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In this paper, we investigate the general solution of a new quadratic functional equation of the form ¥, ;i ¢(L; +1; + 1) =
(r=2)Y1 10l +1) + ((-r?+3r-2)/2)Y",6(l,). We prove that a function admits, in appropriate conditions, a unique
quadratic mapping satisfying the corresponding functional equation. Finally, we discuss the Ulam stability of that functional

equation by using the directed method and fixed-point method, respectively.

1. Introduction

The stability problem of functional equations originated
from a question of Ulam [1] concerning about the stability.
Hyers [2] gave a first affirmative answer to the question of
Ulam for Banach spaces. In addition, various generalizations
of Ulam’s problem and Hyer’s theorem have been extensively
studied and many elegant results have been obtained [3-9].
The theory of nonlinear analysis has become a fast-
developing field during the past decades. Functional equa-
tions have substantially grown to become an important
branch of this field. In [10], the authors deal with a compre-
hensive illustration of the stability of functional equations,
and in [11], the authors studied functional equations and
inequalities in several variables. Very recently, most classical
results on the Hyers-Ulam-Rassias stability have been offered
in an integrated and self-contained version in [12]. It is worth
noting that among the stability problem of functional equa-
tions, the study of the Ulam stability of different types of qua-
dratic functional equations is an important and interesting
topic, and it has attracted many scholars [13-18]. In addition,

very recently, authors studied various types of stability results
and have been discussed with differential equation [19-29].
To the best of the author’s knowledge, a new approach to
Hyers-Ulam stability of r-variable quadratic functional equa-
tions has not been studied so far, which motivates the present
study.

Consider the functional equation as follows:

¢(L+m) + (1= m) =2¢(I) + $(m), (1)

is called a quadratic functional equation. Every solution of
the quadratic functional equation is a quadratic mapping.
In this paper, we investigate the general solution of a new
quadratic functional equation of the form

Yo e(lL+l+L)=(r-2) Z ¢(L+1)

1<i<j<ksr i=1,i#j (2)
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Motivated by the above discussion, we prove that a func-
tion admits in appropriate conditions and a unique quadratic
mapping satisfying the corresponding functional equation.
Finally, we discuss the Ulam stability of that functional equa-
tion by using the directed method and fixed-point method,
respectively.

2. Preliminaries

Definition 1. Let | be a real linear space. A function @ : L x I
— [0, 1] is said to be a fuzzy norm on L if for all ,meL
and all u,vel

(N1) ©(I,d)=0for d<0

(N2)I=0if and only if ®(I,d) =1 forall d >0

(N3) ©(dl,v)=®(L,v/|d])ifd+0

(N4) ©(1+m,u+v)>min {O(], u), ®(v,m)}

(

(N5) @©(1,.) is a nondecreasing function on [ and lim @
V=00

(Lu)=1

(N6) for 1+ 0, ®(1,.) is continuous on [

The pair (L, @) is called fuzzy normed linear space one
may regard @(I, u) as the truth value of the statement; the
norm of [ is less than or equal to the real number u.

Definition 2. Let (L, D) be a fuzzy normed linear space. Let
{1.} be a sequence in L . Then, I, is said to be convergent if
there exists | € L such that lim (I, —Lu)=1 forallv>0 . In

that case,  is called the limit of the sequence I, and we denote
itby®—liml, =1
r—00

Definition 3. A sequence {1.} be in L is called Cauchy if for each
e>0andeachv >0, there exists ry such that for all r > ry and
alln>0, we have ®(I,,, —1,v)>1-e.

Definition 4. Every convergent sequence in fuzzy normed space
is Cauchy. If each Cauchy sequence is convergent, then the
fuzzy norm is said to be complete and the fuzzy normed space
is called a fuzzy Banach space.

Theorem 5. (Banach’s contraction principle). Let (L, c) be a
complete metric space and consider a mapping W : L — L
which is strictly contractive mapping, that is,

(Al) ¢(WI, Wm) < Lc(l, m) for some (Lipchitz constant)
L <1, then

(i) The mapping T has one and only fixed point I = W
()

(ii) The fixed point for each given element I* is globally
attractive that is

(A2) lim W'l =1, for any starting point | € L
r—00

(iii) One has the following estimation inequalities:

(A3) c(W'LI*) < (1/(1-L))c(W'l, W), for all r>0,1
el
(A4) c(1,1") < (1/(1 - L))c(L, 1), with respect to l € L
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Theorem 6. (the alternative of fixed point). Suppose that for a
complete generalized metric space (L, ¢) and a strictly contrac-
tive mapping W : L — M with Lipschitz constant L. Then,
for each given element | € L, either

