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Abstract: The present paper investigates new idea of odd average harmonious labelling. A function h is known as odd average

harmonious labelling of graph G(V,E) with nodes of n and lines of m if h : V (G) → {0,1,2, . . . ,n} is injective and the initiated

function h∗ : E(G)→{0,1,2, . . . ,(m−1)} is characterized as

h∗(uv) =

[

h(u)+h(v)+1

2

]

(mod m)∀ uv ∈ E(G)

the resultant edge names will be clearly bijective. A graph that calls for an odd average harmonious labelling is called an odd average

harmonious graph.
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1. Introduction

Graph theory is one of the most vivid and interesting
fields of mathematics. This area has been a multifaceted
field with fields spanning from the neural network to
biotechnology and computational science. The latter part
of last century witnessed considerable interest in the
analysis of graphs. Research into optimisation methods
and the advent of the digital era has accumulated the
subject’s development. Chart theory includes many
important areas of study, such as graph enumeration,
graph dominance, algorithmic theory of graphs,
topological theory of graphs, fuzzy theory of graphs,
graph labeling, etc. Graph Labeling is an important
field of graph theory research that has grown primarily
due to its multiple uses in coding theory , data network
and mobile communication framework (see [1], [2]). A
lot of theoretical work has been conducted on the mark of
graphs in the recent history. It was introduced in 1967 by
A.Rosa. Chart tagging strategies can often be traceable

back to Graham and Sloane. When the meaning given
to the nodes of graphs is subject to such criteria, it is
regarded as graph labeling. Most of the query concerning
graph marking will have three different features as
follows (see [3] - [7]):

(1)A number collection from which the names of the
vertex are obtained.

(2)A law assigning a value for any level.
(3)A condition that those values must satisfy.

Naturally, harmonious graphs emerged in the analysis
of compact version of error correction codes and issues
with channel distribution. Graham and Sloane showed
that if a harmonic has an equivalent number of lines q and
the degree of each vertex is divisibility by 2κ , then q is
divisible by 2κ+1. In this paper, we introduced the
concept of odd average harmonious and odd average
harmonious graph and proved that path, comb graph,
coconut tree and stars admit odd average harmonious
labeling. (see [8] - [12])
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2. PRELIMINARIES

Definition 1.[8] A Harmonious Labeling on a graph G

is an insertion from G nodes into the graph of κ integer

modules, where κ is the number of lines of G, which

causes a bijection between the lines of G and the number

of modules κ by taking lines of (x,y) as the sum of two

nodes x,y(modκ) names.

Definition 2. A function h is expected to be an odd

harmonious labeling of a graph G with q lines if h is an

infusion from the nodes of G to the whole numbers from

0 to 2q− 1 to such a degree, that the instigated mapping

h∗ (uv) = h(u)+ h(v)(mod 2q) from the lines of G to the

odd numbers between 1 to 2q− 1 is bijection.

Definition 3.[9] A function h is supposed to be an even

harmonious labeling of a graph G with q lines if h is an

injection from the nodes of G to the whole numbers from

0 to 2q to such an extent that the initiated function h∗ from

the lines of G to {0,2, . . . ,2(q− 1)} is characterized by

h∗ (uv) = h(u)+ h(v)(mod 2q) is bijection.

Definition 4. A function h is called average harmonious

labelling of the graph G(V,E) with n nodes and m lines

if h : V (G)→ {0,1, . . . ,n} is injected and the feature h∗ :
E (G)→{0,1, . . . ,(m− 1)} is known as the function

h∗ (uv) =

{

h(u)+h(v)+1

2
i f h(u)+ h(v) is odd

h(u)+h(v)
2

i f h(u)+ h(v) is even

the resultant edge names will be clearly bijective. A graph

that accepts an average harmonious labeling is considered

an average harmonious graph.

