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1. Introduction

The challenge of stability with respect to the functional equation stemmed from an issue of Ulam [1]
concerning the strength of gathering homomorphisms. Suppose G is a group, and G, is a measurement
group with metric d(.,.). Given €> 0, does a § > 0 exist to such an extent that if a mapping H : G; —
G, fulfills the imbalance d(H(xv), H(x)H(v)) < ¢ with respect to %,v € G, and as such, there exists a
homomorphism % : G; — G, with d(H(x), h(x)) < € with respect to x € G;? If the mapping is almost
a homomorphism, and as such, there exists a true homomorphism of s, what would be the error that
could reasonably be expected?

The problem from the instance of roughly additive mappings was formulated by Hyers [2] with G,
and G, as the Banach spaces. Then, Rassias (see [3]) summed up the effects of the study of Hyers.
Since then, the dependability issues of practical conditions have been widely examined by researchers,
e.g. see [2-18]).

Supposedly, the study of Ozawa [8] was among the first attempts on managing the H — U stability of
differential equations. In [5], the H — U stability of differential condition ¥/'(%) = (%) was analyzed.
Then, the studies of [18, 19] have been further extended to the Banach space differential condition
Y'(x) = AY(x). Utilizing a direct strategy, cycle technique, find point technique, and open mapping
theorem, the H — U stability of certain classes of useful fractional differential equations have been
explored, e.g. see [1,12,13,18-20]).

In this paper, we investigate the Hyers-Ulam stability of linear differential equation of the fourth
order. Specifically, ¢ is an interact arrangement of the following differential equation:

Y0 + EW () + E () + E () + Eap(x) = P(x)

where ¢ € c*[€, u], ¥ € [£, u]. We demonstrate that Y/ () +& " () +E” (30) +E () +Ep (%) = P ()
has the Hyers-Ulam stability. A numerical example is provided to illustrate the proposed method.

Moreover, the effects of H — U stability for the first order differential conditions were studied
in [14,16,19]. These studies focused on the non-homogeneous straight differential equation of the first
order, i.e.,

W'+ ESW +o(s) =0. (1.1)

Jung [14] demonstrated the H — U stability with respect to the differential condition of the following
form:

sY' ($)+E(s) + us’sny = 0
and further applied the outcome to examine the H — U stability of the following differential equation
s2Y () + asy'(s) + by(s) = 0. (1.2)

Then, Wang, Zhon and Sun [20] examined the H — U stability of the the first order linear differential
condition, i.e.,

ECOY + oGOy + v(x) = 0. (1.3)

In this study, we study the following implication of H — U stability.
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Definition 1.1. We denote that Eq 1.2 has the H — U Stability if there exists a steady A > 0 with the
accompanying property of: for every € > 0,y € c*[€, ], if

" +ay’ + byl < e, (1.4)
as such, there exists some u € c¢*[€, u) that fulfill:
|’ +au +bul=0 (1.5)

such that (%) — u(x)| < Ae. We denote such A a H — U stability constant for Eq 1.2.

Definition 1.2. We denote that the extension of Eq 1.2 has the H — U stability, if there exists a steady
A > 0 with the accompanying property of: for every € > 0,y € 3[€, ul, if

" +ay” + by + eyl < e, (1.6)

As such, there exist some u € ¢*[€, ] that fulfill

24

| +au” +bu +cul=0 (1.7)

such that (%) — u(x)| < Ae. We denote such A a H — U stability constant for Equation 1.6.

Definition 1.3. We denote that the extension of Eq 1.6 has the H — U stability, if there exists a steady
A > 0 with the accompanying property of: for every € > 0,y € c*[€, ul, if

W+ E + EY + EY + El < €, (1.8)
as such, there exist some u € c*[€, u] that fulfill
" + & + Eu' + Eu’ + Eu =0 (1.9)
such that (%) — u(»x)| < Ae. We denote such A a H — U stability constant for Eq 1.8.

2. Main results

Now, the key results of this study are given in the following hypothesis.