(B1) ¢(W'L, W) = 0o, Vr 2 0 or

(B2) there exists natural number r,, such that:

(i) (W'l WH1r) < oo, forall r> 1,

(ii) The sequence (W'l) is convergent to a fixed point m*
of W

(iii) m* is the unique fixed point of W in the set M =
{mel:c(W'l,m)oo}

(iv) c(m,m*) < (1/(1-L))c(v, Wm) forallme L

3. General Solution of the Functional
Equation (2)

In this sector, the authors obtain the general solution of the
functional equation (2). All over this sector, let L and M be
real vector space.

Theorem 7. Let L and M be a real vector spaces. The mapping
¢ : L — M satisfies the functional equation ((2)) for all 1,
Lyl -+, 1,€L , then ¢ : L— M satisfies the functional
equation ((1)) for all I, m € L.

Proof. We first assume that the mapping ¢ : L — M satisfies

(1). Setting I=m =0 in (1), we get ¢(0) = 0. Replacing /=0,
m =1lin (1), then

¢(=1) =9(D), (3)

for all [ € L. Therefore, ¢ is even. If we choose [ =1, m =1,
and [=2, m=11in (1), we get

$(21) =4¢(1), $(31) =9¢(1), (4)

for all [ € L. In general for any positive integer r such that

$(rl) = (), (5)

for all I € L. Conversely, replacing I, -+, 1, by (0,0, ---,0)
———

3—times

in (2), we get

-2 +3r-2

00)=3-290)+3(" o (@

Replacing I, --+, 1, by (0,0, ---,0) in (2), we have
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Setting I, =--- =1 by (0,0, ---,0) in (2), we get
————

5—-times

—r*+3r-2

0(0)=10-2)900) +5(" 2o (9

Adding (6), (7), and (8) up to r-times attack, we get

r—7r+12

00)= (=233 -3)+ 2o
©)

+r (%) $(0).

It follows from (9), and using evenness of ¢, we get

$(0) =0. (10)
Replacing [, = --- =1, by (1,-1,0,0, ---,0) in (2), we obtain
1
—times

$(0) = (r=2)(¢(0) + ¢(1) + ¢(-1))

2 r— 11
(e sy,
for all I € L. Switching I, =--- =1, by (,-1,0,0,---,0) in
2
(2), we get
26(0) + ¢(I) + ¢(=1) = (r=2)($(0) +26(I) + 2¢(-1))
—r*+3r-2
o e [CURTE:
(12)
for all I € L. Setting I, =--- =1, by (1,-1,0,0,---,0) in (2)
3—ti
that
3¢(0) +3¢(1) +3¢(=1) = (r = 2)(¢(0) + 3¢ (I) + 3¢(-1))
(T2 ) 0w o,
(13)

for all ] € L. Adding (11), (12), and (13), we obtain

ot +1 19 =001) + 90 +90) (-2 + (2200

e (-2 (FT o)

— (r=2)(r-2)$() + (r- 2)(r - 2)$(-])
(‘r +3"2)(¢a)+¢<—0»

for all [ € L. It follows from (14); it reduces that
o(=1) = (D), (15)

for all I € L. Replacing I, =---=1, by (1,-1,0,0,---,0) in
——

1-times

(2), we get

—r*+3r-2

o(2D) = (= 26020 + 2000 + (72 0,

(16)

for all I € L. Substituting I, =--- =1, by (,1,0,0,---,0) in
———
2—times
(2), we arrive

—r2+3r-2

26(01) +200) = (= 2)20) +490) + () 290,

(17)

for all € L. Replacing I, =---=1, by (,,0,0,---,0) in
3
—times

(2), we get

s6(20) +00() = ~2)(92) + 60) + (22 240,
(13)

forall / € L. Adding (16), (17), and (18) using evenness of
¢, then we get

(r=2)¢(20) + (2(r=3) + (©* = 7r + 12) (1))

= (r-2)(p(2)) + (2r - 4)9(1) + (#) (24(1).
(19)

for all ] € L. It follows from (19); we get
9(21) = 49(1), (20)

for all [ € L. In general for any positive integer r, then can
be written as

$(rl) =r()), (21)

for all l € L. Replacing I, = --- =1 by (I, m,0,0,---,0), we
———
(r-2)—times

arrive



(r-2)0(0+m+ (((r-3)+ (M#))sb(l)
(-3 (— 222 Joom)