Definition 5. A function h is called even average

harmonious labelling of the graph G(V,E) with n nodes

and m lines if h : V (G)→ {0,1, . . . ,n} is injected and the

feature h∗ : E (G) → {0,1, . . . ,(m− 1)} is known as the

function

h∗ (uv) =

[

h(u)+ h(v)

2

]

(mod m) ∀ uv ∈ E(G)

the resultant edge names will be clearly bijective. A graph

that accepts an even average harmonious labelling is

considered an even average harmonious graph.

Definition 6. A function h is called odd average

harmonious labeling of graph G(V,E) with n nodes and

m lines if h : V (G) → {0,1, . . . ,n} is injected and the

feature h∗ : E (G)→ {0,1, . . . ,(m− 1)} is known as the

function

h∗ (uv) =

[

h(u)+ h(v)+ 1

2

]

(mod m) f or all uv ∈ E(G)

the resultant edge names will be clearly bijective. A

network diagram that accepts an odd average

harmonious labeling is considered an odd average

harmonious graph .

Definition 7. A Comb is a network diagram computed by

adding every vertex of a path to one edge of a pendant.

Definition 8.Bistar is the network diagram computed by

adding to the apex nodes two versions of star K1,n

3. MAIN RESULT

Theorem 1. The path Pn(n ≥ 2) is an odd average

harmonious graph, when n is even.

Proof. Let Pn be the path network diagram with n nodes
and m = n− 1 lines.
Let V (Pn) = {v j : 0 ≤ j ≤ n− 1}, and
E (Pn) = {v jv j+1 : 1 ≤ j ≤ n− 1}.
Define an injective function
h : V (Pn) → (0,1,2, . . . ,m+ n) by
h(v j) = j− 1, 1 ≤ j ≤ n.
Then h induces the bijection
h∗ : E (Pn)→ {0,1,2..m− 1}.
Here are the Edge names:
[h∗

(

v jv j+1

)

= j(mod m), 1 ≤ j ≤ m− 1]. Hence the path
network diagram is an odd average harmonious graph.

Example 1. The path P8 network diagram is odd average
harmonious as seen in Figure 1.

Fig. 1: Path P8 is odd average harmonious

Theorem 2. The star network diagram Sn is an odd

average harmonious graph, when n is even.

Proof. Let Sn be the path graph with n nodes and
m = n− 1 lines.
Consider u as the center vertex.
Let V (Sn) = {u,v j : 1 ≤ j ≤ n− 1} and

Let E (Sn) = {uvi : 1 ≤ j ≤ n− 1}.
Define an injective function
h : V (Sn)→ (0,1,2, · · · ,m+ n} by
h(u) = 1, h(v j) = 2 j, 1 ≤ j ≤ n.
Then h induces the bijection
h∗ : E (Sn)→ {0,1, · · · ,m− 1}.
Here are the Edge names:
[h∗ (uv j) = j+ 1(mod m), 1 ≤ j ≤ m− 1].
Hence the star network diagram is an odd average
harmonious graph.

Example 2. The star network diagram S5 is an odd
average harmonious as shown in Figure 2.
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Fig. 2: Star S5 is odd average harmonious

Theorem 3. The comb network diagram Pr ⊙ K1 is an

odd average harmonious.

Proof. Consider the comb network diagram with n = 2r

nodes and m = 2r− 1 lines.
Let V (Pr ⊙K1) = {v j, u j : 1 ≤ j ≤ r} and E (Pr ⊙K1) =
{u ju j+1, u jv j : 1 ≤ j ≤ r− 1, urvr}.
Define an injective function
h : V (Pr ⊙K1)→ (0,1,2, · · · ,m+ n} by

h(u j) = j , 1 ≤ j ≤
[ r

2

]

h
(

u j+2

)

= j+ 4 , 1 ≤ j ≤
[ r

2

]

h(v j) = 3 j− 3 , , 1 ≤ j ≤
[ r

2

]

h
(

v j+2

)

= 3 j+ 1 , , 1 ≤ j ≤
[ r

2

]

.