Lemma 2.1. The differential equation j " () + £ () + Exf” (3) + E’ (32) + Ex0(%) = V(%) has the
Hyers -Ulam stability, where ¢ € c*[€, ] and ¥ € [€, u).

Proof. Assume that uy, u,, u3, and u4 are the roots of v* + £V + pv? + p3v+ p, = 0 with ¢, = Ruy, q» =
Ruy, g3 = Ruy, and g4 = Rusz. Here R means the real parts.
Suppose € > 0 and € ¢*[£, u]

W () + E () + E (20) + Ex9 () + Eap () = P ()| < € 2.1)

and let
g1(%) = " (Ge) + (uy + EOW' () + (U + Eyuy + EW (%)
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+ (uy + Eup + Eup + ENW(x),

we obtain

100) = " () + (uy + EDY" () + (6 + Evuy + EW ()

+ (g + Eut + Eup + EW G0 + (U + Eun + Eut + Euy + ENY(x)

with respect to % € [€, u]. As such,

181(0) —u18100) — V()| < €

with respect to » € [£, u], it yields that

1810) — ur1(x0) = POl = W Ge) + (uy + ENY” () + (u + Enu+ EW (%)
+ (0} + &y + Exuy + EN(X)
+ (uy + vty + Lt + Esuy + EQP(x)
— (W0 + (g + O () + ut + Euy + EY ()
+ (@] + &t + Eur + E))) ~ o)

with respect to » € [£, u]. Utilizing the above condition, we obtain

18100) — u1810¢) = POl = " () + E"7 () + Ex" () + Ex () + Eap ()

< €.
with respect to » € [£, u]. Similarly, g, fulfills
—€ < gi(0) —mgi(x) —P(x) < €

with respect to % € [£, u]. Multiplying the above condition by e™1*~9

yields
ee—ul(%—f) < gfl(%)e—ul(%—f) _ ulgl(%)e—ul(%—f) _ 111(%)6—141(%—5) <c e—ul(%—l’)

with respect to x € [€, u]. Without loss of generality, we accept that u; > 1; therefore

_ulee—ul(%—f) < g,l (%)e—ul(x—é’) _ u]gl(%)e—ul(%—f) _ \P(%)e_ul(%_g)

< uye 10

with respect to x € [£, u]. Integrating 2.7 from x to u, we obtain
U
—€ (_e—ul(,u—f) + e—ul(x—t’)) < gl(u)e—ul(yt’) _ gl(%)e—ul(%—t’) _ f \P(S)e—ul(s—f)ds
®
< 6(_8—141(#—5) + e—ul(%—f))

with respect to x € [{, u]; therefore

L
_Ge—m(x—t’) < gl('u)e—ul(%—f) _ Ee—ul(y—[) _ gl(%)e—m(%—f) _ f \P(S)e—m(s—é’)ds
x

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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<€ (e 4 gm0 (2.9)
with respect to » € [, u]. The above condition yields
€— 0 < g (1) — e MU0 _ g _ gm0 _ g () _ gm0

L
- f P(s)e ™ Ods < ee™ 10 (2.10)
with respect to x € [£, u]. Multiplying 2.10 by ¢“*=9 on both sides, we obtain

-
—e< gl(,u)e—ul(u—x) — e =) _ g1(%) _ e—umf \P(S)e_ulsds
=€ @.11)

therefore
U
—€ < g1 ()" * T — €1 _ g (%) — e"1* f Y(s)e “ds
<e€ (2.12)
with respect to x € [, u]. Let
U
200 = gae ) - ) [T,
then () fulfills £’ (%) = u (%) + W(x) with respect to x € [£, u]. It satisfies the inequality of
U
1£C0) = g100)] = g1 (e ™ — g1(x) — e f W(s)e ™ ds|
U U g
= ef”lf [e™5g (s)]'ds — f Y(s)e"*ds|
%N X
< ef"f e g1 (s) — u1g1(s) — W(s)lds
o
< ee** f e *ds (2.13)
with respect to % € [€, u]. If € # 0, then
U
£ (0) — g1 ()| < €€ f e *ds
€
< E(1—eeu0 (2.14)
€ (1)
with respect to x € [£, u]. If £ = 0, then

1£00) — 100 < ee” f " e Eds
<ep-10) (2.15)
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with respect to x€[{, u]. Therefore

1—e700

|§(%)—g1(%)|5{ 7 if&#0

2.16
(u—-0Oe if £€=0. (2.16)

Theorem 2.2. The differential equation
W Ge) + E (30) + E () + E3W (32) + Ep (%) = W () has the H — U stability, where € c*[€, u] and
Y € [¢, u). Therefore

(1= #-0) (1-¢ 660

X L if Ew#0
1—eVEO(u—p)e .