(r=2) (@ m) + (r=2)9(0) + (- 2)9(m)
(T2 ) @ ot

(22)
forall , m e L. Setting I, = --- =1, by (I,-1,m, 0,0, ---,0)
———

(r—3)—times

¢(m) = (r=2)(¢(I+m) + §(-1+m))
Py 23
() 0o omy.
for all I,meL. Replacing I, =---=I1 by (L-I,m,

0,0,---,0) in (2), we get
N———

(r—3)—times
d(m) + ¢l +m) + ¢+ m)
= (1=2)(¢(I+m) + (=1 +m) + 2¢(]) + 2¢(m)) (24)
(2 0t 901 + ),

for all I,meL. Substituting I, =---=1, by (-1, m,

0,0,--,0) in (2) that

——
(r—3)—times

2¢(m) +2¢(1+ m) +2¢ (=1 + m) + 2¢(1)
= (r=2)(@(1+ m) + (L m) +49(0) + 26(m) o
N (M) (@(1) + ¢(=1) + p(m)),
2

for all I, me L. Adding (23), (24), and (25) and using
evenness of ¢, we get

<1+ (7r2—72r+12>)¢(m)+ (r* = 7r + 12)¢(1) + 2¢(1 + m)

r=2)p(=1+m)+ (r=2)¢(I) = (r = 2)(¢p(I + m) + ¢(-1 + m))
r=2)(2r=6)¢(l) + (r = 2)(r = 3)¢(m)

e (LU C Rt

+(
+(
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for all /, m € L. Replace m by —m in (26), we get

(1 + (%) ) $(=m) + (r* = 7r + 12) (1) + 2¢(I - m)

r=2)¢(=1=m)+ (r=2)¢(I) = (r=2)(¢(I = m) + $(~I - m))
r=2)2r=6)¢(l) + (r=2)(r=3)¢(-m)

! (‘l o 2) (9(0) + 9D + $(-m)),

+
+

—~ —

(27)

for all I, m € L. Adding (26) and (27) and using evenness
of ¢, then

¢+ m) + §(I—m) =2¢(I) +2¢(m), (28)

for all I, m € L. So the mapping ¢ : L — M is quadratic.

In Sections 4 and 5, using L be a normed space and M be
a Banach space. For notational handiness, we define a func-
tion D¢ : L — M by

= Y d(lLi+l+l) - Zr:¢l+l

1<i<j<ksr 1:1 ]

g

i=1

De(1,, L,

forall [}, 1, -1, € L.

4, Stability of the Functional Equation (2):
Direct Method

In this section, we establish the stability of (2) in a fuzzy
Banach space using a direct method.

Theorem 8. Let S € {—1,1} . Let x : L' — N be a mapping
with

0< (3%) <10’ (x <3ﬁ"l,,3‘8"lz,---,3ﬁ"lr),n> >0 (cﬁ x(L 1w i), n),

(30)
forallle L and all n>0,c> 0 and

lima’ (X(sﬁ”l,,3ﬁ"lz,---,3ﬁ"l,>,3ﬁ“n) =1, (31

foralll,,1,, -, 1. € Landalln> 0. Suppose that a function
D¢ : L —> M satisfies the inequality

D(D(1y, Ly ++l,), n) = (D’(X(lplz""’lr)’”)’ (32)
foralln>0andl,,1,,---, 1. €L. Then, the limit
3Px]
Q() =@ - lim M (33)

Kk—0o 3Pk
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exists for all 1€ L and the mapping Q:L— M is a
unique quadratic mapping such that

P((1) -~ Q(l).m) 2 @' (X(L T s PYE )
(34)
forall I € L and for all n> 0.

Proof. First, assume that S=1. Replacing (I, 1,, -
(I, 1:--,1), in (32), we have

"lr) by

3(r? =377 +2r)

i qS(l)) , n> > (x(IL--1)n),
(35)

@( <M¢(3U -

6

for all leL and for all n>0. Replacing [ by 3% in
(35), we obtain

¢ 3x+ll . 2n p x x
CD( (32 ) - ¢(3%D), m ZCD/(X(S 1, 3%L,-++,3%1), ),

(36)

for all [eL and for all n>0. Using (30) and (N3) in
(36), we have

(/)(3’””) © 2n i K] 2K K n
(p( 7 - ¢(3%), m) >0 (X(3 I,3%I,--,3"1), E)
(37)

for all I€L and for all n>0; it is easy to verify from
(37) that

$(3%]) 2n o
-3r2+2r)3% =® (X(3 b3%--3%), 3)’

