(t — 7,(1)))
y—l B
R (7
Yy / Bt — )P (e, (s))ds
y_l B

+ux(t), t>0, t #t,
A} (1) = e} (i) — €4 (1) = anel (), t =1,

A1) = vA@r) € C((—o0, 0, RF"™).

The following definition applies in this work.
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Definition 1: [48] Given an appropriate controller, if con-

stant t; > 0, such that ||e*(t)|l1 = 0 and ||eA()||; = 0 for
n

t > t1, where |A(0)|1 = 3 3 |e(t)|, then the NN (5) and

x=1 A
(6) are finite-time synchronized.

A. FINITE TIME SYNCHRONIZATION

Referring to Definition (1), finite-time synchronization of (5)
and (6) is equivalent to finite-time stabilization pertaining
to (7) at the origin. Hence, the condition u,() = 0 when
ex(t) = 0, x € N must be met by controller u,(¢). In this
case, the following controller is formulated:

u(t) = Y _ul(®ea,
A

W(t) = —Beel(t) — vy sign(ed (1)), 8)

where x € N, A € A, and the control gain 8, > 0, and the
tunable constant is y, > 0. The following main results can be
derived.

Theorem 1: Assume that (A1)-(A3) are valid, given pos-
itive constants By, Yy, X € N, and the impulsive operator
ak (¢4(1)) satisfies axe(eX () = —Ou (1)), x € N,
k=12,...If|1 — Vx| < 1, and the following inequality
exists

dxwx—(zzzlxlaff

y=1 A B

+ZZZ L0

y=1 A B

n —
+ZZZIX|C?)}B|éyx) >0, xeN,

y=1 A B

©))

then the model in (6) is synchronized with that in (5) in
fixed-time under controller (8).
Proof: Consider the following LKF candidate:

UOESPINIAG]

x=1 A

t
B lyf e (5)\ds
t—1y(t)

x=ly=1 A B Yy Y

FY Y Y,

x=ly=1 A B

0 t
X / / Ouy(—9)| €} ()| duds. (10)
—00 JI+s

Whent =1t, k =1,2,..., one can compute

Bty) = Xn:Z ()| + XnZXn:ZZ

x=1 A x=1 y:] A B

1 z
X b Bl / |} (s)|ds
1 - Hy I —Ty(tx)
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0
X / / Ouy(—$)|€) (u)|duds
—00 JIg+s

= > 1) + @)l

x=1 A

x=ly=1 A B

x/tk ( )IeA(s)Ids+ZZZZ
te—Ty(tk

x=1y=1 A

0
x / [ Ouy(—9)| ¢} () |duds
tk+s

Z Z ) — D))

x=1

AB
bxy
x=ly=1 A B
tk
. / o+ 2033 S e
1k —Ty(t) x=ly=1 A

0
X / / Ouy(—5)|€) (u)|duds
—00 JIg+s

= ZZH — Dl (1)

xlA

x=1y=1 A B

/7 non _
o[ e YT
tk—Ty(tk) A B

x=1y=1
f / Oy (—5)1€} ()] duds
tk+s
=[1- ﬁka}(tk
V() < B(t). (11)

When ¢t # f, and by assumptions (A1)-(A3), one can
compute the upper right derivatives of 2U(#) with respect to
the solution of (7) to yield

By =Y Y sign(e)el @)

x=1 A
=y > sign(e;‘(t))[ — dy (1)
x=1 A
+ 33 i BnBey(n)
y=1 B
+ 3 BB (ey(r — 1,(1))
y=1 B
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IA

n

- t
BN /_ Ol = ey (5)s

y=1
n

T (z)] IO

x=1y=1

—ZZZZ R ONLAIN
x[ed(r — 1y(e)] + Z ZZ > 1B,

x=1ly=1 A B

x/_ B (—s)le) (r>|ds—ZZZZ|cAf|ly

x=1ly=1 A

0
x / Ouy(—$)\€) (1 + 5)|ds
-0

Y3 sign(ef(r))[ —d A1)

x=1 A

+ 33" d Byl ey )

y=1 B

+ 3 BB eyt — 1, (0)

le

+ Z Z / xv(t - S)hf(?y(s))ds

y=1 B

B (1) — v sign(ef‘(t))]