M) -Gl <] b M E#0g#0
—ef(ﬂ—)f; if £€+£0,0=0
(u—0’€ if £€=0,4=0

with respect to x € [{, u].

Proof. Similar to the proof of Lemma 2.1. Let H(x) = ¢/’ (%) — uy(%) by H' (%) = "' (%) — u1yy’ (%) and
let € > 0;y € c*[¢, ul.
In addition,

|H'(3¢) — usH () = {60l = 1{ () — g(0)] (2.17)
with respect to » € [£, u]. Therefore
|H' (%) — usH(x) — {(0)| < € (2.18)
with respect to x € [¢, u]. Equivalently H fulfills

\H' () — us H(¢) = (o)l = W (0) = (g + ug) () + uyugih(x) — £(30))|
= () + EW G0) + E(x) — L) < € (2.19)

with respect to x € [£, u]. Multiplying 2.19 by e“*=9 on both sides yields

_Ee—u4(%—f) < Hl(%)e—bm(%—f) _ u4H(%)e—u4(%—[) _ év(%)e—lu(x—f)

< ee™70 (2.20)
with respect to x € [£, u]. Without loss of generality, we accept that u, > 1; therefore

Uy € e—bm(%—f) < HI(%)e—LM(%—f) _ H(%)e—u4(}{—€) _ g(%)e—lu(%—f)
€uge” 70 (2.21)

with respect to » € [£, u]. Integrating 2.21 from x to u, we obtain

U
—€ (e—u4(%—f) _ e—u4(ﬂ—€)) < H(ﬂ)e—uzt(ﬂ—f) _ H(%)e—uzt(%—f) _ f g(s)e—uzt(%—f)ds
V4
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< f(e—mw—w _ e—u4(ﬂ—f))

with respect to % € [£, u]. Based on 2.22, we obtain

7
_Ge—u4(%—5) < H(/J)e—m(ﬂ—f) _ Ee—m(ﬂ—f) _ H(%)e—m(%—f) _ f {(S)e—uzx(%—f)ds
4

< E(e_”“("_[))
with respect to x € [£, u]. Multiplying 2.23 by the function e™*~9, we obtain
—€ < H(u)e W — gem =) _ H(s) — e"+* fﬂ L(s)e"ds
<e€ ’
with respect to » € [£, u]. Based on 2.24, we obtain

e
—€ < H(u)e"* ™ — ee"®™# — H(x) — " f {(s)e"ds
X

<e€

(2.22)

(2.23)

(2.24)

(2.25)

with respect to % € [£, u]. Let A(x) = H(u)e™“*=H) — gt f% " {(s)e™"*ds with respect to % € [, u]. Then

A (%) — ugd(x) — {(x) = 0 by
A () = ugA(x%) + £(x%).

Therefore
|A(¢) — H(0)| = e“* P H(u) — H(3) — e"* fe ' Z(s)e " ds
= [ lene]- [ aweas
<e” fﬂ le™*||H'(s) — us H(s) = £(t)lds
< e’ fﬂ e SIH'(5) — ugH(s) — {(t)|ds
[A(%) — H(x)| < ee”™ fﬂ e Vds
with respect to x € [£, u]. If  # 0, then

L
|A(%) — H(»)| < ee”” f e Vds

< E[l _ e—w(u—%)]

LIRSS

|4(2) — H(%)| < Z[l — eV

(2.26)