(38)

i (wm,)

320e1) 32 "3

holds for all /€L and for all n> 0. Replacing n by c*n
in (38), we get

(3 $(3%1) 2v*n ,
@ - , > @' (x(3°1, 31,---,3°]), n),
< 32(x+1) 32K 3(,_3 —3r2 + 2r)32x (X( ) n)

(39)

for all /e L and for all n>0; it is easy to see that

¢ 3rtl] k=1 3z+ll D3ix
LB Z[W) @3, o)

for all /e L. From equations (39) and (40), we get

¢(3*) el 2c'n
1) =), ) 55—
( 32¢ (/)( ) ; 3(r3 —3r2 + 27’)321
k-1 i+1 i ‘
) CCIICL) 2
= min ,L_J{ 32(i+1) Y 3(r3 - 3r2 +21’)32i

> min UCD

1) 2@ (y(,L0), n),
(41)

for all [eL and for all n>0. Replacing I by 3™ in
(41) and using (30) and (N3), we obtain

3K+ml 3ml m+k—1 2 i
o ¢(2<K+m)) _ ¢’(2m ). y CZ” _
3 3 = 3(r’—3r*+2r)3 (42)

> (y(L L), ),

Cm

for all Ie€ L and for all n>0. And all m, x> 0. Replac-
ing n by ¢"n in (42), we get

G(3m) (3 ME! 2c'n
@ - , :
32(xtm) 3T L 3(r3-3r2 4 2r)3% | (43)
>@ (x(I,1L++1), n),

for all /e L and for all n>0. And all m,x>0. Using
(N3) in (42), we have

¢B3=™) _ $(3™)
CD( 32(kem) gm0
>0 [ y(l1--0), . _ |,
(X ( ) Y20 3(r - 3r2 + 2r)32‘)>
(44)

for all /€L and for all #>0. And all m,x>0. Since
0<c<3? and ¥*(c/3?) < oo, the Cauchy criterion for
convergence and (N5) implies that {¢(3%1)/3%} is a Cau-
chy sequence in (M,®') is a fuzzy Banach space. This
sequence converges to some point Q(I) € M so one can
define the mapping Q: L — M by

Q()=d - lim , (45)

for all e L. Letting m=0 in (44), we receive

®(¢<3“l> i M,n)

32K

; (46)

> (cin/3(r3 -

@' x(LL-]), ~ |
(X( ) 3r2 + 27)32’)>



for all /e L. Letting k — co in (46) and using (N6),
we have

3(r3 -3+ Zr)

0(60) - Q) 2 (311, S5 =) ),

(47)

for all IeL and for all n>0. To prove Q satisfies (2),
replacing (I, L,,-++,1.) by (3*1;,3%1,,---,3%L) in (32), we get

1
O —D(31, 3L, 3L), 1
3K ¢( 1 2 ) ) (48)

> @' (x(3"1,31,,++,3"1,), 3%n),

for all n>0 and all [;,1,,--,1, € L, since lim (D'(X(Sﬁ"ll,

K—00
3P, 3P¢] ),32Pkp) = 1.
Hence, Q satisfies the quadratic functional equation (2),
in order to prove Q(I) is unique.
We let R(I) be another quadratic functional equation sat-
isfying (2) and (34). Hence,

@ -ritm =0 (450 - X50)

o o250 40, 1) (451850 1))
(=31 + 2r)3n(3* - c))

> @' (y(3"1, 3°1,-+,3"])

4
§ (D(X(l, bl 3(1'3 —3r+ 12232Kn(32 - c)>’
(49)
for all [ € L and for n > 0. Since

3(r* = 3r* +2r)3*n(3%* - ¢

lim ( ) ( ) =00, (50)
K—00 4c¥
we obtain

' (x(3%1,31,--,3%),

3 22 2, (22
3(r 3r +2r)3 "n(3 c)) .
4c*

(51)

Thus, ®(Q(I) —=R(l),n)=1 for all IeL and for n>0.
Hence, Q(I) = R(I). Therefore, Q(!) is unique. For f=-1,
we can prove the result by a similar method. This completes
the proof of the theorem.