+ZZZZ

x=1y=1 A

—izzz

x=1y=1 A

x|t — 7y(0))] + Z Z S 1B LGyl o))

x=ly=1 A B

_ZZZZ|6AB|1/ Ouy(t — 9)|¢) (s)|ds

|bﬁy-B|zy|e§?<t)|

- u)IBE 1y

x=1y=1 A
- Z > diled )] + Z > sign(e} (1)
x=1 A x=1 A
3303 BB ey + YD sign(el 1)
y=1 B x=1 A
x S OSTAERBeyr — ) + Y Y sign(el 1))
y—l B x=1 A
X Z Z c / Oxy(t — s)f)f(ey(s))ds
y—l B
- Z DB =D v Isign(el )]
x=1 A x=1 A
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SINEA O]

x=ly=1 A

—ZZZZ

x=ly=1 A

<1t — B0 + ZZZZ 1AB 1Byl ()]

x=1y=1 A B

YYY Z 571y [ uy(t — )|} (s)]ds

<1 — uIBAEL,

x=ly=1 A
= - Zdeﬁ(m + ZZZZ EINEO]
x=1 A x=1y=1 A B
+ZZZZ|bA,B|zy|e;‘<r—ry(z>)|
x=ly=1 A
+ZZZZ|(/‘B|1[ Ory(t — 5)|ey(s)|ds
x=1y=1 A
—ZZM (r>|—Zyx x
x=1 A
+ZZZ Plle o)
x=ly=1 A
—ZZZDWweﬁa—ry<z>)|
x=ly=1 A
+ZZZZ|cAB|lexy|e;*(t>|
x=ly=1 A
_ZZZDCABU/ Byt — I ()Ids
x=ly=1 A N

where A, = |szgn(e§(t))|. Then, one has

D) < Y Y —(de + Bo)lef0)]

x=1 A

DD I LAAINAO]

x=ly=1 A B

+ S ST B — )

xly_lA B

t
+ZZZZ P, / By (1 — 5)|ey(5)ldls

xly—lA B

_Zyx x
x=1ly=1 A B
_ZZZZ| 'y |ly|e§(t_fy(t))|

xly—lA B

YYY Z P18l ()]

x=1y=1 A

P11 ()]
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DD PP

xly—lA B

= ZZ —(dy + Bl (0)]

x=1 A

+ZZZZ%%WM

xly—lA B

_Zyx
x=1y=1 A B
+ZZZZIc‘2§BI1y%le§(r>|

x=ly=1 A B

=ZZ[—<dx+ﬂx)+Zle|a;‘xB

/ Oyt — )| s)]ds

SUINEN O]

x=1 A y=1 B
y_l B
n
+Zle|c‘;;B|9}w]|eﬁ<r>| =Y ke (12)
y=1 B x=1

By applying (9) into (12), one can obtain:

n
D) <= yihs (13)

x=1
When |le(?)||; = O, at least one index x € N exists such

n

that A, = 1. As such, one has > A, = 1, and

x=1

BV(r) < —y < 0. (14)

where y = min{y,}, x € N. Integrating both sides of (14)
from O to ¢ gives

B(t) —V0) < —yt. (15)

Consider |e§(t1)| = 0 at instant #; € (0, +00) forx € N,
one can analyze further with respect to (15). If ||e?(t1)|| >
n

0 for all # € [0,400), then Y Ay = 1,y < O for
=1
all t € [0,+400). Under this gcenario, one can interpret
inequality (15) to have tlintl 0¥(t) = —oo, which contracts
—1

U(t) > 0. As a result, a nonnegative constant 2U* exists and
t1 € (0, 400) such as

lim = U* and U(t) = V*, vVt > 1. (16)

—1

One can subsequently indicate that

le* @l =0and et =0, Ye=n.  (17)