(2.27)
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with respect to % € [£, u]. If = 0, then
|[A(x) — H(x)| < e(u—°) (2.28)

with respect to x € [, u]. Based on 2.16, we obtain

(1= V-0 (1-¢ 60 ¢

; if &Y #O

174
l—eY#=O(u—f)e .
—_— i =0,y #0
A6 - HEOL <3 | o o S =0y (2.29)
— if £E£0,=0
(u— 0 € if €=0,4=0
with respect to % € [, u]. m|

Theorem 2.3. The DE " (x) + &' (%) + &Y (%) + EW' (%) + Exp (%) = P(x) has the Hyers Ulam

stability, where W € c¢*[€, u] and with respect to » € [€, 1], [u(x) — ()| < T

where

(1= W6-0) (1= €0 ) (1 w-0)e
e s if (EY,0)#0

(DO P ecte,if g = 0560) %0

(l_e,¢(‘uf[’))(ll//_i*”(ll’[))(jl—f)f; if f =0; (o, lﬁ) #0
& ; if ¥=0,0)#0

2 if () =0;6#0
(1-e 740 ) u—t)%e

4
(1-e7560)(1-e7®=0) u-0)e

= ; if Ey)=0,0%0
—eVE-0 ) (y—{)2e

G if €.0)=00 %0
(u—-103€ if (& o,¢0)=0

with respect to x € [{, u].

Proof. Based on Theorem 2.2, let us choose

We) = u'300) + (ua + ENU500) + (15 + Ety + E)un ()

() = u""300) + (up + ENu’’3(%) + (u§ + &y + E)us(x)
+ (U3 + Ents + Sty + E3)un(x).

Then

W' (5) — uaip(2¢) — AGe)| = [ 3(%) + (uy + EDU3() + (U3 + Equty + EDtly(%)
+ () + E 115 + Exuty + E3)us () — up(uf ()
+ (g + EDy(0) + (U + vy + E)uz (%) — A%)|

AIMS Mathematics Volume 6, Issue 2, 1607-1623.
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= |uy’ () + &1u5 (30) + Eu5 (%) + E3u + 3(x) — A()|
<€

with respect to % € [, u]. As such, we have
1" (2¢) — uatp(2¢) — A(x)| < €
with respect to x € [, u]. Equivalently, y fulfills
—e <Y (%) —upp(x) — A(x) < €
with respect to x € [, x]. Multiplying the condition by the function e3*~9
_e_e—u3(x—€) < w/(%)e—u3(%—f) _ M2¢(%)€_u3(x_€) _ ﬂ(%)e—m(%—f) < e_e—u3(%—f)
with respect to x € [£, u]. Without loss of generality, we accept that u3 > 1. Then
_usee—u3(;¢—£) < w/(%)e—m(%—[) _ M3lﬁ(%)€_u3(%_€) _ /l(%)e—m(x—t’) < Ee—u3(%—€)
with respect to x € [£, u]. Integrating 2.33 from x to u, we obtain
_E(e—'n(%—é’) _ e—us(ﬂ—f)) < e—u3(ﬂ—5)¢,(€) _ w(%)e—ln(%—é’) _ f# /l(s)e—us(s—f)ds
< 6(6—143(%—5) _ e—u3(,u—15’))
with respect to » € [£, u]. Based on 2.34, we obtain
_Ee—us(%—f) < e_u3(ﬂ_€)lﬁ(f) _ 6e-“3(ﬂ—5) _ w(%)e—us(%—f) _ fﬂ ﬂ(s)e—us(s—f)ds
< ce 3 *=0)

—u3(x—0)

with respect to » € [£, u]. Again, multiplying the condition by function e yields

U
€ < e 0T0Y(0) — e — () ~ f A(s)e™C0ds
<e€
with respect to % € [£, u]. Based on 2.36, we have

i
—e < eI — €W — ) — f Als)e " ~Ods
X

<e

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

for all % € [€, u]. Let up(3¢) = y(u)e 3% — gio* f%ﬂ A(s)e50ds, then (%) — usua(x) — A(%) = 0 by

uy (%) = uzur (%) + A(x), for all x € [€, u]. Therefore

]
|z 26) = 0)| = [(p)e = — () — e f As)e 670 ]