Then h induces the bijection
h∗ : E (Pr ⊙K1) → {0,1, · · · ,m − 1}. Hence the network
diagram Pr ⊙K1is an odd average harmonious graph.

Example 3. The network diagram P4⊙K1 is odd average
harmonious as shown in Figure 3.

Fig. 3: Comb Pr ⊙K1 is odd average harmonious

Theorem 4.Coconut tree is an odd average harmonious.

Proof. Let G be the coconut tree network diagram
obtained by recognizing the central vertex of K1, j with a

pendant vertex of the path Pk.

Let V (G) = {u1,u2, . . . ,ur,v1,v2, . . .v j : 0 ≤ r ≤
k,k + 1 ≤ j ≤ n}. Define an injective function
h : V (G)→ (0,1,2, . . . ,m+ n} by h(ui) = i,0 ≤ i ≤ k− 1
[ h(vi) = 2i+ 5, 1 ≤ i ≤ j]. Then h induces the bijection
h∗ : E (G)→{0,1,2..m− 1}.
Let E (G) = {uiui+1 : 0 ≤ i ≤ k− 1}
[E (G) = {u0vi ; ;1 ≤ i ≤ j}].
Hence the coconut tree graph is an odd average
harmonious.

Example 4. The Coconut tree graph is an odd average
harmonious as shown in Figure 4.

Fig. 4: Coconut tree is odd average harmonious

Theorem 5. Bistar network diagram Bp,p(p ≥ 1) is an

odd harmonious graph.

Proof. Let the bistar network diagram Bp,p with
n = 2p+ 2 nodes and m = 2p+ 1 lines.
Let V

(

Bp,p

)

= {u,v,ui,vi, 1 ≤ i ≤ p) and

E
(

Bp,p

)

= {uiu, viv, uv , 1 ≤ i ≤ p}.
Define an injective function
h : V (Pn)→ (0,1,2, . . . ,m+ n}

h(u1) = 1, h(u) = 0, h(v) = 3

h(ui) = 4i− 1 , 2 ≤ i ≤ p

h(vi) = 4i− 2 , 1 ≤ i ≤ p.

Then h induces the bijection h∗ : E (Pn) → {0,1, · · · ,m−
1} Hence the bistar network diagram is an odd average
harmonious.

Example 5. The bistar network diagram B5,5 is an odd
average harmonious as shown in Figure 5.
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Fig. 5: Bistar B5,5 is odd average harmonious

Theorem 6. The Complete Bipartite graph Kp,p is an

odd average harmonious.

Proof. A complete bipartite graph is a basic bipartite
graph with a vertex bipartition set of V in X and Y in
which each vertex of X is linked to each vertex of Y .
Let the nodes of the set X be ui, 1 ≤ i ≤ p and the vertex
set Y be vi, 1 ≤ i ≤ p.
The lines are uiv j , 11 ≤ i ≤ p, 1 ≤ j ≤ p.

Here there are n = 2p nodes and m = p2 lines.
Define an injective function
h : V [Kp,p]→ {0,1,2 . . .m+ n} by

h(ui) = 2i− 1, 1 ≤ i ≤ p

h(v1) = 0

h(vi) = 2(i− 1) p, 2 ≤ i ≤ p.

Example 6. The Complete Bipartite graph K4,4 is an odd
average harmonious as seen in Figure 6.

Fig. 6: Complete bipartite kp,p is odd average harmonious

4. Conclusion

In this paper, we investigated the odd average
harmonious labeling which is one of the most important
labelling techniques. As all the graphs are not odd
average harmonious, it is very interesting to investigate
the different types of graphs which admit the odd average

harmonious. Using some mathematical derivations, we
have reported the odd average harmonious labeling of
various graphs. Based on the idea of the proposed paper
future research work will focus on the odd average mean
labeling, even average prime labeling of some other
graphs.
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