Firstly, one can prove that |¢A(r1); = O0; otherwise
leA@)Il > 0. In this respect, there exists a small constant
€ > 0 where ||e*(#))||; > Oforall7 e [t1 11 + €]. Hence,
at least one gy € N exists such that |e (t)| > Qfort e
[t1, t1 + €], resulting in Q](t) < Vg < O Wthh holds for all
t € [t1, t; + €]. This contradicts (16).
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Secondly, one can prove [|eA(t)|l; = O for r > 1.
In contradiction and without loss of generality, suppose that
there exists at least one g9 € N and t > 1 such that
lego ()1 > 0. Let 1y = sup{t € [11,12] : [[e* )1 = O},
one can have t; < o, ||eA(t)|l; = 0 and |e o (D11 > 0 for all
t € (t;, tr]. In addition, there exists 13 € (ts,tz] in which
|e‘20 (#)| is increasing in monotonous manner subject to the
interval [t,, t3]. Hence, 20(¢) also increases in a monotonous
manner subject to [z, 13], i.e., i?(t) > 0 fort € (1, t3].
In addition, based on the explanation in the first part, one
can observe that i](t) < —y < 0 holds for all ¢ € [t, 3],
resulting in a contradiction outcome. Hence, |[¢*(1)||; = 0
fort > 1.

In short, one can see that the conditions in (17) hold.
In view of Definition (1), NN (6) is synchronized with NN (5)
in finite time under controller (8). The proof is completed.

Remark 6: When the impulsive effect is absent, (7) reduces
to:

A0 = —det )+ > Bl e, 1))

y=1 B

+ Z P TN O))

=1 B (18)

- 13
+ DT [ ona ol

y=1 B
+ui@n), >0,
A1) = vAr) € C((—o0, 01, RZ'™).

By applying the similar procedure in Theorem (1),
the finite-time synchronization criteria pertaining to (18) can
be obtained, as follows.

Corollary 1: Assume that (Al)-(A3) are valid, given pos-
itive constants By, yx, X € N, and the impulsive operator
ocxk(eA(tk_)) satisfies axk(eA(tk_)) = 0, and the following
inequality exists

tr = (L X T

y=1 A B
+ZZZ——wW
) 1 A B
+ZZZZ| |9yx) xeN, (19)
y=1 A B

then the model in (18) is fixed-time synchronization under
controller (8). )
Remark 7: When c%B = 0, model (7) reduces to:

B =—def+ Y >

y=1 B

+ 303 BB eyt — (1) 20)

y=1 B

ul(e), t > 0. 1 £,
Aed(r) = eA(rk> e (ty) = oy (i), 1= Iy,
A(r) = yA(t) € C([—7, 0], R*"™).

aSEhB(ey(1)
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By applying the similar procedure in Theorem (1),
the finite-time synchronization criteria pertaining to (20) can
be obtained, as follows.

Corollary 2: Assume that (Al)-(A2) are valid, given pos-
itive constants By, yy, X € N, and the impulsive operator
au (1)) satisfies ag (A1) = (1)), x € N,
k=12,...If|1 — Vx| < 1, and the following inequality
exists

n -
dy + B — (ZZZW;%
y=1 A B
n

I

y=1 A B

zx|b§f|> >0, xeN, (1)

then the model in (20) is finite-time synchronization under
controller (8).

Remark 8: Note that the term sign(-) in controller (8) is
discontinuity and it may not be applicable in some practi-
cal cases. Moreover, it can induce chattering phenomenon.
As such, one can modify controller (8) to overcome the chat-
tering issue, as follows

yrea(t)

Ay = B A — XN
we (1) = = e (1) A+ 3,

where By and yy for x € N are the control gains, while
8x, x € N are sufficiently small positive constants.

Remark 9: The dynamical analysis of Clifford-valued NNs
is challenging because of the non-communicative principle
of multiplication in Clifford numbers. To overcome this issue,
the decomposition method is useful. This is evident in many
existing studies that exploit the decomposition method to
transform Clifford-valued NNs to real-valued NNs [29], [30],
[33], [36], [37].