AIMS Mathematics Volume 6, Issue 2, 1607-1623.
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U
<e’ f e W' (8) — usp(s) — A(s)lds

7
lup(2¢) — ()| < €e” f e 7°ds
with respect to x € [£, u]. If o # 0, then

() — ()] < (1 — e H)

< —(1-e 7%

with respect to x € [£, u]. If o = 0, then

luy (%) — Y(3)| < €e”™ fﬂ e ds

< e(u—x)
<ew—-1°)

with respect to » € [£, u]. Based on 2.40, we obtain
lu(x) — (%) < T, where

(1_e—tﬁ(ﬂ—f))(]_e—f(u—f))(l_e—(r(u—f))e

yéo
(1= #=0) (1= =) (u—0)e |

23
(1= #=0)(1-e7=0 ) (u—0)e |

ay
(1—e’f(”’l))(l—e’”(“’e))(,u—é’)e

éo
(1-e 50 u-0)%€
é_‘ b
(1-e7=D)u—0)%e

o
(1= #=D)(u-0)%€

with respect to % € [€, u].

Theorem 2.4. The differential equation

L if E.0) #0

if o=0;EW) %0

L i E=0:0) %0

L i Y =0E) %0

if (0.0)=0:£%0

: if €¥)=0;0%0

e if E0)=0y#0
-0 if Eog)=0

(2.38)

(2.39)

(2.40)

(2.41)

W Ge) + EW (30) + E (30) + E (%) + Ex(x¢) = P () has the Hyers Ulam stability, where € c*[€, u]

and with respect to x € [{, u], as such

AIMS Mathematics
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W (%) — {(»)| < O, where
(1-

(1-

—e M0 (1—eE0 0)(1 o0 ) (1= f>)
,

o Vu- /))(1 i f))(l —e

) - o)

(1-

yéo
V-0 (1= e—fm 0)(1-¢-

V(p— é’)) (IJ [)6

(1-

H0)(1=¢ i 0)(1=¢~0t- c))('u e

(1-e-0)(1- if(u 0)(1-eoh- [))(/l De:
(1 _e§u- [))(1 eﬂT(ll [))(/J 5)2 e
o
(l_e )(l—e )(,u 5)2 €:

(1-

- ,6(1 o= f))(/l f)ze;

(1-e¢0 f))(l oV [))01 Pre:
(e} s
——w-0€
(1—e*:(u—/>) B 5)36;

(e

) - o

e (ﬂ*[))(IJ B 5)36;

v

(u—0)€

with respect to x € [{, u].

if &¢,0,v)#0

if E+y+0#0,v=0
if E+y+#v+#0,0=0
if vey+£0#0,E=0
if E+v+o+#0,y=0
if E+0#0,y=v=0
if ¢E+y#0,0=v=0
if E+v+0,0=0=0
if oy #0,E=v=0
if E+v#0,0=0=0

if y#v+#0,&= 0
if £E+0,0=y=v=0
if y#0,0=6=v=0
if o+0,6=y=v=0
if v0,0=y=£=0

Proof. Similar to the proof of theorem 2.3, let €> 0 and ¢ € c*[£, u].

Consider

L0 = 9" () + (ua + EW (%) + (U3 + Erun + ENW () + (13 + Eqits + Exutr + EN(30),

we obtain

() = Y 00) + (ua + EOY (0) + (143 + Eyuy + EW ()

+ (I/tg + fluz + fgl/tz + f3)lﬂ,(%) + (ug + fll/l; + fzué + §3l/t2 + §4)I,//(%)

with respect to % € [€, u].

with respect to % € [, u].