The following Corollary 9 is an immediate consequence
of Theorem 8 concerning the stability of (2).
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Corollary 9. Suppose that the function D¢ : L — M satisfies
the inequality

(D'(s, n),

0’ <€Z (18 ”>’
i=1

o (sn I )
i=1

' <€ (Z I+ 11 ||li|3>’n>’
i=1 i=1

(52)

\%

¢(D(1y Lpye--l,), 1)

forall1,,1,,---,1 € L and all n> 0, where &,s are constants.
Then, there exists a unique quadratic mapping Q : L — M
such that

N 3(73 ,321,2 +2T) i’l‘g‘),

3_ 9.2
‘)Mm‘32735|> (5% 2,

@' 8"1”,5’3(1’3 32r2+2f) |32 3rs|>;s#:7
@' (r+l)||l||“,3(r 31+ 2r) |32 3”});#7

for all l € L and for n> 0.

5. Stability of the Functional Equation (2):
Fixed-Point Method

In this section, the authors investigate the generalized Ulam-
Hyers stability of the functional equation (2) in fuzzy normed
space using the fixed-point method.

To prove the stability result, we define the following v, is
a constant such that

3 ifi=0,

V= (54)

1
~ ifi=1,
3

and Q is the set such that w={u\ u: L — M, u(0) = 0}.

Theorem 10. Let D¢ : L — M be a mapping for which there
exists a function x : L — N with condition

lim @' (x(yf1, YiL, il ) win) =1, (55)

K—00

foralll;, 1,,---, 1. € L,n> 0 and satisfying the inequality

¢(DP(1;, L, -+, 1), n) 2 @' (D(1}, 1, -+, 1,),n),  (56)

foralll}, 1,,---,1.€ L and n> 0.
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If there exists L = L[i] such that the function

2 I [

has the property
! i A
@ ”—WP(Wil)’ n| =@ (p(l), n) (58)

for all I € L and n> 0. Then, there exists a unique qua-
dratic function Q : L — M satisfying the functional equation
(2) and

000 - 2 (= pln), (59)

forallle L and n> 0.
Proof. Let ¢ be a general metric on (, such that

0,00

c(u, v) = inf {KE —¢(u(l) )

(60)
It is easy to see that (2, ¢ is complete.
Define W : Q — Q by W(I) = (1/y7)u(y,l), Vi € L.

For u,v € 2, we get

c(u,v) <k == ¢(u(l) —v(I),n) =@ (p(l), kn)

:>®<u(1//il)_ (lkil),n >0’ (p(y1), kyin)

"(p(yid), kyin)
'(p(), KLn)

Yu,ve.

(61)

Therefore, W is strictly contractive mapping on Q with
Lipschitz constant L, replacing (I;,1,,--+,1,) by (L1, --+,1) in
(56), we get

3(r* =3r* +2r) 3(r =31 +2r)
‘D(f A A ) (62)

D (x(LL---1).n),

forall I € L and n > 0. Using (N3) in (62), we have

(D<¢(3321) - ¢(t), n) > <3(r3—32r2+2r)"(l’ Lo D), n>,

> (p(l),kn), 1€ L, 1> o}.

for all / € L and n > 0 with the help of (58), when i =0. It
follows from (63) that

:@(Mil) ~$(1) ) > @' (Lp(l), n) = c(W§,$) <L, ;.
(64)

Replacing [ by I/3 in (62), we get

o053
=il )

for all [ € L and n > 0 when i = 1; it follows from (65); we
arrive

—o(0)-79(5).1) 20/ (o0 1) = el W) <L
(66)

Then from (64) and (66), we get
=c(¢, W¢) < L' < 00. (67)

Now from the fixed-point alternative in both cases, it
follows that there exists a fixed point Q of W in Q such
that

lim 2D

2k

Q) = -

(68)

K—00 1//

for all €L and n > 0. Replacing (I;,1,, -
S WEL, -, i) in (56), we get

41,) by (v,

1
®<WD¢(1!/Z-‘ZD viL, -y, n)

> (x(yil, yil, - WiL), yin),

(69)

for all n>0 and all [},1,, -+, 1, € L. Utilizing the same pro-
cedure in Theorem 8, we can prove the function Q:L
— M is quadratic and it satisfies the functional equation
(2) by a fixed-point alternative, since Q is a unique fixed
point of W in the set A={¢ € Q/c(¢$, Q)<oco}. Therefore,
Q is a unique function such that

B((t) - Q) n) 2@ (p(1), kn), (70)

for all [eL and n>0. Again using the fixed-point
alternative, we get



This completes the proof.