Remark 10: Clifford-valued NNs offer new capabilities
to undertake problems that the real-valued, complex-
valued, quaternion-valued counterparts fail to solve. Indeed,
the results in [44] and [48] on fixed-time synchronization
of quaternion-valued NNs and finite-time synchronization
of complex-valued NNs, respectively, can be considered as
special cases of the results in this paper.

Remark 11: Recently, various dynamics of Clifford-valued
NNs can be found in the literature, e.g. [28]-[37] that
present global exponential stability of pseudo almost periodic
solution, globally asymptotic almost automorphic synchro-
nization SP-Almost periodic solutions, and other stability
analysis. Nonetheless, our review reveals limited studies on
finite synchronization of Clifford-valued NNs subject to both
impulse effects and infinite distributed delays, and this work
aims to fill this gap. Comparing with the existing studies,
we contribute new results in this work.

IV. NUMERICAL EXAMPLE
The following example indicates the usefulness of our
results.

VOLUME 9, 2021

Example 1: The two-neuron drive model in (1) withm = 2
and n = 2 is considered, i.e.,

2
t(t) = —dyt,(t) + Z axyby(ty(t))

y=1
2
+ D baoby(ry(t — 1,(1))
yjl ;
+ Z ny/ Oxy(t — )by (ry(s))ds
y=1 -

+E)C7 tZO, t#tk’
Ay (t) = v(fx) — vty ) = agetx (i), 1 =1,
t(f) = @x(1) € C((—00,0], A), x =1, 2.

As such, one has the corresponding response model in (2)

2
50(0) = —dusi () + Y ayhy(s,(0))

y=1
2
+ Y byby(s,(t — 1y(1)
)’;1 t
+) ey f Oy (1 — ) (5,(s))ds
y=1 -

+e +ux(®), 1 >0, t £ 1,
Asy (1) = sy(tx) — 5x(t]:) = o Sx(f), T = I,
s5c(t) = ¢x(t) € C((—00,0], A), x =1,2.

2 2 2

The multiplication generators are: ej = e; = e}, =
ejezey = —1,ejea = —exe; = e, e1e12 = —epe; =
—e3, exe1p = —eppey = e, = t(f€0+t}el +t%62+ti2612,

) = theg +they +tder +ti2ern, 51 = slep +sler +s57er +

12 0 1 2 12
5,7€e12, 52 = $5€0 +5261 +5282 +52 e12.

Furthermore, one can take

@_’dlo _[50
L0 d| |05)°

[a11 a1z
o = ]
Lazi axn

0.5¢p + 0.1¢; 0.1eg + 0.2e2 + 0.6€17
_0.56() —0.1e1 + 0.3e2 0.3¢¢g + 0.1e1 + 0.5612:|
B — (D11 blz]

D21 b
[0.1eg + 0.2¢1 + 0.5¢3 0.3¢g + 0.1ex + 0.4e1»
= [0.6e0 — 0.2¢1 +0.3e;  0.4eg +0.1e1, }

¢ [c11 012}
LC21 €22
_ [0.1e9+0.2¢2,4+0.6¢12 0.3¢9+0.1e;4+0.5¢12
_0.160+0.2€1 +0.5¢; 0.6eg — 0.2¢1 ~|—0.3ez] ’
qo _k11| _ |: 0.1eg — 0.2e1 + 0.2e3 + 0.1eq2 i|
Lko —0.2e¢ +0.2¢1 + 0.1e; +0.1e12 |’
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FIGURE 1. Synchronization curves of state variables ¢2(t), <J(£) of (7)

under controller (8) without impulsive effects.

el

Amplitude

o 015 ‘; 1 ‘.5 é 2‘.5 3
Time

FIGURE 2. Synchronization curves of state variables e' (t), ez(t) of (7)

under controller (8) without impulsive effects.

1 —e 1
Bi(er) = Feo + el
14+e % 1+e ¢
1 —e ¢ 1
+ se2 + 5 €12,
1+e 4 1+e 4
— e_e(z) 1
Ba(e2) = Fe0 + e
l+e 14+e %
1—e % 1
sex + .2612,

1+e &2 l1+e

in which ¢, (f) = 5,(t) — t(¢) and ¢ () = s2(t) —t2(t), x =
1, 2. For further analysis, the following time-varying delays

are considered: 71(t) = 1o(t) = 0.6|cos(t)| + 0.4, ay =
a = —0.8, 0,() = e % x,y = 1,2. As such, one
can easily obtain 11 = ©» = 1, u;y = pup = 06 < 1

and éxy =2, x,y =12
activation function with [} = L =
Br=2.6,y =3.5and y, = 3.8. .