As such

15" (#) — u2{(%) — H(x)| < €

If follows from 2.42 that

|7 (¢) — ual (o¢) — HGO| = W™ () + (ua + ENW (%) + (15 + Erua + EN (%)
+ (u; + E U+ Ey + EN (%)
+ (U + E1163 + Sty + Euy + EQYQ))

AIMS Mathematics
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—uy (W () + (up + E W (%)
+ (i + Eyuy + EW (%)
+ (1 + E0id + Eyuy + EN (%)) — Hx)|

= " Go) + E700) + Ex () + E () + Eap() — H )|

<e
So
| (%) — uad () — H(x)| < €
for all » € [¢, u]. Equivalently, ¢ fulfills
—€ <0 (%) —url(x) —H(x) < €
with respect to % € [£, u]. Multiplying the formula by the function e™2*~9 satisfies

_Ee—u2(z—[) < é«/(%)e—uz(%—t’) _ uzg(%)e—uz(%—t’) _ H(%)e—uz(%—t’)

< g0

with respect to x€[£, u]. Without loss of generality, we accept that u, > 1. As such

_EMZe—uz(%—[) < é«/(%)e—uz(x—t’) _ uzg(%)e_”z(”_f) _ H(%)e—uz(x—f)

< eupe 20

for all % € [£, u]. Integrating 2.45 from » to u. As such
_E(e—uz(x—t’) _ e—uz(y—é’)) < g(ﬂ)e—uz(/.l—f) _ {(%)e—uz(%_g) 3 f” H(s)e 004
< 6( e—uz(%—f) _ e—uz(/l—f)) i
with respect to x € [£, u]. It follows from 2.48 that
—e(e_’“(”_[)) < (uye W0 — gem 2 W0 _ p()em 20 f " H(s)e ™ ds
< E(e—uz(%—f)) ’
for all % € [£, u]. Multiplying the formula by the function e~2*=9, we obtain
—€ < L(u)e 2 — geTH ) _ £(50) — " f " H(s)e ™ 0ds
<e€ '

with respect to x € [€, u].

(2.44)

(2.45)
(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

Let W(x) = £ (u)e2H — g2 f% " H(s)e™25-0ds. As such, W(x) satisfies W' (x) — u,¥(x) — H(x) = 0 by

W' (%) = u, W(x) + H(x)

(2.51)
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with respect to % € [, u]. As such,

i
¥ () = Lol = I (e = {(x) — e f H(s)e™"*ds|

M M
< ewtl f [e—uzsg‘(s)]”ds _ f H(s)e—uzxdsl
x x
L

< ee”™” f e "ds
X

W) — £00)] < e f " e eds

with respect to x € [£, u]. If v # 0, then

G0 = S0l < (1= &0

€
< (1 -0
v

with respect to x € [£, u]. If v = 0, then

¥ () — 0G0l < e(u —2)
<ew-1°)

with respect to x € [£, u]. If follows from 2.41 that
[W(x) — L(x)| < O, where

AIMS Mathematics

(1=e~0-0)(1=¢=€6-0) (1=¢=0w=0) (1-¢~0:-0)

yéov
(l—e“/’(“'f))(l—e_f(“_i)ﬁ(l—e

—zf<u—/’))

(u—0De;
w(;kf))

(1 —0Oe;
—rr(u—!))

(1 —0e;
)
véo (ﬂ - f)e,
(=) (1=e0)
- 0)’e;
(L L
e Bty
(1_e—ww—f>3$1_e—vm—f))(ll 3 5)26;
(1—6—?—0) (- O
(e
(1—e;f<u—f>)('u e
(1—e—vvw—f’>)('u _ e
(u—0’€;

yéo
(l—e"”(”’[))(l—e’f“"f))(l—e

234
(1-e®0)(1-e#0)(1-e

Yvo
(1 —e‘V(“‘f))( 1 —e‘s(‘“[))(l —e

(1_e-§(ﬁt-€)§z—1 _e—¢<p—[))
(/,l —

if &¢,0v)#0

if £y #0#0,v=0
if E+y#v+0,0=0
if vey#+0#0,E=0
if E+v+o0#0,y=0
if E+0#0,y=v=0
if £y #0,0=v=0
if E+v+#0,0=0=0
if oy #0,E=v=0
if €+v+0,y=0=0
if y#v+0,E=0=0

if E+0,0=y=v=0
if Yy #0,0=¢(6=v=0
if c#0,é=y=v=0
if v#0,0=y=£(=0
if E=oc=y=v=0

(2.52)

(2.53)

(2.54)
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with respect to % € [€, u]. O
3. Illustrative examples

Two examples to illustrate the results in this study are provided, as follows.