The following Corollary 11 is an immediate consequence
of Theorem 10 concerning the stability of (2).

Corollary 11. Suppose that the function D¢ :L— M
satisfies the inequality

§
Ll 2y ({ |ll-||5})n>>
§

o' (e Z||li||”S+f[||l,-||5},n>,
i=1

(72)

for all 1,,1,,---,1. €L and all n>0, where ¢ are con-
stants. Then, there exists a unique quadratic mapping A : L
— M such that

o 3(r 3r2+2r
D (s \8\),

, - 3r? +2r) 5
@' re||L|I%, n|32 -3 );s#2,

P(d(D) —A(l), n)

, v - 3r? +2r) 2 s 2

o' (|||, n|3%=3"] | 5s# =,
r
3r2 2r) 2
q)’( (r+1)] \l”” +21) n|3 - 3’5|)~ s# =,
r

(73)

forall I € L and for n > 0.

Proof. Setting

&,

s{inur},
{ [ |l,-||5}, "

S{Z e+ 11 ||li|s}’
i=1 i=1

IN

LGRS
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forall I, 1), -+, 1, € L. Then,

@' (Xl vl yil,), ‘/’?K”)
@' (e, yfn),

o ({Z ||l,~||5}, w,@‘“n),
) ({ ||l||} )
( {Z||l||“+ [T } o )

—1ask—00,

™=

Il
—

(75)

—1as k— 00,

—1ask—00,

—1ask—00,

ie., (55) holds. We have p(I) = (2/3(r* = 3r* + 2r)) x(1/3, 1/3,
-+,1/3) that has the property @' (L(1/y?)p(y,]),n) =@ (p
(I),n) for all €L and n>0. Hence,

CD'( <X I l . ), (r —32r +2r)n)
o (e 3 r3—3r +2r)n>’
—3r242
r rr+ r)3$ )’
CD,

r -3r* +2r
8||l||1’5 )31’5 )

r 33724 r) 3”n>.

2

(=~

' (rel,
(
(st

o' g(r+1) |l\|“

(76)

Now,

, 3r—3r+2r)>
() nl,

v
o rsHlH 1;/5 3 r — 32 +2r) n>,

¢
@' (= p(yl),n (w i
o (Grvin) - (

(5

S

>

v % 3 r — 372 +2r) )
n|,

i

(DI

(r+D)el|l|| "y 3(r* =317 +2r)
v 2 ")
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vip(),
i ?p(D),

(77)

for all [ € L. The following cases hold with the below
conditions:

L=32%ifi=0and L=3%ifi=1.

L=3"2fors>2ifi=0and L =3 if for s21 if i = 1.

L=3"2for s>2/rif i=0 and LL=3>" if for s<2/r if
i=1.

L=3"2for s>2/rif i=0 and L =327 if for s <2/r if
i=1.

Case 1. L=372ifi=0

$(p(1) - QD). m) <’ (f—[L pl).n)
B (1 i322 3(P - iiz T2r) ”> (78)

o (e, 24(r* =3r* +2r) n)

2

Case 2. L=3%ifi=1

1 2¢e
=0 , 79
(1 —-3%33(r3 = 3r2 +2r) n) (79)

o (& —24(r’ = 3r* +2r) n) -

2

Case 3. L=32fors>2ifi=0

060~ Q) < (= ol )

3572 2re||l|’
= , 80
(1 —323(P - 37 +21)3° ”) (80)

33,2
=o' (r£||l||s, A=) r 32r +2r) (32 - 3S)n) .

Case 4. L=3""fors<2ifi=1
, [Ll—i
0060~ m) <! (0,1

o' 1 2re|lllf
N
1-3293(r3 = 3r2 +2r)3°

3(r® =31 +2r
=0 (7’€||l||5, g

5 (3*- 3S)n> :

(81)

Case 5. L.=3"2fors>2/rifi=0

$(9(1) - Q(l),n) < @' ( I[L_TL p(l), n)

@/ 3rs—2 28"1””
= N n
1-3723(r3 - 3r2 +2r)3"

32,2
= Phi’ (euzn“, A3 3’S)n) .

(82)

Case 6. L=3""fors<2/rifi=1

006~ m) <! (o011

o' 1 2¢[|11™ "
1-3%73(r3 = 3r2 +2r)3"

o ( i 3(r’ =317 +2r)3"
= F B

5 (3" - 32)n>.

(83)

Hence, the proof is completed.
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