Besides, it is easy to obtain d; = 5,dy = 5, a B = 0.6,
alf = 09. 44 = 0.7, a4 = 09, b} = 08 b =
0.8, b5 = 0.7, b5 = 05, ¢ = 09, f = 0.9,
ziB = 0.8, = 0.7. The initial conditions pertain-
ing to the drive-response representations in (1) and (2) are:
01(t) = —1.5¢9 + 1.2¢; + 0.9¢3 + 0.5¢1 for t € [—1,0],
(pz(l‘) = 1.68() - 3.561 + 2.262 — 0.9612 fort € [—1, 0],

ssumption (A2) holds for the
0.5. Select 1 = 2.5
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FIGURE 3. Synchronization curves of state variables ¢2(t), ¢2(t) of (7)

under controller (8) without impulsive effects.
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FIGURE 4. Synchronization curves of state variables ¢]2(t), ¢J2(t) of (7)
under controller (8) without impulsive effects.

L0
et [

Amplitude

—4 L L L L L
[¢] 0.5 1 1.5 2 25 3

Time

FIGURE 5. Synchronization curves of state variables e°(t) eo(t) of (7)
under controller (8) with impulsive effects.

¢1(t) = 2.5¢0 — e1 + 1.5¢p — 1.2¢1p fort € [—1,0], and
¢r(t) = —2.6e9 — 2.6¢; — 2.2¢3 + 0.8¢q, fort € [—1, 0].

Through some straightforward computation, one can
obtain

2
d1+ﬂ1—<ZZZhIQA
y=1 y=1 A B
x|bE | + ZZchﬁﬁéyl) —3.275> 0,
y=1 A
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FIGURE 6. Synchronization curves of state variables e: (t), e;(t) of (7)
under controller (8) with impulsive effects.
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FIGURE 7. Synchronization curves of state variables e%(t), e%(t) of (7)
under controller (8) with impulsive effects.

Amplitude

2 L L L L L
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FIGURE 8. Synchronization curves of state variables ¢12(t), c]2(t) of (7)
under controller (8) with impulsive effects.

2 ) 2
LR OH DR ) St
=1 A B =14 8B —H
- 2 -
<IBEEI+ D3N b y2'B|9~y2> =3.475 > 0.
y=1 A B

All conditions pertaining to Theorem (1) hold. As such,
under controller (8), finite-time synchronization can be
achieved for the drive-response representations in (1) and
(2). The synchronization curves of state variables of (7)
without the impulsive effects are depicted in Figures (1), (2),

VOLUME 9, 2021

(3) and (4) indicates. Meanwhile, synchronization curves
of state variables of (7) with impulsive effects are dis-
played in Figures (5), (6), (7) and (8). From the results in
Figures (1)-(8), NN representations in (1) and (2) are able to
synchronize in finite-time subject to controller (8) based on
the given initial conditions.

V. CONCLUSION

A dynamical analysis on finite-time synchronization of
Clifford-valued NNs subject to impulse effects, infinite dis-
tributed delays and discrete-time-varying delays has been
presented in this paper. The decomposition method has been
adopted to transform Clifford-valued drive and response
model into the corresponding real-valued counterparts. This
is performed to overcome the non-commutativity of mul-
tiplication of Clifford numbers. To analyze the synchro-
nization issue of the error model, a suitable controller has
been designed. The finite-time synchronization criteria of
the resulting real-valued counterparts have been analyzed by
formulating a new LKF candidate and utilizing new com-
putational techniques. To demonstrate the usefulness of the
obtained results, a numerical example has been presented,
along with the simulation results. For further work, the pro-
posed method will be extended to analyze other types of
Clifford-valued NN subject to different types of time delays
and controllers.
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