Example 3.1. Consider a differential equation of the form o (x) + 20" (%) + 0 (%) = P(x); % € [2,3].
Suppose € > 0, as such

|l (¢) + 207" () + 0" () — V(%) < €.
with respect to x € [2,3]. Suppose A =1, then

g() =" () + 30" (%) + 40’ (%) + 40 (%) and
g (%) = (%) + 307" () + 40" (%) + 40" (%) + 4o ()

with respect to x € [2,3]. The conditions 2.16, 2.18 and 2.30 of Theorem 2.4 are satisfied. Therefore,
there is a function » € c*[2,3), which is a mild solution of u”(x) + 2u’" (%) + u”(») = ¥Y(x) that is
satisfied by 2.54.

T T I
10000 - E=lo=2p=3v=4 ]
f=le=20¢=3v=0
annn - —— f=lo=24=0v=4 |
F=1o=0yp=3v=4
8000 |- §=00=2p=3v=4 —
— f=lg=lyY=v=0
7000 — f=lo=0yY=3v=0 —
— f=lo=y=0v=4
Fo00 |- —— f=00=2¢Y=3v=0 -
F=0o0=21p=0v=4
5000 — {=0=0y=3v=4 =
{=o=0y=3v=4 =
= — (:l,ﬁ:],f):l’:o _J__’__,ﬂ
e —— ¢=0o0=2p=v=0 e
E=a=0y=3v=0 . s
3000 |-  f=g=y=Ov=4 —— |
2000 - e .
1000 - e =
D i
I | | | | I | | !
i 50 100 150 200 240 3o 350 400 450 500

Figure 1. The solution of W(x) and {(x) for Eq 2.54.

Example 3.2. Consider a differential equation of the form o (x) + 0" (%) + o' (%) = ¥(x); x € [3,2].
Suppose € > 0, and ¥ € (3, 2], such that

0™ (¢) + 0" (%) + 0" (%) = P(%)| < €.
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with respect to x € [3,2]. We take
g() =0 () + 20" (%) + 307 (%) + 30°(x)
with respect to x € [3,2]. Then,
g () = 0" (x) + 207" (%) + 307 (%) + 307 (%) + 307(x)
with respect to x € [3,2]. As such,
18'(2¢) — g(2) = W(O)| = 07" () + 07" (2) + 7" () = P (%)| < €

with respect to x € [€,u]. The conditions 2.16, 2.18 and 2.30 of Theorem 2.4 are satisfied. Therefore,
there is a function x € c*[3,2], which is a mild solution of u™ (%) +u'" (%) +u’ () = W(x) that is satisfied
by 2.54.

8000 / # 2 =
/ 7 g
8000 / 4 # |
! i ol -
7000 - / 7 o 1
i P 4
.-f e — f=lo=2yP=3v=4
R f=lo=29=3v=0 |7
/ 57 _ — ¢=lo=29=0v=4
5000 — | S = —— f=lo=0y=3v=4 |-
A a — {=00=2y=3v=4
I =
L / — f=lo=2Y=v=0 B
m i — {=le=0y=3v=0
/ # f=lo=y¢=0v=4
3000 — jf . o — {=0oc=2¢y=3v=0 T
Sy T i _ f=0o=2y=0v=4
2000 | / g — §=o=0y=3v=4 4
/ e e F=e=0y=3v=4
. : o E=lo=yp=v=0
000 = (i f o §=0o=29p=v=0 ||
Al oot F=a=0y=3v=0
0 = Ef=g=yY=0v=4 —
| | | | | | ! I
a &0 100 150 200 260 300 350 400 450 500

Figure 2. The solution W¥(x) and {(x) for Eq 2.54.

4. Conclusions

We have investigated the Hyers-Ulam stability with respect to the linear differential condition
of fourth order in this study. The effectiveness of the proposed method has been illustrated in the
examples.
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